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1. (30©) W�K(z�K3©)µ

(1) �A´��m×n�Ý
, B´��n× s�Ý
, r(A) = n, r(B) =
r, KdimN(AB) = s− r.

(2) �AÚB´�_Ý
,K©¬Ý
C =

(
0 A
B 0

)
�_Ý
´

(
0 B−1

A−1 0

)
.

(3) �A =

 1 0 0
0 0 1
0 1 x

 , B =

 1 0 0
0 y 0
0 0 −1

,�A�B�q§Kx, y =0, 1.

(4) �a1, a2, a3´R4¥�p���ü �þ§Ý
P = I4 − (a1a
T
1 +

a2a
T
2 + a3a

T
3 )��ÜA��´0(3­), 1(1­)(�²­ê).

(5) �A,B´ü�n�Ý
, �AB = 0, Ax = 0ÚBx = 0Ãú��"
),Kr(A) + r(B)=n(W�<,>½=).

(6) 'u��¼êy = y(t), ���©�§d2y
dt2

+ 4dy
dt + 3y = 0�Ï

)(complete solution)´y = C1e
−3t + C2e

−t (C1, C2�?¿~ê).

(7) �4�Ý
A�B�q, I´4�ü 
, A�A��´1, 1, 2, 2, K
|B−1 + I| =9.

(8) Öà2�Ý
A =

(
2 6

)
�1�1��, ¦AkA��þx1 =

(3, 1)Úx2 = (2, 1). −1, 7.

(9) �S =

 0 1 0
0 0 1
0 0 0

 , �S���3�Ý
�N/¤��þ�m�

ê´3.



(10) �A =

 1 0
2 1
0 1

, P1´A�1��/¤�1��mþ�ÝKÝ
,

P2´A���mþ�ÝKÝ
, KP2P1 =P1 = 1
5

1 2 0
2 4 0
0 0 0

.

2. (10©) �a, b, c, d�Ø��0�¢ê§Ý
A =


a2 ab ac ad
ba b2 bc bd
ca cb c2 cd
da db dc d2

 ,

¦A�A��Ú�AA�f�m"

))): detA = abcd

∣∣∣∣∣∣∣∣
a b c d
a b c d
a b c d
a b c d

∣∣∣∣∣∣∣∣ = 0,�AkA��0.®�a, b, c, dØ�

�0,Ø��a 6= 0. A →


a2 ab ac ad
0 0 0 0
0 0 0 0
0 0 0 0

, r(A) = 1,KdimN(A) =

3�N(A),="A��éA�A�f�mkÄ:
− b

a
1
0
0

 ,


− c

a
0
1
0

 ,


− b

a
0
0
1

 .

A��0�AÛ­ê�3,�Ù�ê­êØ�u3§qtrA = a2 + b2 + c2 +
d2 > 0,Ïd§A��0��ê­ê�u3, �,��A���a2 + b2 +

c2 + d2,ÙA�f�m�Ä�


a
b
c
d

.

3. (12©) �A´��m× n�Ý
, b�Ax = bk),)8�S.

(1) y²µS¥�)�þ3A�1�mC(AT )þ�ÝKþ��(P�xrow);

(2) y²µxrow´Ax = b��Ý���)¶



(3) b�A =

(
1 1 3
0 2 −1

)
, b =

(
12
−6

)
, ¦xrow.

(1) yyy²²²: Ï�S ⊆ Rn = N(A) + C(AT ),¤±é?¿x1, x2 ∈ S§
kx1 = x1r + x1n, x2 = x2r + x2n, Ù¥x1r, x2r ∈ C(AT ), x1n, x2n ∈
N(A). dx1, x2 ∈ S�x1r, x2r ∈ S∩C(AT ). qA(x1r−x2r) = 0,�x1r−
x2r ∈ C(AT ) ∩N(A) = {0},=x1r = x2r,�=?¿)�þ3A�1�m
�ÝK��"

(2) yyy²²²µµµ ?¿x ∈ S, x = xrow + xn, Ù¥xrow ∈ C(AT ), xn ∈
N(A).


||x||2 = ||xrow||2 + ||xn||2 ≥ ||xrow||2,

=xrow´Ax = b��Ý���)"

(3) )))µµµ�xrow = ATα,KdAxrow = b�AATα = b, =

(
11 −1
−1 5

)
α =(

12
−6

)
, )�α =

(
1
−1

)
.Ïdxrow = ATα =

 1
−1
4

.

