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�. W�K(ò�YW3î�þ, z��4©, �O36©).

1. �

A =

 0 1

2 0

 ,
���
 B ÷v BA−B + 2I = 0, K B �1�ª |B| =−4.

©Û)�µd�ª BA − B + 2I = 0 � B(A − I) = −2I. ü>�1�ª�

|B||A − I| = | − 2I|. {üO�� |A − I| = −1, | − 2I| = 4. Ïd |B| = −4. )�

�..

2. òn��
 A �1�1� −1 �\�1n1��Ý
 B, 2ò B �1���1

n�é����ü 
 I, K A =

A =


1 0 0

0 0 1

1 1 0

 .

©Û)�. òn��
 A �1�1� −1 �\�1n1��Ý
 B, �du

B = P1A, 2ò B �1���1n�é����ü 
 I, �du BP2 = I, ùp

P1, P2 �XeÐ�C�Ý


P1 =


1 0 0

0 1 0

−1 0 1

 , P2 =


1 0 0

0 0 1

0 1 0

 .
u´ P1AP2 = I. dd� A = P−11 P−12 . {üO��

P−11 =


1 0 0

0 1 0

1 0 1

 , P−12 = P2 =


1 0 0

0 0 1

0 1 0

 .



Ïd

A = P−11 P−12 =


1 0 0

0 1 0

1 0 1




1 0 0

0 0 1

0 1 0

 =


1 0 0

0 0 1

1 1 0

 .
)��..

3. 3L: (0, 0, 0)T �²¡ x + y + z = 1 R����þ, ÷v�: (0, 0, 0)T �T

²¡ål���,��:�I´ 2
3
(1, 1, 1)T .

©Û)�µK8¥¤¦:¡�: (0, 0, 0)T 'u²¡ x+ y + z = 1 �é¡:. ØJ

y², éu�½²¡ π : ax + by + cz + d = 0, : (x0, y0, z0) 'u²¡ π �é¡:

�I�L«�

(x1, y1, z1) = (x0, y0, z0)− 2(ax0 + by0 + cz0 + d)
(a, b, c)

a2 + b2 + c2
.

þãúªp, - (x0, y0, z0) = (0, 0, 0), (a, b, c, d) = (1, 1, 1,−1), =���

(x1, y1, z1) = 2
3
(1, 1, 1)T . =¤¦:� 2

3
(1, 1, 1)T . )��..

4. � α1, α2, α3, α4 �5Ã', β1 = α1−α2, β2 = α1−α3, β3 = α3−α4, β4 = α2−α4,

β5 = α2 − α3, K�þ| β1, β2, β3, β4, β5 ��´ 3.

©Û)�µd�þ βj �½Â�Xe�5'X¤á

(β1, β2, β3, β4, β5) = (α1, α2, α3, α4)


1 1 0 0 0

−1 0 0 1 1

0 −1 1 0 −1

0 0 −1 −1 0

 .

w,� rank{β1, β2, β3, β4, β5} = rank(A), ùp A Pþª¥� 4× 5 Ý
. �¦ A



��, ·�éÝ
 A �Ð�C�
1 1 0 0 0

−1 0 0 1 1

0 −1 1 0 −1

0 0 −1 −1 0

→


1 1 0 0 0

0 1 0 1 1

0 −1 1 0 −1

0 0 −1 −1 0

→

→


1 1 0 0 0

0 1 0 1 1

0 0 1 1 0

0 0 −1 −1 0

→


1 1 0 0 0

0 1 0 1 1

0 0 1 1 0

0 0 0 0 0

 .

dd�� rank(A) = 3. Ïd�þ| β1, β2, β3, β4, β5 ��´ 3. )��..

5. �

A =


1 0 0 1

1 1 1 1

0 1 1 0

 ,
�Ñ IR4 þz"�m N(A) ��|Ä Ú��Ö�m N(A)⊥ ��|Ä

.

©Û)�µ�¦"�m N(A) �Ä., ·�I�¦�§| Ax = 0 ���Ä�)|.

�¦)·�é A �1Ð�C��
1 0 0 1

1 1 1 1

0 1 1 0

→


1 0 0 1

0 1 1 0

0 1 1 0

→


1 0 0 1

0 1 1 0

0 0 0 0

 =: B.

dd�� rank(A) = 2, ¿��§| Ax = 0 Ú Bx = 0 Ó). u´ α1 =

(1, 0, 0,−1)T , α2 = (0, 1,−1, 0)T ´ N(A) �Ä�þ. w,Ý
 A �n�1�

þÑ� α1, α2 ��. Ïd�� A �ü��5Ã'�1�þ����Ö�m N(A)T

�Ä�þ, ~X β1 = (1, 0, 0, 1)T , β2 = (1, 1, 1, 1)T .



