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�. W�K(zK4©, �32©)

W�K 1. � V �3��5�m, σ � V þ��5C�. b� σ 3 V ��|Ä.

α1, α2, α3 e�Ý
�

A =


λ 1 0

0 λ 1

0 0 λ

 ,
K�¹ α2 ���ØCf�m´span{α1, α2}.

©Û)�µ(i) £ÁØCf�m½Âµ ÷v^� σ(W ) ⊆ W �f�m W ¡�Ø

Cf�m('u�5C� σ).

(ii) P¤¦���f�m� W . �âb�·�k

σ(α1, α2, α3) = (α1, α2, α3)


λ 1 0

0 λ 1

0 0 λ

 .
du α2 ∈ W , � σ(α2) ∈ W , = σ(a2) = λα2 + α1 ∈ W . Ïd λα2 + α1 ∈ W . l


α1 ∈ W . ùL² span{α1, α2} ⊆ W . ´� span{α1, α2} ´�¹ α2 �ØCf�m.

� span{α1, α2} ⊇ W . Ïd¤¦ØCf�m�

W = span{α1, α2}.

W�K 2: � α1, α2, α3 �3���þ, A = (α1, α2, α3), � |A| = 1. -

B := (2α1 − α2 + 3α3, α2 − α3, α3 − α1), (1)

K |B| =4.



©Û)�µòÝ
 B ^Ý
 A 5L«. Ý
 B �½Âª (1) ���

B := (α1, α2, α3)


2 0 −1

−1 1 0

3 −1 1

 .
Pþª�m>�Ý
� C, Kuþª�1�ª�

|B| = |A||C| = 1 · 4 = 4.

W�K 3: � A � m× n Ý
, A �� r(A) = r, B �n �Ý
÷v AB = 0, KÝ


 B �� r(B) �����´0 ≤ r(B) ≤ n− r.

©Û)�µ�âb�Ý
 A ��� r, � A �"�m Ker(A) ��ê´ n− r. 2

�â^� AB = 0 ��, Ý
 B := (b1, · · · , bn) �z���þþ÷v Abj = 0, =

bj ∈ Ker(A). dd���þ| {b1, · · · , bn} ��Ã'�þ��ê ≤ n − r. ùL²

Ý
 B �� r(B) �����´

0 ≤ r(B) ≤ n− r.

W�K 4: � n �Ý
 A ��1���Ú� c, K A3 ��1���Ú�c3.

©Û)�µ�Ä n = 3 ��/. � A = (aij), KK8�b�´
a11 + a12 + a13 = c,

a21 + a22 + a33 = c,

a31 + a32 + a33 = c.

eòþã�§|��Ý
�/ªK
a11 a12 a13

a21 a22 a33

a31 a32 a33




1

1

1

 = c


1

1

1

 .



ù`² c ´Ý
 A �A��, ¿� ξ := (1, 1, 1)T ´¤á�A��þ. w,ù�(

Ø�Ý
 A ��ê n vk'X. �Ò´`, e n �Ý
 A ��1���Ú� c, K

c ´ A �A��, � ξ := (1, · · · , 1)T ´¤á�A��þ. Ïd c3 ´Ý
 A3 �A

��, ¿�ξ = (1, · · · , 1)T ´ A3 �A��þ, láuA�� c3. Ïd A3 ��1�

n ����Ú� c3.

W�K 5: � W = span{α1, α2} � IR3 �f�m, Ù¥ α1 = (1, 0, 3)T , α2 =

(2, 5,−4)T , Kf�m W 3 IR3 ¥���Ö W⊥ =span{(−3, 2, 1)T}.

©Û)�µw,f�m W ��ê� 2. Ïd��Ö W⊥ ��ê� 1. �¦�W⊥

����"�þ ξ, ·�I�¦) α1ξ = 0, α2ξ = 0, =¦)

{
x +3z = 0,

2x +5y −4z = 0,

ØJ���§|����") ξ = (−3, 2, 1)T . u´¤¦��Öf�m�

W⊥ = span{(−3, 2, 1)T}.

