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1. (15©) ¯�K

£1¤�
�±�qé�z�¿�^�´�oº

£2¤��
A÷vA2 = A§A�±é�zíº��oº

£3¤�þv = (1, 1, 1)T��þw = (1, 2, 3)TÜ¤�²1o>/�¡È
�õ�º�Ñnd"

£4¤�A�2n + 1�¢�é¡
§=AT = −A"A�A��kÛA
:ºA�1�ª�uõ�º

£5¤�A´n��
§�ÙA���λ1 = λ2 = λ3 = λ, ¦A¤k�U
�JordanIO."

=)�>µ

£1¤n��
A�±�qé�z��=�Ù�±é�n��5Ã'�
A��þ"

£2¤�±"�I`²A�±é�n��5Ã'�A��þ"�r(A) =
r"

�0 < r < n�"A2 = A`²Aai = ai,=A�z��"��þþ´1é
A�A��þ"l�±é�r�1��5Ã'�A��þ"

,��¡, dimN(A) = n − r. ù`²0´A���A��§��±é
�n− r�0��5Ã'�A��þ"

duéAØÓA���A��þ�5Ã'§¤±�±é�n��5Ã
'�A��þ"

�r = 0�§A�"Ý
¶�r = n�§A = In£g�µ��oº¤l
Ñ�±é�z"

£3¤��O��v × w = (1,−2, 1)T . d�È�AÛ¿Â�§v × w�
�Ý

√
6 =�v�wÜ¤�²1o>/�¡È"

£4¤A�A���0½XJê"¯¢þ§�λ´��A��§x´é
Aλ���A��þ§K

Ax = λx; −x̄TA = x̄TAT = λ̄x̄T

l
−λx̄Tx = (x̄TA)x = x̄TAx = x̄T (Ax) = λx̄Tx.



dd��λ+ λ̄ = 0§=λ�0½öXJê"

é�ªAT = −Aü>Ó��1�ª�|A| = |AT | = (−1)2n+1|A|. ¤
±A�1�ª�0"

£5¤UA��5Ã'�A��þ�ê5�Ä§¤k�U�JordanIO
.kXe3� λ λ

λ

 λ 1
λ

λ

 λ 1
λ 1

λ



2. (20©) �V ⊂ R4´��n�f�m§�V = s(v1, v2, v3)§Ù¥

v1 =


1
1
0
0

 , v2 =


1
1
1
0

 , v3 =


1
1
1
1


�W´V���Ö"

£1¤¦V��|IO��Ä"

£2¤¦�f�mVÝK�ÝKÝ
P.

£3¤¦�f�mWÝK�ÝKÝ
Q.

£4¤é�R4��|IO��Ä§¦�Ù¥z��þþ�P�A��
þ"|^dÄòP�qé�z"

=)�>

£1¤é{v1, v2, v3}�Gram-Schmidt��z�±��

s1 =


1/
√

2

1/
√

2
0
0

 , s2 =


0
0
1
0

 , s3 =


0
0
0
1


{s1, s2, s3}´V���IO��Ä"

£2¤-S = [s1, s2, s3], KS���mC(S)=�V , ldÝKÝ
�
½Â�

P = S(STS)−1ST = SST =


1/2 1/2
1/2 1/2

1
1





£){�µ-A = [v1, v2, v3],KC(A) = V ,��O�P = A(ATA)−1AT§
���Ó(J"¤

£3¤Äk¦W"d½Â�W = N(AT )"¦)"�m�W = s(w)§
Ù¥w = (1,−1, 0, 0)T"¤±

Q =
wwT

wTw
=


1/2 −1/2
−1/2 1/2

0
0



£4¤5¿�{s1, s2, s3, w}|¤R4���IO��Ä"��O��

Psi = SST si = S(ST si) = si(1 ≤ i ≤ 3); Pw = SSTw = ~0,

-S̃ = [s1, s2, s3, w]§KS̃´����
§�

S̃−1PS̃ = S̃TPS̃ = diag(1, 1, 1, 0).

