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" | Outlines

m 1st order circuit

= 2nd grder circuits
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" | Review: Capacitor & Inductor

v dv(t) . . 1 jt
;i i i =— i(t) = i(t) =i(ty) +=| vx)dx
[-v relation R i) =C— T,
. . . B 1t di(t)
v-i relation v =1iR v(t) = v(to) + 5 | i(x)dx v(t) = L—
to
p (power transferred in) p =vi p = vi p=vi
2 2
w (stored energy) 0 1oy 0T Loy O
5 Cv=(t) 5C 2Ll (t) 5T
Series combination Req =Ry + R, oy = €, Gy Leg =L +1L,
C, + C,
RiR L,L
Parallel combination Ry = ——2 - Loy = ——2
“‘“ Ri+R, Ceq =lrt L2 UL+,
DC behavior NO open circuit short circuit
Instantaneous change of v Vv X Vv
v v X

Instantaneous change of i
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" | Example 1: Source free RC circuit

QUESTION: Assume the capacitor C has been charged to V, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
_)_o/o_

+ =  Assume the switch is turned on @t = 0
v(t) = ‘5}
B ¢ K = According to KCL
ic =g
d v(t)
- CE v(t) + T =0
d v(t)
> — —=20
i’ Ot gre

1%t order differential equation
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™| Review: Calculus

QUESTION: Find the solution x(t) of the following equation

d
Ex(t) +a.x(t) = f(t) 4 General form of 1t order differential equation

Step 1: Find any solution to the original equation x(t) = x,(t)

Step 2: Find a solution x(t) = x.(t) to the homogeneous equation

d
ax(t) +a,x(t) =0

Step 3: the solution to the original equation can be written as

x(t) = x,(t) + x.(¢)
|—> Complementary solution

> Particular integral solution
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" | Example 1: Source free RC circuit

QUESTION: Assume the capacitor C has been charged to V, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
o d v(t)
+ Ev(t) + RC =0
v(t) == ‘5}

— C R

= Step la: find the particular integral solution v, (1)

Assume v, (t) = K;

= Step 1b: substitute i,,(t) to the equation

K1_0
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" | Example 1: Source free RC circuit

QUESTION: Assume the capacitor C has been charged to V, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
o d v(t)

+ —v(t)+——=0
() = 3 dt RC

— C R

= Step 2a: find the homogeneous equation

1

d
—v(t) +a,v(t) =0  where a; = RC

Particular integral solution dt

v,(t) =0 ) .
= Step 2b: find the complementary solution
v.(t) to the homogeneous equation

Ve (t) = Kze_St
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" | Example 1: Source free RC circuit

QUESTION: Assume the capacitor C has been charged to V, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
o d v(t)
+ Ev(t) + RC =0
v(t) == ‘5}

= Step 2c: substitute v, (t) to the homogeneous equation

d
E(Kze‘“) + a;(K,e ) =0

Particular integral solution
v,(t) =0
> —sK,e 5+ a,K,e St =0

1
2> S=a where alzﬁ
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" | Example 1: Source free RC circuit

QUESTION: Assume the capacitor C has been charged to V, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
o d v(t)
+ Ev(t) + RC =0
v(t) == ‘5}

— C R

= Step 3a: find the value of v(t) at one instant of time

v (O) = VO
Particular integral solution

v,(£) = 0 = Step 3b: substitute v(0) = V, to v(t)
Complementary solution

0o(t) = Kyeaat v(t) = Kze™*
c — A2

9 KZZVO
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" | Example 1: Source free RC circuit

QUESTION: Assume the capacitor C has been charged to V|, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
o d v(t)

”—"indicates that the voltage

v.(:) 1 g’ E v(t) + E =0 / Z)c(;c;s;(;c:ﬁac”aypautor is decaying
_ C R 1
Solution:  v(t) = Voe_R_Ct
. v(t) DEFINE time constant
T =RC

The circuit reaches e
steady-state faster, if a
smaller time constant is
applied .
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" | Example 1: Source free RC circuit

QUESTION: Assume the capacitor C has been charged to V, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
_>_o/o_

s If R = 1kQ, C = 1uF
v(t) =— 3 = Whent =1, v(t) = 0.368V,
_ C R
= Whent =57, v(t) = 0.0067V,
d v(t) AV®)
av(t) + ﬁ =
1 Vo
v(t) = Vye 7°
T=RC
|
t
T 57
\ )\
Transient response Steady state

(natural response) (force response)
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" | Example 1: Source free RC circuit

QUESTION: Assume the capacitor C has been charged to V|, before the switch is
turned on. Find the response after the switch is turned on.

10 A VO
— & o

v(t) ::C $ . /

Voltage on capacitor
CANNOT change abruptly,
but current can.
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= | Review: an old exmple

QUESTION: Find the total energy stored in the two capacitors before & after the switch is

turned on, if the charges on the two capacitors att = 0 are q;(0) = Q, and g,(0) = Q,,
respectively.