6. �

A =


1 0 1

0 a 1

b 0 −1


k��A��þ (1, 1, 1)T , K a, b ©O� a = −1, b = 3.

©Û)�µdb��Ý
 A kA��þ (1, 1, 1)T , PéA�A��� λ, K
1 0 1

0 a 1

b 0 −1




1

1

1

 = λ


1

1

1

 .
dd� λ = 2, a = −1, b = 3.

7. e�¦�g. Q(x1, x2, x3) = tx21 + tx22 + tx23 + x1x2 + x1x3 + x2x3 �½, K t 7

L÷v t > 1
2
.

©Û)�µ�g. Q(x1, x2, x3) = tx21 + tx22 + tx23 + x1x2 + x1x3 + x2x3 ¤éA�¢

é¡Ý
�

A(t) =


t 1

2
1
2

1
2

t 1
2

1
2

1
2

t

 .
e�g. Q �½, =Ý
 A(t) �½. �â�½Ý
�¿�^�, A(t) �n�^S

Ìfªþ�u", =

∆1 = t > 0, ∆2 = t2 − 1

4
> 0, ∆3 = t3 − 3t

4
+

1

4
> 0.

dcü��§� t > 1
2
. ��O�� ∆3(

1
2
) = 0, � ∆′3(t) = 3t2 − 3

4
= 3(t2 − 1

4
) > 0,

∀t > 1
2
. Ïd�g. Q �½, 7L��I t > 1

2
.



8. �

A =


1 0 0

0 1 2

0 2 −1

 , B =


1 0 0

0 1 0

0 0 −1

 ,
Á�ä A � B ´Ä�-, �qÚ�Ü. \�(Ø´ �-, �Ü, �Ø�q.

©Û)�µw,Ý
 A Ú B ��þ� 3. �§��-. {üO��é¡Ý
 A n

�A��� 1,±
√

5.  B �A��� 1, 1,−1. Ïd§��Ü, �Ø�q.

�. O�KÚy²K,

9.(20©) � α1, α2, α3 ��5�m V ��|Ä, �5C� σ 3ù|Äe�Ý
�
−1 0 1

0 1 −1

0 −1 1

 .
(1) ¦ σ �¤kA��ÚéAA��þ�m��|Ä;

(2) �Ñ V ��|Ä β1, β2, β3, ¦��5C� σ 3TÄe�Ý
�é�
, ¿�Ñ

TÝ
.

(3) ��þ γ ∈ V 3 α1, α2, α3 e��I� (1, 2, 3)T , �Ñ σ(γ) 3 α1, α2, α3 e�

�I;

(4) �Ñ�þ γ 3 β1, β2, β3 e��I.

) (1). k¦Ý
 A �A��. {üO�� det(λI −A) = (λ+ 1)λ(λ− 2). � A k

n�pÉ�A�� λ1 = −1, λ2 = 0, λ3 = 2. ±e¦éA�A��þ. é λ1 = −1,

¦) (λ1I − A)ξ = 0, =¦)
0 0 1

0 −2 1

0 1 −2



x

y

z

 =


0

0

0





�Ý
 A �A��þ ξ1 = (1, 0, 0)T . �A��5C� σ kA��þ

β1 = (α1, α2, α3)


1

0

0

 = α1.

é λ2 = 0, ¦) (λ2I − A)ξ = 0, =¦)
1 0 −1

0 −1 1

0 1 −1



x

y

z

 =


0

0

0


�Ý
 A �A��þ ξ2 = (1, 1, 1)T . �A��5C� σ kA��þ

β2 = (α1, α2, α3)


1

1

1

 = α1 + α2 + α3.

é λ3 = 2, ¦) (λ3I − A)ξ = 0, =¦)
3 0 −1

0 1 1

0 1 1



x

y

z

 =


0

0

0


�Ý
 A �A��þ ξ3 = (1,−3, 3)T . �A��5C� σ kA��þ

β3 = (α1, α2, α3)


1

−3

3

 = α1 − 3α2 + 3α3.

)(2). �â(Ø(1)�, �5C� σ 3Ä. β1, β2, β3 e�Ý
�é�
, =

σ(β1, β2, β3) = (β1, β2, β3)


−1 0 0

0 0 0

0 0 2

 .



)(3). db��þ γ ���

γ = (α1, α2, α3)


1

2

3

 .
u´

σ(γ) = σ(α1, α2, α3)


1

2

3

 = (α1, α2, α3)


−1 0 1

0 1 −1

0 −1 1




1

2

3



= (α1, α2, α3)


2

−1

1

 .
=�þ σ(γ) 3Ä. α1, α2, α3 e��I� (2,−1, 1).