W�K 6: � A � 2 �Ý
, |A| = 0, �A ��ê{fª÷v A11 = 1, A22 = 2, K

A ���Ý
 A∗ �ü�A��©O´ 0 Ú 3.

©Û)�µ�â��Ý
�½Â, ±9K8b�·�k

A∗ :=

[
A11 A21

A12 A22

]
=

[
1 −a12
−a21 2

]
.

db� |A| = 0 �� |A∗| = 0. P A∗ �ü�A��� λ1 Ú λ2. �âA��5��

�

λ1 + λ2 = trA∗ = 1 + 2 = 3, λ1λ2 = |A∗| = 0.

du����Ý
 A∗ �A��8Ü� {λ1, λ2} = {0, 3}.



W�K 7: �¢�g. Q(x1, x2, x3) = 2x21 + 3x22 + 3x23 + 2ax2x3 ÏL���5C�

z�IO�g. Q(α) = 2y21 + y22 + 5y23, K a = −2 ½ 2.

©Û)�µP�g. Q(x) éA�¢é¡Ý
� A, =

A =


2 0 0

0 3 a

0 a 3

 .
�âK8b���²L��C� x = Py, �g. Q(x) z�
IO/ Q1(y) :=

Q(Py) = 2y21 + y22 + 5y23. �d/`, Xeü�Ý
�q

A =


2 0 0

0 3 a

0 a 3

 , B =


2 0 0

0 1 0

0 0 5

 .
{üO�� A �A�õ�ª

|λE − A| = (λ− 2)(λ− 3− a)(λ− 3 + a).

duÝ
 AÚ�é�
 B �q,� AkA�� 1Ú 5. dd)� a = 2½ a = −2.

W�K 8: 3���IX¥, ü^É¡��

x

1
=
y

2
=
z

3
Ú x− 1 = y + 1 = z − 2 (2)

�ål� 5√
6
.

©Û)�µ ��A^É¡���ålúª

d =
|−−→P1P2 · ~v1 × ~v2|
|~v1 × ~v2|

=�. P L1 Ú L2 �ª (2) ¥�ü^��. K�� L1 ²L: P1 = (0, 0, 0), Ù�

�� ~v1 = (1, 2, 3). �� L2 ²L: P2 = (1,−1, 2), Ù��� ~v2 = (1, 1, 1). u´



−−→
P1P2 = (1,−1, 2)− (0, 0, 0) = (1,−1, 2), ~v1 × ~v2 = (1, 2, 3)× (1, 1, 1) = (−1, 2,−1).
−−→
P1P2 · ~v1 × ~v2 = (1,−1, 2) · (−1, 2,−1) = −5. u´

d =
|−−→P1P2 · ~v1 × ~v2|
|~v1 × ~v2|

=
5√
6
.

�. O�KÚy²K,

K� (20©): � A ��5�m V þ�5C� σ 3 V ��|Ä. α1, α2, α3, α4 e

�Ý
, A Xe½Â

A =


1 0 2 1

−1 2 1 3

1 2 5 5

2 −2 1 −2

 .

©O¦f�m Im(σ), Ker(σ), Im(σ) +Ker(σ) �Ä..

)µk¦Ý
 A ��. �déÝ
 A �1Ð�C�

A =


1 0 2 1

−1 2 1 3

1 2 5 5

2 −2 1 −2

→


1 0 2 1

0 2 3 4

0 2 3 4

0 −2 −3 −4

 =: B.

dd�� rank(A) = 2. � dim Im(σ) = 2, dimKer(σ) = 2.

