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Outlines
§ Transfer function

§ Filters

§ Bode plot

§ Circuit element models in 𝑠-domain
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Recall: voltage divider
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𝑉!

𝑅"
+
−

𝑅#

𝑖

+

−

𝑉#

è 𝑖 = !!
""#"#

𝑉$ = 𝑖𝑅$ =
𝑅$

𝑅% + 𝑅$
𝑉&

Voltage divided
over resistors

VOLTAGE DIVIDER
According to KVL 𝑉& = 𝑖𝑅% + 𝑖𝑅$



Transfer function
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𝑉$%

𝑅"
+
−

𝑅#

𝑖

+

−

𝑉&'(

VOLTAGE DIVIDER

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅$

𝑉'() = 𝑖𝑅$ =
𝑅$

𝑅% + 𝑅$
𝑉*+

§ According to KVL

§ Ratio between input & output voltages

𝐺 𝑅$ =
𝑉'()
𝑉*+

=
𝑅$

𝑅% + 𝑅$
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𝑉$%

𝑅"
+
−

𝐿

𝑖

+

−

𝑉&'(

VOLTAGE DIVIDER

QUESTION: calculate the voltage transfers from input to output based on varying 𝐿

𝕍'() = 𝑖𝑍, =
𝑗𝜔𝐿

𝑅% + 𝑗𝜔𝐿
𝕍*+

§ According to KVL

§ The transfer function

𝔾 𝜔 =
𝕍'()
𝕍*+

=
𝑗𝜔𝐿

𝑅% + 𝑗𝜔𝐿

This is a “frequency-dependent” variable voltage divider.

Transfer is dependent on the value of 𝝎

=
1

𝑅%
𝑗𝜔𝐿 + 1
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TRANSFER FUNCTION of a circuit or system describes the output 
response to an input excitation as a function of the angular frequency 𝝎

𝔾 𝜔 =
𝕍'() 𝜔
𝕍*+ 𝜔

ß Voltage gain

= 𝑀 𝜔 𝑒-. /

𝑀 𝜔 = 𝔾 𝜔

where

𝜙 𝜔 = tan0%
𝔍𝔪 𝔾 𝜔
ℜ𝔢 𝔾 𝜔

Magnitude Phase
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𝑉$%

𝑅"
+
−

𝐿

𝑖

+

−

𝑉&'(

VOLTAGE DIVIDER

QUESTION: calculate the voltage transfers from input to output based on varying 𝐿

𝔾 𝜔 =
1

1 − 𝑗 𝑅&𝜔𝐿

𝔾 𝜔 =
1

1 + 𝑅%
𝜔𝐿

$

§ The magnitude of 𝔾 𝜔

§ The phase of ℍ 𝜔

𝜙 = tan0% −
𝑅%
𝜔𝐿
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𝑉$%

𝑅"
+
−

𝐿

𝑖

+

−

𝑉&'(

VOLTAGE DIVIDER

QUESTION: calculate the voltage transfers from input to output based on varying 𝐿

§ If frequency is very high

𝜔 = 2𝜋𝑓

𝔾 𝑅$ =
𝕍'()
𝕍*+

=
𝑗𝜔𝐿

𝑅% + 𝑗𝜔𝐿
=

1
𝑅%
𝑗𝜔𝐿 + 1

𝔾 𝑅$ → 1

§ If frequency is very low

𝔾 𝑅$ ≈
𝑗𝜔𝐿
𝑅%

→ 0
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Transfer function
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𝟏𝟎𝒌 𝟏𝟎𝟎𝒌

Let’s try to plot the transfer function

𝔾 𝜔

𝜔

While plot the transfer function, the x-axis is usually plot in logarithmic scale

𝔾 𝜔 =
1

1 + 𝑅&
𝜔𝐿

'

𝟏𝟎𝟐 𝟏𝟎𝟔

𝔾 𝜔

𝜔𝟏𝟎𝟒 𝟏𝟎𝟖



Transfer function
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𝑉$%

𝑅"
+
−

𝐿

𝑖

+

−

𝑉&'(

VOLTAGE DIVIDER

QUESTION: calculate the voltage transfers from input to output based on varying 𝐿

§ Transfer is dependent on 𝜔

§ If frequency is very high 𝔾 𝜔 → 1

§ If frequency is very low 𝔾 𝜔 → 0

100%
transfer

𝔾 𝜔
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𝟏𝟎𝟐 𝟏𝟎𝟔 𝜔𝟏𝟎𝟒 𝟏𝟎𝟖

𝔾 𝜔 =
1

1 + 𝑅&
𝜔𝐿

'
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𝑉$%

𝑅"
+
−

𝐿

𝑖

+

−

𝑉&'(

VOLTAGE DIVIDER

QUESTION: calculate the voltage transfers from input to output based on varying 𝐿$

𝜙 = tan(& −
𝑅&
𝜔𝐿

100%
transfer

𝕍'() is in phase with 𝕍*+

𝔾 𝜔

𝟏𝟎𝟎 𝟏𝑴
𝜔

𝟏𝟎𝒌 𝟏𝟎𝟎𝑴
𝜔

𝜙

𝟎°

𝟗𝟎°

𝟒𝟓°𝔾 𝜔 =
1

1 + 𝑅&
𝜔𝐿

'



High pass filter
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This is a HIGH PASS FILTER

Which passes high frequencies

and block low frequencies

𝕍*+ 𝕍'()

§ If 𝕍*+ has high frequency, nearly all 
of 𝕍*+ will transfer to output  

§ If 𝕍*+ has low frequency, little of 
𝕍*+ will transfer to output 

𝔾 𝜔

𝟏𝟎𝟎 𝟏𝑴
𝜔

𝟏𝟎𝒌 𝟏𝟎𝟎𝑴
𝜔

𝜙

𝟎°

𝟗𝟎°

𝟒𝟓°



Different forms of the transfer function
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TRANSFER FUNCTION of a circuit or system describes the output 
response to an input excitation as a function of the angular frequency 𝝎