)(4). �â(Ø(1)�Ä. β1, β2, β3 ÚÄ. α1, α2, α3 �5'XXe

(β1, β2, β3) = (α1, α2, α3)


1 1 1

0 1 −3

0 1 3

 .
dd��

(α1, α2, α3) = (β1, β2, β3)


1 1 1

0 1 −3

0 1 3


−1

.

u´

γ = (α1, α2, α3)


1

2

3

 = (β1, β2, β3)


1 1 1

0 1 −3

0 1 3


−1 

1

2

3

 .



±e¦_Ý
 
1 1 1 1 0 0

0 1 −3 0 1 0

0 1 3 0 0 1

→


1 0 4 1 −1 0

0 1 −3 0 1 0

0 0 6 0 −1 1



→


1 0 4 1 −1 0

0 1 −3 0 1 0

0 0 1 0 −1
6

1
6

→


1 0 0 1 −1
3

−2
3

0 1 0 0 1
2

1
2

0 0 1 0 −1
6

1
6

 .
ùL² 

1 1 1

0 1 −3

0 1 3


−1

=


1 −1

3
−2
3

0 1
2

1
2

0 −1
6

1
6

 .
u´

γ = (β1, β2, β3)


1 −1

3
−2
3

0 1
2

1
2

0 −1
6

1
6




1

2

3

 = (β1, β2, β3)


−10

15

1

 1

6
.

=�þ γ 3Ä. β1, β2, β3 e��I�
1
6
(−10, 15, 1). )��..

(5: ¯K(2)Ú(4)��YØ��. ù´Ï�A��þ β1, β2, β3 �ÀJØ��. ù�

��
�þ γ éuØÓ�Ä. β1, β2, β3 kØÓ��I.)

10.(15©) òÝ
 
1 −3 7

−2 0 −2

−2 −6 −1


� QR ©).



)µPþãÝ
� A, ¿� A = (α1, α2, α3). �â Gram–Schmidt��z�{, -

β1 = α1 = (1,−2,−2)T ;

β2 = α2 − (α2,β1)
‖β1‖2 β1 = (−3, 0,−6)T − 9

9
(1,−2,−2)T = 2(−2, 1,−2)T ;

β3 = α3 − (α3,β1)
‖β1‖2 β1 −

(α3,β2)
‖β2‖2 β1 = α3 − 13

9
β1 + 7

9
β2 = 11

9
(2, 2,−1)T .

dd�

α1 = β1;

α2 = β1 + β2;

α3 = 13
9
β1 − 7

9
β2 + β3.

þª���

(α1, α2, α3) = (β1, β2, β3)


1 1 13

9

0 1 −7
9

0 0 1

 .
é���þ β1, β2, β3 ü z�

(β1, β2, β3) =
( β1
‖β1‖

,
β2
‖β2‖

,
β3
‖β3‖

)
‖β1‖

‖β2‖

‖β3‖



=


1
3

−2
3

2
3

−2
3

1
3

2
3

−2
3

−2
3

−1
3




3

6

11
3

 .
u´

(α1, α2, α3) = (β1, β2, β3)


1 1 13

9

0 1 −7
9

0 0 1

 =

=


1
3

−2
3

2
3

−2
3

1
3

2
3

−2
3

−2
3

−1
3




3

6

11
3




1 1 13
9

0 1 −7
9

0 0 1

 =


1
3

−2
3

2
3

−2
3

1
3

2
3

−2
3

−2
3

−1
3




3 3 13
3

0 6 −14
3

0 0 11
3

 .



þª=�¤¦Ý
 A � QR ©), Ù¥

Q =


1
3

−2
3

2
3

−2
3

1
3

2
3

−2
3

−2
3

−1
3

 , R =


3 3 13

3

0 6 −14
3

0 0 11
3

 .
)��..

11. (15©) � W1 = L(α1, α2, α3), W2 = L(β1, β2, β3), Ù¥ α1 = (1, 1, 1, 0)T , α2 =

(0, 1, 1, 1)T , α3 = (2, 5, 5, 3)T , β1 = (1, 0, 0,−1)T , β2 = (1, 3, 3, 2)T , β3 = (2, 1, 1, 1)T .

Á¦ W1, W2, W1 +W2, W1 ∩W2 �Ä��ê.

)µ(1). ¦ W1 �Ä.Ú�ê. P A = (α1, α2, α3), =

A =


1 0 2

1 1 5

1 1 5

0 1 3

 .

w, A ��=�f�m W1 ��ê. �¦ A ��, ±eé A �Ð�1C�.
1 0 2

1 1 5

1 1 5

0 1 3

→


1 0 2

0 1 3

0 1 3

0 1 3

→


1 0 2

0 1 3

0 0 0

0 0 0

 .

dd�� A ��� 2. ùL² dimW1 = 2, � α1, α2 Ò´ W1 ���Ä..

(2). ¦ W2 �Ä.Ú�ê. P B = (β1, β2, β3), =

B =


1 1 2

0 3 1

0 3 1

−1 2 1

 .



