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1. (10©) �r(AB) = r(B)§¦yµé?¿�¦�Ý
C§þkr(ABC) =
r(BC).

y². k�y²·Kµr(AB) = r(B)§��=��§|ABx = 0�)þ
�Bx = 0�).

u´§�y´ABCy = 0�)§Kx = Cy´ABx = 0�)§?
d^�Ú
·K�x´Bx = 0�)§=y´BCy = 0�). ��2d·K�§r(ABC) =
r(BC).

2. (10©) ¦�A =


1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

¦{����¤kÝ
B§±9¤kB/
¤�m��ê.

). ¢Sþ�du¦�A′ =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

����B = (bij).

KA′B = BA′�Ñ
b21 b22 b23 b24
0 0 0 0
b41 b42 b43 b44
0 0 0 0

 =


0 b11 0 b13
0 b21 0 b23
0 b31 0 b33
0 b41 0 b43

 .

u´

B =


a b c d
0 a 0 c
r s t p
0 r 0 t

 .

¤/¤�m´8��.

3. (15©) �A´m × 3Ý
§�r(A) = 1.e�àg�5�§|Ax = b�n�
)�þη1, η2, η3÷v

η1 + η2 =

1
2
3

 , η2 + η3 =

 0
−1
1

 , η3 + η1 =

1
0
1

 .



¦Ax = b�Ï).

). Ï�A´m × 3Ý
§r(A) = 1,�Ax = 0�Ä:)X¥¹k3 − 1 = 2
��5Ã'�)�þ.�±¦�

η1 =

 1
3/2
3/2

 , η2 =

 0
1/2
3/2

 , η3 =

 0
−3/2
−1/2

 .

Kξ1 = η1 − η2 =

1
1
0

, ξ2 = η1 − η3 =

1
3
2

 �Ax = 0�Ä:)X¥�)

�þ"�Ax = b�Ï)�x = k1ξ1 + k2ξ2 + η1,Ù¥k1, k2�?¿¢ê"

4. (10©) y²: N(ATA) = N(A); C(ATA) = C(AT ).

y². w,kN(A) ⊂ N(ATA), qÏ�ATAx = 0 ⇒ xTATAx = 0 ⇒
Ax = 0, ¤±N(ATA) = N(A). KC(ATA) = N(ATA)⊥ = N(A)⊥ =
C(AT ).

5. (15©) �A =


1 1 1 1 1
3 1 2 1 −3
0 2 1 2 6
5 3 4 3 −1

.

(1) ©O�Ño�Ä�f�m��|Ä.

(2) ¦�§|Ax =


7
−2
23
12

�Ï).

).
1 0 0 0
−3 1 0 0
−3 1 1 0
−2 −1 0 1



1 1 1 1 1
3 1 2 1 −3
0 2 1 2 6
5 3 4 3 −1

 =


1 1 1 1 1
0 −2 −1 −2 −6
0 0 0 0 0
0 0 0 0 0


C(AT )��|Äµ(1, 1, 1, 1, 1), (0, 2, 1, 1, 6).

C(A)��|Äµ(1, 3, 0, 5), (1, 1, 2, 3).

N(A)��|Äµ(− 1
2 ,−

1
2 , 1, 0, 0), (0,−1, 0, 1, 0), (2,−3, 0, 0, 1).

N(AT )��|Äµ(−3, 1, 1, 0), (−2,−1, 0, 1).



(2) Ï)�x = k1


− 1

2
− 1

2
1
0
0

+ k2


0
−1
0
1
0

+ k3


2
−3
0
0
1

+


− 9

2
23
2
0
0
0

, k1, k2, k3�?

¿~ê.

6. (15©) b�Ax = bk), )8P�S.

(1) y²µS¥�)�þ3A�1�mC(AT )þ�ÝKþ��(P�xrow);

(2) y²µxrow´Ax = b��Ý���)¶

(3) b�A =

(
1 2 3
2 1 −1

)
, b =

(
10
−23

)
, ¦xrow.

(1) yyy²²²: Ï�S ⊆ Rn = N(A) + C(AT ),¤±é?¿x1, x2 ∈ S§kx1 =
x1r + x1n, x2 = x2r + x2n, Ù¥x1r, x2r ∈ C(AT ), x1n, x2n ∈ N(A).
dx1, x2 ∈ S�x1r, x2r ∈ S ∩ C(AT ). qA(x1r − x2r) = 0,�x1r − x2r ∈
C(AT ) ∩N(A) = {0},=x1r = x2r,�=?¿)�þ3A�1�m�ÝK�
�"

(2) yyy²²²µµµ ?¿x ∈ S, x = xrow + xn, Ù¥xrow ∈ C(AT ), xn ∈ N(A).


||x||2 = ||xrow||2 + ||xn||2 ≥ ||xrow||2,

=xrow´Ax = b��Ý���)"

(3) )))µµµ�xrow = ATα,KdAxrow = b�AATα = b, =

(
14 1
1 6

)
α =(

10
−23

)
, )�α =

(
1
−4

)
.Ïdxrow = ATα =

−7−2
7

.

7. (10©) �S�R3¥d�þ

1
2
2

Ú
 5

4
−2

 Ü¤�f�m.

(a) ^Gram-Schmidt��z¦S��|ü ��Ä.

(b) ¦�f�mS���ÝK3× 3Ý
P .

). (1) 1
3 (1, 2, 2),

1
3 (2, 1,−2).

(2) P = QQT = 1
9

 5 4 −2
4 5 2
−2 2 8

.



8. (15©) ¦���¦¿Âe[Üêâ:(t, y) = (2, 1), (5, 2), (7, 3), (8, 3)��
Z��y = Ct+D.

)µ¦)�§ATAx̂ = AT b, ����¦­��y = 5
14 t+

2
7 .