𝔾1 𝜔 =
𝕍'() 𝜔
𝕍*+ 𝜔

ß Voltage gain

ℤ 𝜔 =
𝕍'() 𝜔
𝕀*+ 𝜔

𝔾* 𝜔 =
𝕀'() 𝜔
𝕀*+ 𝜔

𝕐 𝜔 =
𝕀'() 𝜔
𝕍*+ 𝜔

ß Transimpedance

ß Current gain

ß Transadmittance



Recall: Impedance
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Impedance, 𝒁,
is defined as the ratio of the phasor voltage to the phasor current

𝑖-𝑣 relation

𝑣-𝑖 relation

𝑖 𝑡 = 𝐶
𝑑𝑣(𝑡)
𝑑𝑡

𝑣 𝑡 = 𝑣 𝑡% +
1
𝐶
5
&#

&
𝑖 𝑥 𝑑𝑥 𝑣(𝑡) = 𝐿

𝑑𝑖(𝑡)
𝑑𝑡

𝑖 𝑡 = 𝑖 𝑡% +
1
𝐿
5
&#

&
𝑣 𝑥 𝑑𝑥𝑖 =

𝑣
𝑅

𝑣 = 𝑖𝑅

Impedance 𝑹 𝟏
𝒋𝝎𝑪 𝒋𝝎𝑳



Transfer function of a resistor
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+

−

𝒊 𝒕

𝒗(𝒕)
𝑅

ℤ" 𝜔 = 𝑅

𝜔

ℤ"

𝑅

𝜔

∠ℤ"

0°

90°

−90°

ℤ" = 𝑅

∠ℤ" = 0°



Transfer function of a capacitor
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+

−

𝒊 𝒕

𝒗(𝒕)
𝐶

ℤ2 𝜔 =
1
𝑗𝜔𝐶

𝜔

ℤ2

𝜔

0°

90°

−90°

∠ℤ2

ℤ2 =
1
𝜔𝐶

∠ℤ2 = −90°



Transfer function of an inductor
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+

−

𝒊 𝒕

𝒗(𝒕)
𝐿

Slope 𝐿

ℤ, 𝜔 = 𝑗𝜔𝐿

𝜔

ℤ,

𝜔

0°

90°

−90°

∠ℤ,

ℤ2 = 𝜔𝐿

∠ℤ2 = 90°



Outlines
§ Transfer function
▫ Voltage gain
▫ Transimpedance

§ Filters
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Common ideal filters
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𝕍'( 𝕍)*&High pass filter

𝔾 𝜔

𝜔

𝕍'( 𝕍)*&

𝕍'( 𝕍)*&

Band pass filter

Band stop filter

𝔾 𝜔

𝜔

𝔾 𝜔

𝜔

𝕍'( 𝕍)*&Low pass filter

𝔾 𝜔

𝜔



Common ideal filters
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𝔾 𝜔

𝜔

Ideal filter

Actual filter

𝐺3

𝐺3
2

CUTOFF FREQUENCY

PASSBAND
The range of 
frequencies that are 
allowed to pass from 
source to load
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QUESTION: design a stereo amplifier with two output channels to split the high and 
low frequencies.

Crossover 
network

A

A

Tweeter 

Woofer 

high freq.

low freq.
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QUESTION: design a stereo amplifier with two output channels to split the high and 
low frequencies.

𝕍% = 𝑖𝑅% =
𝑅%

𝑅% + 𝑗𝜔𝐿
𝕍*+

§ According to KVL

§ The transfer function

𝔾% 𝜔 =
𝕍%
𝕍*+

=
𝑅%

𝑅% + 𝑗𝜔𝐿

𝕍$ = 𝑖𝑍, =
𝑗𝜔𝐿

𝑅% + 𝑗𝜔𝐿
𝕍*+

𝔾$ 𝜔 =
𝕍$
𝕍*+

=
𝑗𝜔𝐿

𝑅% + 𝑗𝜔𝐿

𝑉$%

𝑅"
+
−

𝐿

𝑖

+

−

𝑉#

+

−
𝑉"
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QUESTION: design a stereo amplifier with two output channels to split the high and 
low frequencies.

𝑉$%

𝑅"
+
−

𝐿

𝑖

+

−

𝑉#

+

−
𝑉"

𝔾& 𝜔 =
𝕍&
𝕍)*

=
𝑅&

𝑅& + 𝑗𝜔𝐿

𝔾' 𝜔 =
𝕍'
𝕍)*

=
𝑗𝜔𝐿

𝑅& + 𝑗𝜔𝐿

𝔾% 𝜔 =
1

1 + 𝜔
$𝐿$
𝑅%$

𝜔4% =
𝑅%
𝐿à

𝔾% 𝜔4 =
1
2

When

Similar for the cutoff freq. of 𝔾$ 𝜔

𝜔4$ =
𝑅%
𝐿
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QUESTION: design a stereo amplifier with two output channels to split the high and 
low frequencies.

𝑉$%

𝑅"
+
−

𝐿

𝑖

+

−

𝑉#

+

−
𝑉"
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1

𝔾 𝜔

𝟏𝟎 𝟏𝒌 𝜔𝟏𝟎𝟎𝒌

𝕍+ 𝕍,

𝜔4 =
𝑅%
𝐿

𝔾& 𝜔 =
𝕍&
𝕍)*

=
𝑅&

𝑅& + 𝑗𝜔𝐿

𝔾' 𝜔 =
𝕍'
𝕍)*

=
𝑗𝜔𝐿

𝑅& + 𝑗𝜔𝐿
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𝕍$% +
−

+

𝐶

𝑅-

−

QUESTION: find the transfer function of the circuit below

𝕍&'( 𝕍'() = 𝑖𝑍2 =
𝑍2

𝑅& + 𝑍2
𝕍*+

§ According to KVL

§ If 𝑍2 is very low

𝔾 𝜔 =
𝑍2

𝑅& + 𝑍2
5$→7 1

§ If 𝑍2 is very high

𝔾 𝜔 =
𝑍2

𝑅& + 𝑍2
5$→3 0

How to vary 𝒁𝑪 ?

