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±e�K¥, éu��Ý
 A, r(A) P§��, AT ´ A �=�.

1. (15©) O� n �1�ª

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ1 a a · · · a a

b λ2 a · · · a a

b b λ3 · · · a a
...

...
...

. . .
...

...

b b b · · · λn−1 a

b b b · · · b λn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
( Ù¥ a 6= b).

2. (15©) ¦�5�§| 

x1 + 3x2 + 5x3 − 2x4 = 3

2x1 + 7x2 + 3x3 + x4 = 5

x1 + 5x2 − 9x3 + 8x4 = 1

5x1 + 18x2 + 4x3 + 5x4 = 12

��Ü).

3. (15©) � A ´�� 3 ��
, P ´�� 3 ��_Ý
, �

P−1AP =


1 1 0

0 −1 1

1 0 −1

 .

P α1, α2, α3 ´ P ���þ, = P = (α1, α2, α3), ¿�-

Q = (α2 − α3, α1 + α3, 2α1 + α2).

y² Q �_, ¿¦ Q−1AQ.

4. (15©) � A,B ´ü� n ��
, ÷v A2 = A, B2 = B, � In −A−B �_.

y²: r(A) = r(B).

5. (15©) � A ´�� m× n ¢Ý
, β ∈ Rm ´����þ. y²: n ��5�§

| ATAx = ATβ ok).
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6. (15©) � a1, a2, . . . , an ´ê� F ¥ n �pØ�Ó�ê. ¦e¡�5�§|�):

an−1
1 x1 + an−2

1 x2 + · · ·++a1xn−1 + xn = −an1
an−1
2 x1 + an−2

2 x2 + · · ·++a2xn−1 + xn = −an2
· · · · · · · · ·

an−1
n x1 + an−2

n x2 + · · ·++anxn−1 + xn = −ann.

7. (10©) � A,B ´ê� F þ m×n Ý
, r = r(A), s = r(B), ¿� r(A+B) =

r + s. y²: �3 m ��_Ý
 P � n ��_Ý
 Q ¦�

PAQ =


Ir 0 0

0 0 0

0 0 0

 , PBQ =


0 0 0

0 Is 0

0 0 0

 .

(þ¡ü��ªm>´äk�Ó�©¬�{�©¬Ý
.)
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1. ): Äk,

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ1 a a · · · a a

b λ2 a · · · a a

b b λ3 · · · a a
...

...
...

. . .
...

...

b b b · · · λn−1 a

b b b · · · b a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ1 a a · · · a 0

b λ2 a · · · a 0

b b λ3 · · · a 0
...

...
...

. . .
...

...

b b b · · · λn−1 0

b b b · · · b λn − a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ1 − b a− b a− b · · · a− b 0

0 λ2 − b a · · · a− b 0

0 0 λ3 − b · · · a− b 0
...

...
...

. . .
...

...

0 0 0 · · · λn−1 − b 0

b b b · · · b a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+ (λn − a)Dn−1

= (λn − a)Dn−1 + a
n−1∏
i=1

(λi − b).

3 Dn ¥ò a � b p�, ���1�ª´ Dn �=�. Ïd,

Dn = (λn − b)Dn−1 + b
n−1∏
i=1

(λi − a).

dþãüª)�

Dn =
1

b− a

(
b

n∏
i=1

(λi − a)− a
n∏

i=1

(λi − b)
)
.

2. ): ò�§|�O2Ý
^Ð�1C�z��F/Ý
:

Ã =


1 3 5 −2 3

2 7 3 1 5

1 5 −9 8 1

5 18 4 5 12

 −→


1 0 26 −17 6

0 1 −7 5 −1
0 0 0 0 0

0 0 0 0 0

 .

Ïd, ��§|k). �§���A) γ = (6,−1, 0, 0)T . ,	, Ù���àg�5�

§|kÄ:)X

η1 = (−26, 7, 1, 0)T , η2 = (17,−5, 0, 1)T .
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nþ��, ��§|��Ü)�

γ + c1η1 + c2η2, ∀ c1, c2 ∈ F.

3. y²: �âK�, Q = PX, ùp

X =


0 1 2

1 0 1

−1 1 0

 .

��O�, k |X| = 1. Ïd, X �_. l Q = PX �_, ¿�

Q−1AQ = X−1P−1APX = X−1


1 1 0

0 −1 1

1 0 −1

X

=


−1 2 1

−1 2 2

1 −1 −1




1 1 0

0 −1 1

1 0 −1




0 1 2

1 0 1

−1 1 0



=


−4 1 −3
−3 1 −1
2 0 2

 .