ÓnÝ
 B ��=�f�m W2 ��ê. �¦ B ��, ±eé B �Ð�1C�.
1 1 2

0 3 1

0 3 1

−1 2 1

→


1 1 2

0 3 1

0 3 1

0 3 3

→


1 1 2

0 3 1

0 0 0

0 0 2

→


1 1 2

0 3 1

0 0 2

0 0 0

 .

dd�� B ��� 3, =�þ β1, β2, β3 �5Ã'. ùL² dimW2 = 3, � β1, β2, β3

Ò´ W2 ���Ä..

(3) ¦ W1 + W2 �Ä��ê. w, W1 + W2 = L(α1, α2, α3, β1, β2, β3). eP

C = (α1, α2, α3, β1, β2, β3), =

C =


1 0 2 1 1 2

1 1 5 0 3 1

1 1 5 0 3 1

0 1 3 −1 2 1

 ,

KÝ
 C ��=�f�m W1 + W2 ��ê. ±eÏLéÝ
 C �Ð�C�5¦

Ù�. 
1 0 2 1 1 2

1 1 5 0 3 1

1 1 5 0 3 1

0 1 3 −1 2 1

→


1 0 2 1 1 2

0 1 3 −1 2 −1

0 1 3 −1 2 −1

0 1 3 −1 2 1



→


1 0 2 1 1 2

0 1 3 −1 3 1

0 0 0 0 0 0

0 0 0 0 2 1

→


1 0 2 1 1 2

0 1 3 −1 3 1

0 0 0 0 2 1

0 0 0 0 0 0

 .
dd��Ý
 C ��� 3, � α1, α2, β3 �À�f�m W1 + W2 �Ä.. (Ä.�

ÀJkNõ. ~X α1, α2, β2 Ú β1, β2, β3 ´,	ü«ÀJ).

(4) ¦ W1 ∩W2 �Ä��ê. �â�êúª

dim(W1 +W2) + dimW1 ∩W2 = dimW1 + dimW2,



�� dimW1 ∩W2 = dimW1 + dimW2 − dim(W1 +W2) = 2 + 3− 3 = 2. 3þ�Ú

½¥, ·�éÝ
 C �1Ð�C��

C = (α1, α2, α3, β1, β2, β3)→


1 0 2 1 1 2

0 1 3 −1 3 1

0 0 0 0 2 1

0 0 0 0 0 0

 .

dd��Ý
 C �cn� α1, α2, α3 þ�L��n� β1, β2, β3 ��5|Ü. ¢S

þ W1 ⊂ W2 ´ W2 �f�m. Ïd W1 �Ä., ~X α1, α2 Ò´ W1 ∩W2 = W1

�Ä.. )��..

n. y²K

12.(8©) � σ � n ��5�m V þ��5C�, ÷v σ2 = σ. y² (1) Im(σ) ∩

Ker(σ) = {θ}, θ L«"��. (2) V = Im(σ)⊕Ker(σ).

y²: y(1). � α ∈ Im(σ) ∩Ker(σ). d α ∈ Im(σ) ��3 v ∈ V , ¦� α = σ(v).

2d α ∈ Ker(σ) � σ(α) = θ. ,��¡ σ(α) = σ(σ(v)) = σ2(v) = σ(v) = α. �

α = θ. ùÒy²
 Im(σ) ∩Ker(σ) = {θ}.

y(2). �â(Ø(1)�ü�f�m Im(σ) Ú Ker(σ) �¤�Ú. ∀α ∈ V , - α1 :=

σ(α), α2 := α− α1, K α1 ∈ Im(σ)§

σ(α2) = σ(α− α1) = σ(α)− σ(α1) = σ(α)− σ2(α) = σ(α)− σ(α) = θ.

ùL² α2 ∈ Ker(σ). Ïd V �z��þþ�L� α = α1 + α2, Ù¥ α1 ∈ Im(σ),

α2 ∈ Ker(σ). ùÒy²
 V = Im(σ)⊕Ker(σ). y..

13. (6©) � A Ú B � n �¢é¡Ý
�÷v A+ B �½, y²�3�_Ý
 P

¦� P TAP Ú P TBP Ó��é�Ý
.

y². d�½Ý
�5�(�½Ý
�ü Ý
�Ü)��, éu�½Ý
 A + B,



�3�_Ý
 Q, ¦� QT (A + B)Q = I, = QTAQ + QTBQ = I. 2�â¢é

¡Ý
�5��, éu¢é¡Ý
 QTAQ, �3��Ý
 R, ¦� RTQTAPR =

diag(λ1, · · · , λn). u´ RTQTAQR +RTQTBQR = RTR = I. dd�

RTQTBQR = I −RTQTAQR = diag(1− λ1, · · · , 1− λn).

P P = QR, K P ��_Ý
, ÷vK¥��¦. y..