§ Not practical to vary 𝐶

§ Much easier to vary 𝜔
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𝕍$% +
−

+

𝐶

𝑅-

−

QUESTION: find the transfer function of the circuit below

𝕍&'( 𝔾 𝜔 =
𝑍2

𝑅& + 𝑍2

§ The transfer function

=

1
𝑗𝜔𝐶

𝑅& +
1
𝑗𝜔𝐶

=
1

𝑗𝜔𝐶𝑅& + 1

This is also a “frequency-

dependent” variable

voltage divider.

Transfer is dependent on

the value of 𝝎
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§ If frequency is very high, 𝑍2 is very low

𝔾 𝜔 → 0

§ If frequency is very low, 𝑍2 is very high

𝕍$% +
−

+

𝐶

𝑅-

−

QUESTION: find the transfer function of the circuit below

𝕍&'(

𝔾 𝜔 =
1

𝑗𝜔𝐶𝑅, + 1

𝑍2 =
1
𝑗𝜔𝐶 → 0 short circuit

𝔾 𝜔 → 1

𝑍2 =
1
𝑗𝜔𝐶

→ ∞ open circuit
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𝕍$% +
−

+

𝐶

𝑅-

−

QUESTION: find the transfer function of the circuit below

𝕍&'(

§ Transfer is dependent on 𝜔

§ If frequency is very low 𝔾 𝜔 → 1

§ If frequency is very high 𝔾 𝜔 → 0

100%
transfer

𝔾 𝜔

𝟏𝟎𝟎 𝟏𝑴 𝜔𝟏𝟎𝒌 𝟏𝟎𝟎𝑴

This is a LOW PASS FILTER
Which passes low frequencies
and block high frequencies

𝔾 𝜔 =
1

𝑗𝜔𝐶𝑅, + 1
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𝕍$% +
−

+

𝐶

𝑅-

−

QUESTION: find the transfer function of the circuit below

𝕍&'(

𝔾 𝜔 =
1

𝑗𝜔𝐶𝑅, + 1

𝕍'() is in phase with 𝕍*+

𝔾 𝜔

𝟏𝟎𝟎 𝟏𝑴
𝜔

𝟏𝟎𝒌 𝟏𝟎𝟎𝑴

𝜔

𝜙

𝟎°

−𝟒𝟓°

−𝟗𝟎°𝜙 = −tan(& 𝜔𝐶𝑅,

𝔾 𝜔 =
1

1 + 𝜔'𝑅,'𝐶'



𝔾 𝜔

𝟏𝟎𝟎 𝟏𝑴
𝜔

𝟏𝟎𝒌 𝟏𝟎𝟎𝑴

𝜔

𝜙

𝟎°

−𝟒𝟓°

−𝟗𝟎°

Example 2
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1
2

1
𝔾 𝜔 =

1

1 + 𝜔$𝑅&$𝐶$

𝜔4 =
1
𝑅&𝐶

à

𝔾 𝜔4 =
1
2

When

𝜙4 = −tan0% 𝜔4𝐶𝑅& = −45°

𝜙 = −tan0% 𝜔𝐶𝑅&
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𝕍$% +
−

+

𝐶

𝑅-

−

QUESTION: find the transfer function of the circuit below

𝕍&'(

𝔾 𝜔 =
1

𝑗𝜔𝐶𝑅, + 1

𝜙 = −tan(& 𝜔𝐶𝑅,

§ If 𝑣*+ 𝑡 = 𝑉9 sin 𝜔𝑡

𝑑
𝑑𝑡 𝑣 𝑡 +

1
𝑅&𝐶

𝑣 𝑡 =
1
𝑅&𝐶

𝑣*+ 𝑡

§ According to KVL

𝑣 𝑡 = 𝐾% cos 𝜔𝑡 + 𝐾$ sin 𝜔𝑡 + 𝐾:𝑒
0 "
%!$

)

𝐾" =
−𝜔𝑅!𝐶

1 + 𝜔#𝑅!#𝐶#
𝑉)

𝐾# =
1

1 + 𝜔#𝑅!#𝐶#
𝑉)

𝐾* =
𝜔𝑅!𝐶

1 + 𝜔#𝑅!#𝐶#
𝑉)

where
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𝕍$% +
−

+

𝐶

𝑅-

−

QUESTION: find the transfer function of the circuit below

𝕍&'(

§ 𝜔 = 300 𝑟𝑎𝑑/𝑠

§ 𝜔 = 1𝑘 𝑟𝑎𝑑/𝑠

𝑉)* 𝑉234

𝑉)* 𝑉234𝔾 𝜔 =
1

𝑗𝜔𝐶𝑅, + 1

𝜙 = −tan(& 𝜔𝐶𝑅,
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QUESTION: find the transfer function of the circuit below

𝜔 = 300
𝜔 = 1𝑘

0 0.02 0.04 0.06 0.08 0.1 0.12
-10

-5
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10

§ 𝜔 = 300 𝑟𝑎𝑑/𝑠

§ 𝜔 = 1𝑘 𝑟𝑎𝑑/𝑠

𝑉)* 𝑉234

𝑉)* 𝑉234
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𝑉$%

𝑅"
+
−

𝑅#

𝑖

+

−

𝑉&'(

QUESTION: a voltage divider usually does work well at high frequency due to the
parasitic capacitance. In order to remedy this capacitance issue, a small capacitor in
parallel with the series resistor is applied. This capacitor is called compensate
capacitor. Find the proper value of the compensate capacitor.