4. (12©)A =

 1 3 0 5
2 6 1 16
5 15 0 25

 =

1 0 0
2 1 0
5 0 1

1 3 0 5
0 0 1 6
0 0 0 0

.

¦A�o�Ä�f�m�Ä.

)))µµµ {


1
3
0
5

 ,


0
0
1
6

}�A�1�m��|Ä,

{

1
2
5

 ,

0
1
0

}�A���m��|Ä,

{


−3
1
0
0

 ,


−5
0
−6
1

} �A �"�m��|Ä,

{

−5
0
1

 , }�A��"�m��|Ä"



5. (10©) �½ü�ê�{an}, {bn}, ÷va1 = 1, b1 = −1, an = an−1 +
2bn−1, bn = −an−1 + 4bn−1.

(1) ½Âuk =

(
an
bn

)
, ¦Ý
A¦�uk+1 = Auk.

(2) ¦A�A��ÚanÚbn�Ï�úª.

)))µµµ (1) uk+1 =

(
ak+1

bk+1

)
=

(
1 2
−1 4

)
uk.

(2) |A− λI| = (λ− 2)(λ− 3) = 0, �A�A���2, 3. ´�

(
2
1

)
�á

uA��2�A��þ§

(
1
1

)
�áuA��2�A��þ"

u1 =

(
a1
b1

)
=

(
1
−1

)
= 2

(
2
1

)
− 3

(
1
1

)
, K

un = An−1u1 = 2 · 2n−1

(
2
1

)
− 3 · 3n−1

(
1
1

)
=

(
2n+1 − 3n

2n − 3n

)
.

u´an = 2n+1 − 3n, bn = 2n − 3n.

6. (12©) �½R2þ3�:(xi, yi), i = 1, 2, 3.

(1) ����¦¿Âe[Üùn�:��Z­�´y = C +Dx, y²
ù^��L²þ�:(x1+x2+x3

3 , y1+y2+y3
3 );

(2) -ei = yi − (C +Dxi), i=1,2,3. y²e1 + e2 + e3 = 0.

(3) b�n�:´(−2, 1), (0, 2), (2, 4), �y±þ(Ø.

(1) yyy²²²:


C +Dx1 = y1,
C +Dx2 = y2,
C +D3 = y3

PA =

1 x1
1 x2
1 x3

, b =

y1y2
y3

. ���¦

)÷v�§AAT x̂ = AT b,=(
3

∑
xi∑

xi
∑
x2i

)(
C
D

)
=

( ∑
yi∑
xiyi

)
,

�C + (13
∑
xi)D = 1

3

∑
yi.



(2) yyy²²²µµµ e =

e1e2
e3

 = b − p, Ù¥b − Ax̂ �b3C(A)þ�ÝK§

�e⊥C(A),Ïde⊥

1
1
1

, =e1 + e2 + e3 = 0.

(3) Ln:�[Ü���y = 7
3 + 3

4x.

7. (14©) �A =


1 t1
1 t2
1 t3
1 t4

, Ù¥t1, t2, t3, t4 ∈ R.

(1) b�A���2, ¦A���m(column space)C(A)��|IO�
�Ä(�ÑO�úª=�)¶

(2) ¦A�QR©)A = QR¶

(3) äN�ÑRØ�_�^�¶

(4) b�A���2, b ∈ R4,y²b3C(A)þÝK´QQT b.

(1))))µµµ�q1 = 1
2

(
1 1 1 1

)T
. Pt =

(
t1 t2 t3 t4

)T
, t̄ = t1+t2+t3+t4

4 ,

u =
(
1, 1, 1, 1

)T
. �

q2 =
t− (qT1 t)q1

||t− (qT1 t)q1||
=

t− t̄u
||t− t̄u||

.

(2) Q =
(
q1 q2

)
, R = QTA =

(
2 2t̄
0 ||t− t̄u||

)
.

(3) RØ�_⇔ ||t− t̄u|| = 0⇔ t = t̄u, =t1 = t2 = t3 = t4.

(4) b3C(A)þ�ÝK�A(ATA)−1AT b = QR(RTR)−1RTQT b = QQT b.