(i) ¦ Im(σ) �Ä.. duÝ
 A �1�Ú1���5Ã', � σ(α1) = α1 − α2 +

α3 +2α4 Ú σ(α2) = 2(α2 +α3−α4) �5Ã'. Ïd σ(α1), σ(α2) �¤
 Im(σ) �

��Ä., =

Im(σ) = span{α1 − α2 + α3 + 2α4, α2 + α3 − α4}.

(ii) ¦ Ker(σ) �Ä.. �d�Ä¦)àg�5�ê�§| Aξ = 0. du�§|



Aξ = 0 Ú Bξ = 0 Ó). ·��Ä Bξ = 0, =

{
x +2z +w = 0,

2y +3z +4w = 0.

ØJ¦�ù��§|�ü��5Ã'�) ξ1 = (−4,−3, 2, 0)T , ξ2 = (−1,−2, 0, 1)T .

ùL²

Ker(A) = span{(−4,−3, 2, 0)T , (−1,−2, 0, 1)T}.

dd�

Ker(σ) = span{−4α1 − 3α2 + 2α3,−α1 − 2α2 + α4}.

(iii) ¦Ú�m Im(σ) +Ker(σ) �Ä.. �d�Äü�f�m�Ä.��5�'5.

ò§��Ä�þ

Im(σ) = span{α1 − α2 + α3 + 2α4, α2 + α3 − α4},

Ker(σ) = span{−4α1 − 3α2 + 2α3,−α1 − 2α2 + α4}.

�I����þ�¤Ý
 C, =

C =


1 0 −4 −1

−1 1 −3 −2

1 1 2 0

2 −1 0 1

 .

�ÄÝ
 C ��. �déÝ
 C �1C�
1 0 −4 −1

−1 1 −3 −2

1 1 2 0

2 −1 0 1

→


1 0 −4 −1

0 1 −7 −3

0 1 −6 1

0 −1 −8 3

→


1 0 −4 −1

0 1 −7 −3

0 0 13 4

0 0 1 0

 .

��Ý
 C �_. Ïdf�m Im(σ) � Ker(σ) �Ä.�5Ã'. Ïd§��Ú

Im(σ) +Ker(σ) ��Ú, =Im(σ) ⊕Ker(σ). Ù�ê� 4. �ÙÚ�m���m,



= Im(σ) +Ker(σ) = V . u´Im(σ) +Ker(σ) ���Ä.� α1, α2, α3, α4. )�

�..

K�(12©): ¦����Ý
 P , ¦��5C� x = Py ò¢�g. Q(x) = xTAx

z�IO/, Ù¥¢é¡Ý
 A �

A =


0 −1 −1 0

−1 0 −1 0

−1 −1 0 0

0 0 0 1

 .

)µ¢SþÒ´�¦����Ý
 P , ¦� P TAP �é�
. �Ò´�¦ A ��

|(4�)ü ���A��þ. �dk¦ A �A��. {üO�L²

|λE − A| = · · · = (λ− 1)3(λ+ 2).

�Ý
 A �A��� λ1 = 1 (n­), λ2 = −2. ·�k¦A�� λ1 = 1 éA��

|(3�)ü ���þ. �Äàg�§| (λ1E − A)ξ = 0, =
1 1 1 0

1 1 1 0

1 1 1 0

0 0 0 0




x

y

z

w

 =


0

0

0

0

 .

ØJ¦Ñù��§|���Ä.. �
;� Gram-Schmidt��zL§, ·��X

e�|�p���n�)�þ

α1 =


0

0

0

1

 , α2 =


1

−2

1

0

 , α3 =


1

0

−1

0

 .

éùn�)�þ�ü z=�Ý
 A �n�ü ���A��þ:

ε1 = α1, ε2 =
α2√
6
, ε3 =

α3√
2
.



2�ÄA�� λ2 = −2 ¤éA�A��þ. �d·��)�§| (λ2E − A)ξ = 0,

= 
−2 1 1 0

1 −2 1 0

1 1 −2 0

0 0 0 −3




x

y

z

w

 =


0

0

0

0

 .