𝕍'() = 𝑖𝑅$ =
𝑅$

𝑅% + 𝑅$
𝕍*+

§ If there is no parasitic cap, according to KVL

§ If consider the parasitic cap, according to KVL

𝔾$ 𝜔 =
𝕍'()
𝕍*+

=
𝑅$

𝑅% + 𝑅$ + 𝑗𝜔𝑅%𝑅$𝐶$

𝐶,
𝕍'() =

𝑅$||𝑍2#
𝑅% + 𝑅$||𝑍2#

𝕍*+
parasitic cap
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𝑉$%

𝑅"
+
−

𝑅#

𝑖

+

−

𝑉&'(

QUESTION: a voltage divider usually does work well at high frequency due to the
parasitic capacitance. In order to remedy this capacitance issue, a small capacitor in
parallel with the series resistor is applied. This capacitor is called compensate
capacitor. Find the proper value of the compensate capacitor.

§ By applying the compensate cap, according to KVL

𝔾$ 𝜔 =
𝕍'()
𝕍*+

𝐶,

𝕍'() =
𝑅$||𝑍2#

𝑅%||𝑍2" + 𝑅$||𝑍2#
𝕍*+𝐶+

§ The transfer function

=
𝑅$ 1 + 𝑗𝜔𝑅%𝐶%

𝑅% 1 + 𝑗𝜔𝑅$𝐶$ + 𝑅$ 1 + 𝑗𝜔𝑅%𝐶%

parasitic cap

compensate cap
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𝑉$%

𝑅"
+
−

𝑅#

𝑖

+

−

𝑉&'(

QUESTION: a voltage divider usually does work well at high frequency due to the
parasitic capacitance. In order to remedy this capacitance issue, a small capacitor in
parallel with the series resistor is applied. This capacitor is called compensate
capacitor. Find the proper value of the compensate capacitor.

𝐶,

𝐶+

𝔾$ 𝜔 =
𝑅$ 1 + 𝑗𝜔𝑅%𝐶%

𝑅% 1 + 𝑗𝜔𝑅$𝐶$ + 𝑅$ 1 + 𝑗𝜔𝑅%𝐶%

If 𝑅%𝐶% = 𝑅$𝐶$ 𝔾$ 𝜔 =
𝑅$

𝑅% + 𝑅$
à

Independent of frequencyparasitic cap

compensate cap
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𝑉$%

𝑅"
+
−

𝑅#

𝑖

+

−

𝑉&'(

QUESTION: a voltage divider usually does work well at high frequency due to the
parasitic capacitance. In order to remedy this capacitance issue, a small capacitor in
parallel with the series resistor is applied. This capacitor is called compensate
capacitor. Find the proper value of the compensate capacitor.

𝐶,

𝐶+

𝔾, 𝜔 =
𝑅, 1 + 𝑗𝜔𝑅+𝐶+

𝑅+ 1 + 𝑗𝜔𝑅,𝐶, + 𝑅, 1 + 𝑗𝜔𝑅+𝐶+

100 101 102 103 104 105
0.4

0.42

0.44

0.46

0.48

0.5

0.52

0.54

0.56

0.58

0.6

𝔾 𝜔

𝟏𝟎 𝟏𝒌 𝜔𝟏𝟎𝟎𝒌

𝐶+ is large

𝐶+ is small

parasitic cap

compensate cap
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𝑉$%

𝑅"
+
−

𝑅#

𝑖

+

−

𝑉&'(

QUESTION: a voltage divider usually does work well at high frequency due to the
parasitic capacitance. In order to remedy this capacitance issue, a small capacitor in
parallel with the series resistor is applied. This capacitor is called compensate
capacitor. Find the proper value of the compensate capacitor.

𝐶,

parasitic cap

𝐶+

compensate cap

𝔾, 𝜔 =
𝑅, 1 + 𝑗𝜔𝑅+𝐶+

𝑅+ 1 + 𝑗𝜔𝑅,𝐶, + 𝑅, 1 + 𝑗𝜔𝑅+𝐶+

𝔾 𝜔

𝟏𝟎 𝟏𝒌

𝜔
𝟏𝟎𝟎𝒌

𝜔

𝜙

𝐶+ is large

𝐶+ is small



Outlines
§ Transfer function

§ Filters
▫ Common ideal filters

▫ Actual filters
• High pass filters / low pass filters

• Band pass filters / band stop filters

• Quality factor
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

𝕍'() = 𝕀𝑅 =
𝑅

𝑅 + 𝑍, + 𝑍2
𝕍*+

§ According to KVL

§ The transfer function

𝔾 𝜔 =
𝕍'()
𝕍*+

=
𝑅

𝑅 + 𝑍, + 𝑍2

=
𝑅

𝑅 + 𝑗 𝜔𝐿 − 1
𝜔𝐶
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

𝔾 𝜔 =
𝑅

𝑅 + 𝑗 𝜔𝐿 − 1
𝜔𝐶

§ If frequency is very high, 𝜔 → ∞

𝜔 = 2𝜋𝑓

§ If frequency is very low , 𝜔 → 0

𝔾 𝜔 =
𝑅

𝑅 + 𝑗 𝜔𝐿 − 1
𝜔𝐶

→ 0

→
0 →
∞

𝔾 𝜔 =
𝑅

𝑅 + 𝑗 𝜔𝐿 − 1
𝜔𝐶

→ 0

→
∞ →
0
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

§ If frequency is very low, 𝔾 𝜔 → 0

§ If frequency is very high, 𝔾 𝜔 → 0

§ What if 𝜔𝐿 −
1
𝜔𝐶 = 0

→ 𝝎𝟎 =
1
𝐿𝐶

𝔾 𝜔3 = 1 thus, 𝕍'() = 𝕍*+

RESONANCE FREQUENCY

The RESONANCE FREQUENCY, 𝝎𝟎, at which the impedance of the

circuit is purely real. The circuit itself at 𝝎𝟎 is called IN RESONANCE.