4. y²: du In − A−B �_, ¤±

n = r(In − A−B) ≤ r(In − A) + r(B),

=

r(B) ≥ n− r(In − A).

d A2 = A� A(In−A) = 0. ¤± r(A)+r(In−A) ≤ n, = r(In−A) ≤ n−r(A).
nÜ��,

r(B) ≥ n− r(In − A) ≥ n− (n− r(A)) = r(A).

Ón, r(A) ≥ r(B). Ïd, r(A) = r(B).

5. y²: du A ´¢Ý
, ¤±àg�5�§| ATAx = 0 � Ax = 0 Ó). Ïd,

r(ATA) = r(A) = r(AT ).



5

PAT = (α1, α2, . . . , αm). u´ATA�z����þ±9ATβ Ñ�d α1, α2, . . . , αm

�5L«. ¤±

r
(
(ATA ATβ)

)
≤ r(AT ),

Ù¥ (ATA ATβ) L«d ATA � ATβ �¤��� n× (n+ 1) Ý
. ,��¡,

r(AT ) = r(ATA) ≤ r
(
(ATA ATβ)

)
.

dd��, r(ATA ATβ) = r(ATA), =�5�§| ATAx = ATβ �XêÝ
�O

2Ý
k�Ó��. Ïd, T�§|ok).

6. ): T�§|�XêÝ
�1�ª�

D =

∣∣∣∣∣∣∣∣∣∣∣

an−1
1 an−2

1 · · · a1 1

an−1
2 an−2

2 · · · a2 1
...

...
. . .

...

an−1
n an−2

n · · · an 1

∣∣∣∣∣∣∣∣∣∣∣
.

�â Vandermonde 1�ª�

D = (−1)
1
2
n(n−1)

∏
1≤i<j≤n

(aj − ai) 6= 0.

d Cramer {K�, T�§|k��), P�

x1 = k1, x2 = k2, . . . , xn = kn.

�Ä��õ�ª

f(x) = xn + k1x
n−1 + · · ·+ kn−1x+ kn.

du k1, k2, . . . , kn ´�§|�), ¤±éu 1 ≤ i ≤ n, k

an−1
i k1 + an−2

i k2 + · · ·+ aikn−1 + kn = −ani ,

=

f(ai) = ani + k1a
n−1
i + k2a

n−2
i + · · ·+ kn−1ai + kn = 0.

du a1, a2, . . . , an pØ�Ó, ¤± a1, a2, . . . , an ´ f(x) �¤k�. 2d��Xê�

'X (��½n), �� 

k1 = −(a1 + a2 + · · ·+ an),

k2 =
∑

1≤i<j≤n

aiaj,

· · · · · · · · ·

kn = (−1)na1a2 · · · an.
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7. y²: Äk, �3 m ��_Ý
 P1 � n ��_Ý
 Q1 ¦�

P1AQ1 =

(
Ir 0

0 0

)
.

u´ r(P1BQ1) = s, ¿�

r(P1AQ1 + P1BQ1) = r(P1(A+B)Q1) = r(A+B) = r + s.

P e1, . . . , er ´ P1AQ1 �c r �1�þ, β1, . . . , βm ´ P1BQ1 �¤k1�þ. u

´ P1AQ1 + P1BQ1 �1�þ�

e1 + β1, . . . , er + βr, βr+1, . . . , βm.

d r(P1AQ1 + P1BQ1) = r + s �� e1 + β1, . . . , er + βr �5Ã', ¿�

r({βr+1, . . . , βm}) = s.

Ïd, β1, . . . , βr �±d βr+1, . . . , βm �5L«. P

P1BQ1 =

(
B1

B2

)
, ùp B1 ∈Mr,n(F), B2 ∈Mm−r,n(F).

�âþ¡?Ø, �3�� r × (m− r) Ý
 C ¦�(
Ir C

0 Im−r

)(
B1

B2

)
=

(
0

B2

)
.

-

P2 =

(
Ir C

0 Im−r

)
P1.

u´

P2AQ1 =

(
Ir 0

0 0

)
, P2BQ1 =

(
0

B2

)
.

P B2 =
(
B21 B22

)
, Ù¥ B21 ∈ Mm−r,r(F), B22 ∈ Mm−r,n−r(F). aquþ¡�

?Ø, r(B22) = s, ¿��3Ý
 D ∈Mm−r,r(F) ¦�(
0 0

B21 B22

)(
Ir 0

D Im−r

)
=

(
0 0

0 B22

)
.

?�Ú, �3 m− r �_Ý
 P3 � n− r ��_Ý
 Q3 ¦�

P3B22Q3 =

(
Is 0

0 0

)
.
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��, -

P =

(
Ir 0

0 P3

)(
Ir C

0 Im−r

)
P1, Q = Q1

(
Ir 0

D Im−r

)(
Ir 0

0 Q3

)
,

=�¤¦Ý
.