ØJ)��§|����")�þ α4 = (1, 1, 1, 0)T . §�ü z�þ� ε4 =

1√
3
(1, 1, 1, 0). u´·�¦���± ε1, ε2, ε3, ε4 ���þ���Ý
 P , =

P :=


0 1√

6
1√
2

1√
3

0 −2√
6

0 1√
3

0 1√
6

1√
2

1√
3

1 0 0 0

 ,

¦� AP = Pdiag(1, 1, 1 − 2). u´3��C� x = Py e, �g. Q(x) = xTAx

z� Q1(y) := Q(Py) = y21 + y22 + y33 − 2y24. )��..

Kn(16©): � V �ê� k þ�3 ��5�m, σ � V þ��5C�, σ 3 V �Ä

. α1, α2, α3 e�Ý
�

A =


2 −2 2

−2 −1 4

2 4 −1

 .
(1). ¦ σ 3Ä.

η1 = α1 − 2α2 + α3,

η2 = 3α2 − α3,

η3 = 3α1 + 2α2 − α3

e�Ý
;

(2). ¦Ý
 A ��ÜA��ÚA��þ.



)(1): �âK8�Ñ�^���, Ä. {η1, η2, η3} �Ä. {α1, α2, α3} �LÞÝ


P �

(η1, η2, η3) = (α1, α2, α3)P, P :=


1 0 3

−2 3 2

1 −1 −1

 .
u´

σ(η1, η2, η3) = σ(α1, α2, α3)P

= (α1, α2, α3)AP = (η1, η2, η3)P
−1AP.

Ý
 P−1AP =��5C� σ 3Ä. {η1, η2, η3} e�Ý
. ²Lk
�¡�O�

P−1AP =

1

4


1 3 9

0 4 8

1 −1 −3




2 −2 2

−2 −1 4

2 4 −1




1 0 3

−2 3 2

1 −1 −1

 =
1

4


−43 88 99

−40 76 72

25 −40 −33

 .

)(2): ¦Ý
 A ��ÜA��ÚA��þ. k¦A��. �Ä A �A�õ�ª

|λE − A| =

∣∣∣∣∣∣∣∣∣
λ− 2 2 −2

2 λ+ 1 −4

−2 −4 λ+ 1

∣∣∣∣∣∣∣∣∣ = · · · = (λ− 3)2(λ+ 6).

dd��A��� λ1 = λ2 = 3, λ3 = −6. 25¦A��þ. �Ä�§|

(λ1E − A)ξ = 0, = 
1 2 −2

2 4 −4

−2 −4 4



x

y

z

 =


0

0

0

 .
ØJ¦��§|�ü��5Ã'�)�þ, =láuA�� λ1 = λ2 = 3 �A��

þ

ξ1 =


2

0

1

 , ξ2 =


0

1

1

 .



2�Ä�§| (λ3E − A)ξ = 0, =
−8 2 −2

2 −5 −4

−2 −4 −5



x

y

z

 =


0

0

0

 .
ØJ¦��§|����"), =láuA�� λ3 = −6 �A��þ

ξ3 =


1

2

−2

 .
nþ, Ý
 A �A��� λ1 = λ2 = 3, λ3 = −6, éA�A��þ�

ξ1 =


2

0

1

 , ξ2 =


0

1

1

 , ξ3 =


1

2

−2

 .

Ko(10©): � A � m × n Ý
, E �n �ü Ý
, P B = λE + ATA. y²�

λ > 0 �, Ý
 B �½.

y²µ� λ > 0 �, éu?¿�þ x ∈ IRn,

xTBx = λxTx+ xTATAx = λ‖x‖2 + ‖Ax‖2 > 0, ∀x ∈ IRn\{0}.

Ïd B �½.

KÊ(10©): � σ �¢�5�m V þ��5C�, � σ2 = −ε, ùp ε L«ð�C

�. y² V ��ê�óê, = dimV = 2m, ¿� V �3�|Ä, ¦�σ 3ù|Äe

�Ý
�

J =

[
0 Em

−Em 0

]
.