𝔾 𝜔 =
𝑅

𝑅 + 𝑗 𝜔𝐿 − 1
𝜔𝐶

𝜔 = 2𝜋𝑓
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

𝜔5 =
1
𝐿𝐶

§ Find the cutoff frequency 𝜔4

𝔾 𝜔6 =
1
2

𝔾 𝜔 =
1

1 + 1
𝑅 𝜔𝐿 − 1

𝜔𝐶

$
=

1
2

→
𝜔4% = −

𝑅
2𝐿 +

𝑅
2𝐿

$
+

1
𝐿𝐶

$

𝜔4$ = +
𝑅
2𝐿 +

𝑅
2𝐿

$
+

1
𝐿𝐶

$

Note: 𝝎𝒄𝟏 and 𝝎𝒄𝟐 are not symmetric around 𝝎𝟎

𝔾 𝜔 =
𝑅

𝑅 + 𝑗 𝜔𝐿 − 1
𝜔𝐶
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

𝔾 𝜔

𝟏𝟎𝟎 𝟏𝑴 𝜔𝟏𝟎𝒌 𝟏𝟎𝟎𝑴

𝜔3𝜔4% 𝜔4$

passband

This is a BAND PASS FILTER
which passes some particular band of frequencies and reject all
frequencies outside the range

§ The bandwidth

𝐵𝑊 = 𝜔4$ − 𝜔4% =
𝑅
𝐿



Quality factor
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

𝔾 𝜔 =
𝑅

𝑅 + 𝑗 𝜔𝐿 − 1
𝜔𝐶

=
1

1 + 𝑗 1𝑅
𝜔𝐿

𝜔3 𝐿𝐶
− 𝜔3 𝐿𝐶

𝜔𝐶

=
1

1 + 𝑗 1𝑅
𝐿
𝐶

𝜔
𝜔3

− 𝜔3𝜔

Define QUALITY FACTOR 𝑸 =
𝟏
𝑹

𝑳
𝑪

𝜔5 =
1
𝐿𝐶

𝔾 𝜔6 =
1
2

𝔾 𝜔 =
𝑅

𝑅 + 𝑗 𝜔𝐿 − 1
𝜔𝐶
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

𝔾 𝜔 =
1

1 + 𝑗𝑄 𝜔
𝜔5

− 𝜔5𝜔

𝑄 =
1
𝑅

𝐿
𝐶

100 101 102 103 104 105 106 107 108
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

𝔾 𝜔

𝟏𝟎𝟎 𝟏𝑴 𝜔𝟏𝟎𝒌 𝟏𝟎𝟎𝑴

𝑄 = 0.01

𝑄 = 0.1

𝑄 = 1

𝜔5 =
1
𝐿𝐶
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

Let’s recalculate the bandwidth 𝑩𝑾 with 𝑸

𝔾 𝜔 =
1

1 + 𝑄' 𝜔
𝜔5

− 𝜔5𝜔
'

𝔾 𝜔4 =
1
2

§ According to

§ The magnitude

→

𝜔6& = 𝜔5 −
1
2𝑄

+
1

4𝑄' + 1

𝜔6' = 𝜔5 +
1
2𝑄

+
1

4𝑄' + 1

𝑩𝑾 =
𝝎𝟎

𝑸
A relationship between
𝑩𝑾, 𝑸 and 𝝎𝟎

𝔾 𝜔 =
1

1 + 𝑗𝑄 𝜔
𝜔5

− 𝜔5𝜔

𝑄 =
1
𝑅

𝐿
𝐶

𝜔5 =
1
𝐿𝐶
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

Let’s go back to time domain @ resonant freq 𝝎𝟎

§ Assume 𝒗𝒊𝒏 𝒕 = 𝑉3 cos 𝜔3𝑡

§ The equivalent impedance @𝜔3, 𝑍AB = 𝑅

§ According to KVL, the current of the circuit 𝒊 𝒕 = !&
"
cos 𝜔3𝑡

§ Energy stored in 𝐿, 𝒘𝑳 𝒕 = %
$
𝐿𝑖$ 𝑡 =

𝑉3$𝐿
2𝑅$ cos

$ 𝜔3𝑡

§ Energy stored in 𝐶, 𝒘𝑪 𝒕 = %
$
𝐶𝑣2$ 𝑡 =

𝑉3$

2𝜔3$𝑅$𝐶
sin$ 𝜔3𝑡=

1
2𝐶

1
𝐶 ^ 𝑖𝑑𝑡

$
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

𝜔5 =
1
𝐿𝐶

𝑄 =
1
𝑅

𝐿
𝐶

Let’s go back to time domain @ resonant freq 𝝎𝟎

𝒘𝑳 𝒕 =
𝑉5'𝐿
2𝑅' cos

' 𝜔5𝑡

𝒘𝑪 𝒕 =
𝑉5'

2𝜔5'𝑅'𝐶
sin' 𝜔5𝑡

§ Total stored energy

𝑤& = 𝑤, 𝑡 + 𝑤2 𝑡 =
𝑉3$𝐿
2𝑅$

§ Total dissipated energy per cycle

𝑤D = ^
3

E
𝑖$ 𝑡 𝑅𝑑𝑡 =

𝑉3$𝑇
2𝑅
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+

−

𝒊 𝒕

𝕍)*&
𝑅

𝐿

+

−

𝐶

𝕍$%

+
−

QUESTION: calculate the voltage transfers from input to output based on varying 𝑅