(diag(d1, · · · , dn)L«n�é�
§Ùé��þ����Ð�d1, · · · , dn)

3. (20©) �½MarkovÝ
A =


2/4 1/4 1/4

1/4 2/4 1/4

1/4 1/4 2/4

.

(1) ¦A�¤kA��.

(2) ¦A�½VÇp§=¦VÇ�þp¦�Ap = p.

(3) òA�qé�z.

(4) ¦limk→∞A
k.

=)�>

£1¤O�4A�A�õ�ª�

det(4A− λI) = (4− λ)(λ− 1)2.

¤±4Akü�ØÓA��4, 1. ¤±Akü�ØÓA��: λ1 = 1§Ù
�êê�1¶λ2 = 1/4§Ù�êê�2"



£2¤=¦A'uA��1�A��þ"O�N(A − I)��|Ä�v1 =
(1, 1, 1)T"Ï�p´��VÇ�þ§¤±p = v1/3 = (1/3, 1/3, 1/3)T .

£3¤ÄkdAé¡�§Ù�½�±�qé�z"®²¦�λ1éA�A
��þ�v1"e¡O�λ2��5Ã'�A��þ§=¦N(A − I/4)�
�|Ä"��O��

v2 = (−1, 1, 0)T ; v3 = (−1, 0, 1)T

´N(A− I/4)��|Ä"y-S = [v1, v2, v3], KS�_§�

S−1AS = diam(1, 1/4, 1/4).

£4¤´�{p, v2, v3}�´R3��|Ä"?�VÇ�þp̃, �

p̃ = xp+ yv2 + zv3.

Ï�p̃´VÇ�þ§¤±Ùn�©þ�Ú�1§dd��x = 1. l

Anp̃ = p+ y4−nv2 + z4−nv3 → p.

5¿�A�n���þþ�VÇ�þ§¤±

An = An−1[a1, a2, a3] = [An−1a1, A
n−1a2, A

n−1a3]→ [p, p, p] (n→∞).

4. (15©) �{e1, e2}´R2�g,Ä. -

α1 =

(
1
1

)
, α2 =

(
1
−1

)
, β1 =

(
1
1

)
, β2 =

(
1
0

)
.

(1) y²{α1, α2}´R2��|Ä"�Äð�N�Id : R2 → R2"�Ñu
�m�Ä�{α1, α2}§���m�Ä�{e1, e2}§¦Id3TÄeéA�
Ý
P"

(2)�Ñu�m�Ä�{e1, e2}§���m�Ä�{α1, α2}§¦Id3TÄ
eéA�Ý
Q"

(3)�T : R2 → R2´���5C�§¦�

T (α1) = β1; T (α2) = β2.

�Ñu�m����m�Äþ�g,Ä{e1, e2}"¦T3TÄeéA�
Ý
A"



=)�>

£1¤Ï�Ý
[α1, α2]�1�ª�−2, ¤±α1, α2�5Ã'"lÙ
´R2��|Ä"Ï�

Id(α1) = (e1, e2)α1; Id(α2) = (e1, e2)α2,

d�5C�3ÄeÝ
�½Â�

P = [α1, α2] =

(
1 1
1 −1

)

£2¤Ï�

Id(e1) = (α1, α2)

(
1/2
1/2

)
; Id(e2) = (α1, α2)

(
1/2
−1/2

)
d�5C�3ÄeÝ
�½Â�

Q =

(
1/2 1/2
1/2 −1/2

)

(){�µ·�®²y²§���Ñu����m�Ä�§éA�Ý

p�_Ý
§l����Q = P−1)

£3¤��O��

T (α1) = α1 = (α1, α2)

(
1
0

)
; T (α2) = α1/2 + α2/2 = (α1, α2)

(
1/2
1/2

)
dd��§�Ñu����m�Äþ��{α1, α2}�§TéA�Ý
�

B =

(
1 1/2
0 1/2

)
·�®²y²A�B�mkXe�q'X

A = PBQ = PBP−1.