(5µdK¿��5�m V AT´k���)



y²: ©nÚ.

Step 1. y²éu?¿�"�þ ξ1 ∈ V , P η1 := σ(ξ1), K�þ| ξ1, η1 �5Ã'.

�y. b� ξ1, η1 �5�', Kdu ξ1 ��"�þ, � η1 �L� η1 = λξ1, λ ∈ IR.

^ σ �^u�ª η1 = λξ1 ü>�

�> = σ(η1) = σ(σξ1) = σ2(ξ1) = −ξ,

m> = σ(λξ1) = λσ(ξ) = λη1 = λ2ξ.

ùL² (1 + λ2)ξ1 = 0. �´ 1 + λ2 > 0 (5¿V �¢�5�m), � ξ1 ��"�þ.

gñ. ��þ| ξ1, η1 �5Ã'. ?�Ú��f�m span{ξ1, η1} ´ σ �ØCf�

m, ¿�

σ(η1, ξ1) = (η1, ξ1)

[
0 1

−1 0

]
.

Step 2. e�þ| ξ1, η1 �¤
 V �Ä., K(Ø�y. eØ,, K�3���þ

ξ2 ∈ V , ¦��þ| ξ1, η1, ξ2 �5Ã'. d��äó: �þ| ξ1, η1, ξ2, η2 ��5Ã

', ùpη2 := σ(ξ2).

y²äó: �y. b��þ| ξ1, η1, ξ2, η2 ��5�'. du�þ| ξ1, η1, ξ2 �5Ã

', � η2 �L� ξ1, η1, ξ2 �5|Ü, =

η2 = λ1ξ1 + λ2ξ2 + µ1η1, λ1, λ2, µ1 ∈ IR. (3)

^ σ �^u�ª (3) ü>�

−ξ2 = σ(η2) = λ1η1 + λ2η2 − µ1ξ1. (4)

dª (4) ��Xê λ2 6= 0. ÄK��þ| ξ1, η1, ξ2 �5Ã'�b��gñ. òª

(4) ��

λ2η2 = µ1ξ1 − ξ2 + λ1η1. (5)

^ λ2 Ó�¦±ª (3) �ü>�

λ2η2 = λ2λ1ξ1 + λ22ξ2 + λ2µ1η1. (6)



'��ª (5) Ú (6) �� λ22 = −1. ù3¢ê�þ´Ø�U�. gñ. ùÒy²


�þ| ξ1, η1, ξ2, η2 �5Ã'. 5¿éuù��5Ã'��þ|, ·�k

σ(η1, η2, ξ1, ξ2) = (η1, η2, ξ1, ξ2)


0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0

 .

Step 3. e�þ| ξ1, η1, ξ2, η2, �¤
 V �Ä., K(Ø�y. eØ,, K�

3���þ ξ3 ∈ V , ¦��þ| ξ1, η1, ξ2, η2, ξ3 �5Ã'. d��äó: �þ|

ξ1, η1, ξ2, η2, ξ3, η3 ��5Ã', ùpη3 := σ(ξ3). y²Ó Step 2.

XdUYe�, =����|�5Ã'��þ| ξ1, · · · , ξm, η1, · · · , ηm �¤
 V �

Ä., ùp ηj = σ(ξj). d�s 3Ä. η1, · · · , ηm, ξ1, · · · , ξm e�Ý
P� J , =

J =

[
0 Em

−Em 0

]
.

'u�m�ê´óê�{üy²µ � α1, · · · , αn ´�5�m V ���Ä., �5

C� σ 3ù�Ä.e�L«Ý
� A, K�â^� σ2 = −ε �� A2 = −E. dd

� |A|2 = (−1)n. du V ´¢��5�m, � n 7�óê. � n = 2m. y..