𝜔5 =
1
𝐿𝐶

Let’s go back to time domain @ resonant freq 𝝎𝟎

𝑤, = 𝑤9 𝑡 + 𝑤: 𝑡 =
𝑉5'𝐿
2𝑅'

𝑤; = 𝑤< 𝑡 =
𝑉5'𝑇
2𝑅

𝑤&
𝑤D

=
𝑉3$𝐿
2𝑅$
𝑉3$𝑇
2𝑅

=
𝐿
𝑅𝑇 =

𝜔3𝐿
2𝜋𝑅

§ The ratio of 𝑤& and 𝑤D

§ Recall 𝑄 = %
"

⁄𝐿 𝐶

𝑸 = 𝟐𝝅
𝒘𝒔

𝒘𝑫

𝑸 is the ratio of energy 
stored to energy lost at 
the resonant frequency



Outlines
§ Transfer function

§ Filters
▫ Common ideal filters

▫ Actual filters
• High pass filters / low pass filters

• Band pass filters / band stop filters

• Quality factor
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𝑸 = 𝟐𝝅
𝒘𝒔

𝒘𝑫



Outlines
§ Transfer function

§ Filters
▫ Common ideal filters

▫ Actual filters
• High pass filters / low pass filters

• Band pass filters / band stop filters

• Quality factor

• Cascading filters
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𝑸 = 𝟐𝝅
𝒘𝒔

𝒘𝑫



Example 5: Cascading filters

5/13/21 Milin Zhang, Dept of EE, Tsinghua University 54

𝕍$% +
−

+

𝐶+

𝑅+

−

QUESTION: find the transfer function of the circuit below

𝕍&'(
𝐶,

𝑅,

𝕍'() =
𝑍2#

𝑅$ + 𝑍2#
f

𝑍2"|| 𝑅$ + 𝑍2#
𝑅% + 𝑍2"|| 𝑅$ + 𝑍2#

𝕍*+

§ According to KVL

§ The transfer function 𝔾 𝜔 =
𝑍2#

𝑅$ + 𝑍2#
f

𝑍2"|| 𝑅$ + 𝑍2#
𝑅% + 𝑍2"|| 𝑅$ + 𝑍2#

100 101 102 103 104 105
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0.9
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𝔾 𝜔

𝟏𝟎 𝟏𝒌 𝜔𝟏𝟎𝟎𝒌
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𝕍$% +
−

+

𝐶+

𝑅+

−

QUESTION: find the transfer function of the circuit below

𝕍&'(

𝐶,

𝑅,

𝕍'() =
𝑅$

𝑅$ + 𝑍2#
f

𝑍2"|| 𝑅$ + 𝑍2#
𝑅% + 𝑍2"|| 𝑅$ + 𝑍2#

𝕍*+

§ According to KVL

§ The transfer function 𝔾 𝜔 =
𝑅$

𝑅$ + 𝑍2#
f

𝑍2"|| 𝑅$ + 𝑍2#
𝑅% + 𝑍2"|| 𝑅$ + 𝑍2#
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𝟏𝟎 𝟏𝒌 𝜔𝟏𝟎𝟎𝒌



Outlines
§ Transfer function

§ Filters
▫ Common ideal filters

▫ Actual filters
• High pass filters / low pass filters

• Band pass filters / band stop filters

• Quality factor

• Cascading filters

§ Bode plot
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𝑸 = 𝟐𝝅
𝒘𝒔

𝒘𝑫
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Recall: logarithmic scale
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𝟏𝟎𝒌 𝟏𝟎𝟎𝒌

Let’s try to plot the transfer function

𝔾 𝜔

𝜔 𝟏𝟎𝟎 𝟏𝑴

𝔾 𝜔

𝜔𝟏𝟎𝒌 𝟏𝟎𝟎𝑴

While plot the transfer function, the x-axis is usually plot in logarithmic scale

𝔾 𝜔 =
1

1 + 𝑅&
𝜔𝐿

'



Logarithms v.s. Decibels
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§ Linear scale

𝟎 𝟐𝟎𝟏𝟎 𝟑𝟎 4𝟎 5𝟎

§ Powers of ten scale

𝟏𝟎.𝟐 𝟏𝟎𝟎𝟏𝟎.𝟏 𝟏𝟎𝟏 𝟏𝟎𝟐 𝟏𝟎𝟑

𝟏𝟎𝟎 𝟏𝟎𝟎.𝟐𝟏𝟎𝟎.𝟏 𝟏𝟎𝟎.𝟑 𝟏𝟎𝟎.𝟒 𝟏𝟎𝟎.𝟓 𝟏𝟎𝟎.𝟕𝟏𝟎𝟎.𝟔 𝟏𝟎𝟎.𝟖 𝟏𝟎𝟎.𝟗 𝟏𝟎𝟏

𝟏 𝟐 𝟑 5𝟒 𝟔 𝟕 𝟏𝟎𝟖 𝟗

Logarithms scale is a non-linear scale



Recall: Power in dB
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Decibel (dB) is a unitless measurement for expressing ratios

§ For power 10𝑙𝑜𝑔%3
𝑃
1𝑊

èdB

10𝑙𝑜𝑔%3
𝑃

1𝑚𝑊
èdBm

§ For voltage 20𝑙𝑜𝑔%3
𝑣
1𝑉

èdBV

20𝑙𝑜𝑔%3
𝑣

1𝑚𝑉
èdBmV



Power gain in dB
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§ Define power gain as
𝑃'()
𝑃*+