²O���

A =

(
1 0

1/2 1/2

)



5. (10©) ½Âê�anXeµ

a0 = a1 = a2 = 1; an+1 = 6an − 11an−1 + 6an−2, (n ≥ 2).

¦an�Ï�úª"

=)�>

-vn = (an+1, an, an−1)
T§Kþã4í'X9Ð�^��±L��

vn =

an+1

an
an−1

 =

6 −11 6
1 0 0
0 1 0

 an
an−1
an−2

 = Avn−1; v1 =

1
1
1


lkvn+1 = Anv1. ·�I�¦vn+1�1n©þ"

��O��A�A�õ�ª�

det(A− λI) = (3− λ)(2− λ)(1− λ).

©O¦�λ1 = 1, λ2 = 2, λ3 = 3éA�A��þ�

α1 =

1
1
1

 α2 =

4
2
1

 α3 =

9
3
1


lv1 = α1´A��1éA�A��þ"l

vn+1 = Anv1 = Anα1 = α1.

dd`²an ≡ 1´��~ê�"

6. (10©) �Ä�g�ax2 + 2bxy + cy2 = 1.

£1¤�Ñ��V����¿�^�"

£2¤�Ä�g�x2 + 2xy − y2 = 1. é����IX£�|IO�
�Ä¤§¦�3T�IXeV���§/X

X2

A2
− Y 2

B2
= 1.

¦A�B.

=)�>



£1¤Äk�±ò��§�¤Xe/ªµ

(x, y)

(
a b
b c

)(
x
y

)
= (x, y)C

(
x
y

)
= 1.

�é¡Ý
CØ½�§�g��V�"CØ½��=�Ck���
A��λ1Ú��KA��λ2"duC´��Ý
§þã^�q��=
�detC < 0"¤±��V����¿�^��

detC = ac− b2 < 0.

£2¤-

C =

(
1 1
1 −1

)
Ï�detC = −2 < 0, d£1¤��(¢�V�"y3·�5éÜ
·��IX§¦�3T�IXe§�§kIO/ª"��O��C�
A�õ�ª�λ2 − 2"lÙkA��λ1 =

√
2 Úλ2 = −

√
2"©O¦

�éA�A��þ�

v1 = (1,
√

2− 1)T ; v2 = (1,−
√

2− 1)T .

duCé¡§¤±v1�v2R�"ò§�ü z�

q1 = v1/‖v1‖; q2 = v2/‖v2‖.

-Q = [q1, q2]§KQ´����Ý
"�

C = Q

(√
2 0

0 −
√

2

)
QT .

-(X,Y ) = (x, y)Q, K���§C�

1 = (X,Y )

(√
2 0

0 −
√

2

)(
X
Y

)
=
√

2X2 −
√

2Y 2.

lA = B = 1/ 4
√

2.

7. (10©) �n��
A�_"y²µ�3�½Ý
B���Ý
Q¦�

A = BQ.



=y²>

�ÄÝ
ATA"Ï�A�_§¤±ATA�½"l�3��
P¦
�P TATAP = Λ, ùpΛ = diag(λ1, · · · , λn)�é�
§�λi > 0"
PP = [p1, · · · , pn], Pvi = Api. ·��±U�P

TATAP = Λ �

[v1, · · · , vn]T [v1, · · · , vn] = (AP )TAP = diag(λ1, · · · , λn).

þªL²

vTi vj =

{
0 i 6= j

λi i = j.

={v1, · · · , vn}�p��§�‖vi‖ =
√
λi. -si = vi/

√
λi±9S =

[s1, · · · , sn], KS´����
§�

AP = [v1, · · · , vn] = [s1, · · · , sn]diag(
√
λ1, · · · ,

√
λn) = SΛ̃.

l
A = SΛ̃P T = (SΛ̃ST )(SP T ) = BQ.

5¿�B = SΛ̃ST´�½Ý
§Q = SP T´��Ý
§l·K�
y"