§ Power gain in dB 10𝑙𝑜𝑔%3
𝑃'()
𝑃*+

§ Special cases

If 𝑃'() = 𝑃*+ 𝑃𝑜𝑤𝑒𝑟 𝐺𝑎𝑖𝑛 𝑑𝐵 = 10𝑙𝑜𝑔%3
𝑃'()
𝑃*+

= 0𝑑𝐵

If 𝑃'() =
%
$
𝑃*+ 𝑃𝑜𝑤𝑒𝑟 𝐺𝑎𝑖𝑛 𝑑𝐵 = 10𝑙𝑜𝑔%3

𝑃'()
𝑃*+

= −3𝑑𝐵

If 𝑃'() = 2𝑃*+ 𝑃𝑜𝑤𝑒𝑟 𝐺𝑎𝑖𝑛 𝑑𝐵 = 10𝑙𝑜𝑔%3
𝑃'()
𝑃*+

= 3𝑑𝐵



Voltage gain in dB
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𝑃𝑜𝑤𝑒𝑟 𝐺𝑎𝑖𝑛 𝑑𝐵 = 10𝑙𝑜𝑔%3
𝑃'()
𝑃*+

= 10𝑙𝑜𝑔%3 m
𝑉'$

𝑅'
𝑉*$

𝑅*

= 10𝑙𝑜𝑔%3
𝑉'
𝑉*

$
+ 10𝑙𝑜𝑔%3

𝑅*
𝑅'

= 𝟐𝟎𝑙𝑜𝑔%3
𝑉'
𝑉*

+ 10𝑙𝑜𝑔%3 𝟏

If 𝑹𝒊 = 𝑹𝒐

If 𝑹𝒊 = 𝑹𝒐

𝑷𝒐𝒘𝒆𝒓 𝑮𝒂𝒊𝒏 𝒅𝑩 = 𝟏𝟎𝒍𝒐𝒈𝟏𝟎
𝑷𝒐𝒖𝒕
𝑷𝒊𝒏

= 𝟐𝟎𝒍𝒐𝒈𝟏𝟎
𝑽𝒐
𝑽𝒊

= 𝑽𝒐𝒍𝒕𝒂𝒈𝒆 𝑮𝒂𝒊𝒏
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𝕍$% +
−

+

𝐶

𝑅-

−
𝕍&'(

𝔾 𝜔 =
1

1 + 𝜔𝐶𝑅& $

Slope
−20𝑑𝐵/𝑑𝑒𝑐𝑎𝑑𝑒

𝔾 𝜔 /𝑑𝐵

𝟏𝟎𝟏 𝟏𝟎𝟑 𝜔𝟏𝟎𝟐 𝟏𝟎𝟒
𝟎

−𝟏𝟎

−𝟐𝟎

−𝟑𝟎

−3𝑑𝐵

𝜔6

𝔾 10𝜔6 =
1

1 + 10𝜔6𝐶𝑅- ,

≈
1

10𝜔6𝐶𝑅- ,
=

1
10 𝜔6𝐶𝑅- ,

≈
1

10 1 + 𝜔6𝐶𝑅- ,
=
1
10

𝔾 𝜔6

𝔾 𝜔4 𝑑𝐵 − 𝔾 10𝜔4 𝑑𝐵 = 20𝑙𝑜𝑔%3
𝔾 𝜔4
𝔾 10𝜔4

≈ 𝟐𝟎𝒅𝑩

𝟏𝟎𝟓

−𝟒𝟎



Bode plot

5/13/21 Milin Zhang, Dept of EE, Tsinghua University 63

The slope of the dB plot is called the “roll-off” rate
The amplitude of the output signal is attenuated faster with higher roll-off

BODE PLOT generates a “straight-line” approximation of the transfer function

100 101 102 103 104 105
-40

-35

-30

-25

-20

-15

-10

-5

0

Slope
−20𝑑𝐵/𝑑𝑒𝑐𝑎𝑑𝑒

𝔾 𝜔 /𝑑𝐵

𝟏𝟎𝟏 𝟏𝟎𝟑 𝜔𝟏𝟎𝟐 𝟏𝟎𝟒
𝟎

−𝟏𝟎

−𝟐𝟎

−𝟑𝟎

−3𝑑𝐵

𝜔6

𝟏𝟎𝟓

−𝟒𝟎

𝜔6

Slope
−20𝑑𝐵/𝑑𝑒𝑐𝑎𝑑𝑒

𝔾 𝜔 /𝑑𝐵

𝟏𝟎𝟏 𝟏𝟎𝟑 𝜔𝟏𝟎𝟐 𝟏𝟎𝟒
𝟎

−𝟏𝟎

−𝟐𝟎

−𝟑𝟎

𝟏𝟎𝟓

−𝟒𝟎



Bode plot
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ℍ 𝜔 = 𝐻3
1 + 𝑗𝜔

𝜔K%
1 + 𝑗𝜔

𝜔K$
⋯ 1 + 𝑗𝜔

𝜔KL
1 + 𝑗𝜔

𝜔M%
1 + 𝑗𝜔

𝜔M$
⋯ 1 + 𝑗𝜔

𝜔M+

Transfer function in general form

𝜔K% < 𝜔K$ < ⋯ < 𝜔KL
𝜔M% < 𝜔M$ < ⋯ < 𝜔M+

= 𝐻3
𝐴K%∠𝜙K% f 𝐴K$∠𝜙K$⋯𝐴KL∠𝜙KL
𝐴M%∠𝜙M% f 𝐴M$∠𝜙M$⋯𝐴M+∠𝜙M+

ℍ 𝜔 = 𝐻3
𝐴K% f 𝐴K$⋯𝐴KL
𝐴M% f 𝐴M$⋯𝐴M+

∠ℍ 𝜔 = 𝜙K% + 𝜙K$ +⋯+ 𝜙KL − 𝜙M% − 𝜙M$ −⋯− 𝜙M+



Bode plot

5/13/21 Milin Zhang, Dept of EE, Tsinghua University 65

§ When is 𝜔 very low ℍ 𝜔
/→3

𝐻3

ℍK* 𝜔 = 1 +
𝑗𝜔
𝜔K*

§ Consider 

ℍK* 𝜔
/≪/-. 1

ℍK* 𝜔
/O/-. 1 + 𝑗

ℍK* 𝜔
/≫/-. 𝑗𝜔

𝜔K*

ℍ 𝜔

𝜔𝜔K* 10𝜔K*

ℍK* 𝜔
/O%3/-. 10𝑗 ≈ 10ℍK* 𝜔K*

Slope
20𝑑𝐵/𝑑𝑒𝑐𝑎𝑑𝑒

20𝑑𝐵

45°

𝜙

𝜔

90°

Slope
45°/𝑑𝑒𝑐𝑎𝑑𝑒



Bode plot
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ℍM* 𝜔 =
1

1 + 𝑗𝜔
𝜔M*

§ Consider 

ℍM* 𝜔
/≪//.

1

ℍM* 𝜔
/O//. 1

1 + 𝑗

ℍM* 𝜔
/≫//.𝜔M*

𝑗𝜔

ℍ 𝜔

𝜔

𝜙

𝜔M* 10𝜔M*

ℍM* 𝜔
/O%3//. 1

10𝑗 ≈
1
10ℍM* 𝜔M*

Slope
−20𝑑𝐵/𝑑𝑒𝑐𝑎𝑑𝑒

20𝑑𝐵

−45°

−90°

Slope
−45°/𝑑𝑒𝑐𝑎𝑑𝑒



Example 7
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ℍ 𝜔

𝜔

𝜙

Slope
−20𝑑𝐵/𝑑𝑒𝑐

60𝑑𝐵

−45°

−90°

ℍ 𝜔 = 2
1 + 𝑗𝜔

10%$

1 + 𝑗𝜔
10Q 1 + 𝑗𝜔

10R

𝟏𝟎𝟔 𝟏𝟎𝟗 𝟏𝟎𝟏𝟐

Slope
−40𝑑𝐵/𝑑𝑒𝑐

Slope
−20𝑑𝐵/𝑑𝑒𝑐

120𝑑𝐵

6𝑑𝐵

ℍ 𝜔 = 0 = 20𝑙𝑜𝑔%32 = 6𝑑𝐵

−135°

−180°

Slope
−45°𝑑𝐵/𝑑𝑒𝑐

Slope
−45°𝑑𝐵/𝑑𝑒𝑐

Slope
45°𝑑𝐵/𝑑𝑒𝑐



Outlines
§ Transfer function

§ Filters
▫ Common ideal filters
▫ Actual filters

• High pass filters / low pass filters
• Band pass filters / band stop filters

• Quality factor
• Cascading filters

§ Bode plot

§ Circuit element models in 𝑠-domain
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𝑸 = 𝟐𝝅
𝒘𝒔

𝒘𝑫



The Laplace transform

5/13/21 Milin Zhang, Dept of EE, Tsinghua University 69

YOUWILL LEARN IT LATER IN SIGNAL & SYSTEM

The Laplace transform of a function is defined as

ℒ 𝑓 𝑡 = 𝐹 𝑠 = ^
3

7
𝑓 𝑡 𝑒0&)𝑑𝑡 where 𝑠 = 𝜎 + 𝑗𝜔

The inverse Laplace transform is defined as

ℒ0% 𝐹 𝑠 = 𝑓 𝑡 =
1
2𝜋𝑗^S"0-7

S"#-7
𝐹 𝑠 𝑒0&)𝑑𝑡

The useful Laplace transform pairs

𝛿 𝑡 ↔ 1 𝑢 𝑡 ↔
1
𝑠

𝑒0T) ↔
1

𝑠 + 𝑎 𝑡 ↔
1
𝑠$



Circuit element models
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𝑖-𝑣 characteristic

𝑣-𝑖 characteristic

𝑖 𝑡 = 𝐶
𝑑𝑣(𝑡)
𝑑𝑡

𝑣 𝑡 = 𝑣 𝑡% +
1
𝐶
5
&#

&
𝑖 𝑥 𝑑𝑥 𝑣(𝑡) = 𝐿

𝑑𝑖(𝑡)
𝑑𝑡

𝑖 𝑡 = 𝑖 𝑡% +
1
𝐿
5
&#

&
𝑣 𝑥 𝑑𝑥𝑖 =

𝑣
𝑅

𝑣 = 𝑖𝑅

Impedance 𝑅 1
𝑗𝜔𝐶 𝑗𝜔𝐿

𝒔–domain model 𝑹 𝟏
𝒔𝑪 𝒔𝑳

𝑰 𝒔 =
𝑽 𝒔
𝑹

𝑰 𝒔 =
𝑽 𝒔
𝒔𝑳𝑰 𝒔 = 𝒔𝑪𝑽 𝒔

𝒔–domain
𝒊-𝒗 characteristic



Outlines
§ Transfer function

§ Filters
▫ Common ideal filters
▫ Actual filters

• High pass filters / low pass filters
• Band pass filters / band stop filters

• Quality factor
• Cascading filters

§ Bode plot

§ Circuit element models in 𝑠-domain
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𝑸 = 𝟐𝝅
𝒘𝒔

𝒘𝑫



Reading tasks & learning goals
§ Reading tasks

▫ Basic Engineering Circuit Analysis, 10th edition
• Chapter 12.1-12.4, 12.5 before active filters

§ Learning goals

▫ Understand the variable-frequency performance of 𝑅, 𝐿 and 𝐶

▫ Be able to sketch and to understand a Bode plot

▫ Know how to analyze series and parallel resonant circuits

▫ Understand the concept of magnitude/frequency/Quality factor

▫ Understand the characteristics of basic filters

▫ Understand 𝑠–domain representations of basic circuit elements
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