. _ = BEFORE the switch is turned on (t < 0)
lCll _o/o_I Tlcz
+ + QZ QZ
vl(t) — — vz(t) W(t < 0) — 1 _|_ 2
_ G C; _ 2C, 2C,

AFTER the switch is turned on (t = 0). Assume the
circuitisin steady state @ t = t4

(Q1 + Q2)°

wits) = 2(C, +Cy)

WHY w(t<0) #w(t;) ?
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= | Example 2

QUESTION: Find the total energy stored in the two capacitors before & after the switch is

turned on, if the charges on the two capacitors att = 0 are q;(0) = Q, and g,(0) = Q,,

respectively. The resistance of the switch is R; when it is turned on.

2

+
vi(t) ——
_ G
i(t
O
v
+
_ G
-+
3/27/20

v, ()

= After the switch is turned on, according to KVL

t t

1
i(t)dt +i(t)Ry + —
C;

C i(t)ydt =0

— 00 — 00

d'(t)+1<1+1)'(t)—0
> TR\ )T

1 /1 1
Define a1=R (C +C>
1 \Uq 2
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= | Example 2

QUESTION: Find the total energy stored in the two capacitors before & after the switch is
turned on, if the charges on the two capacitors att = 0 are q;(0) = Q, and g,(0) = Q,,
respectively. The resistance of the switch is R; when it is turned on.

. d
R R —i(®) + a;i(t) = 0

<
[
~\
o~
—
<
N
~
o~
—

_ G 2 _ .

Step 1: find the particular integral solution

' ir(t)=0

= Step 2: find the complementary solution

i(t) .
— WA 1 ic(t) — Kze—alt
t +
) == = .0 = Step 3: find the value of i(t) at one instant of time
- T 1(Q1 Q
(0) = L (& _2 .
= i(0) = R4 (01 Cz) 2 K, = i(0)
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= | Example 2

QUESTION: Find the total energy stored in the two capacitors before & after the switch is
turned on, if the charges on the two capacitors att = 0 are q;(0) = Q, and g,(0) = Q,,
respectively. The resistance of the switch is R; when it is turned on.

a1 = —|—+ —

+ + . . _ 1 ( )

. 1 i(t) =i(0)e %t where < R\ G

vi(t) —— —  V(t) 1

_ G Cx _ i(0)=_<&_Q_2)
- Ry \C; G,

i(t) Ti(t)
= 10
+ + assumeﬁ>&
vi(t) —— — 70 (i G
_ G 2 _
_1_ t
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" | Outlines

m 1st order circuit

o Source free RC circuit

o Source free RL circuit
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" | Example 3: Source free RL circuit

QUESTION: Assume the capacitor L has been charged to I, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
=~
(o M—
+ =  Assume the switch is turned on @t = 0
v(t) 3
_ %L " R .
= According to KVL

a . . B
L%l(t) +i(t) R=0

> d '(t)+R'(t)—O
dt ' LT

1%t order differential equation
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" | Example 3: Source free RL circuit

QUESTION: Assume the capacitor L has been charged to I, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
<__o/o_

+

v(t) é 3
— L
3/27/20

R

d R
Ei(t) +zi(t) =0

= Step la: find the particular integral solution i, (t)
Assume i, (t) = K;

= Step 1b: substitute i,,(t) to the equation

RK,
L
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" | Example 3: Source free RL circuit

QUESTION: Assume the capacitor L has been charged to I, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
o d R
+ El’(t)-le'(t) =0
v(t) é 3
_ L

= Step 2a: find the homogeneous equation

d _ R
El(t) + aqi(t) =0 where a; = 7

Particular integral solution

ip(t) =0 ] .
= Step 2b: find the complementary solution
i.(t) to the homogeneous equation

Ve (t) = Kze_St
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" | Example 3: Source free RL circuit

QUESTION: Assume the capacitor L has been charged to I, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
< & o— d

R
+ —i(t)+-—-i(t)=0
o0 % 3 dt L
— L

= Step 2c: substitute v, (t) to the homogeneous equation

d
E(Kze‘“) + a;(K,e ) =0

Particular integral solution
ip(t) =0
> —sK,e 5+ a,K,e St =0

2> S=a where a; =

~| =
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" | Example 3: Source free RL circuit

QUESTION: Assume the capacitor L has been charged to I, before the switch is
turned on. Find the response after the switch is turned on.

+
v(t)

i(t)
<__o/o_

5,

Particular integral solution
ip(t) =0
Complementary solution

ic(t) = Kpe™®f

3/27/20

d R
Ei(t) + Zi(t) =0

= Step 3a: find the value of i(t) at one instant of time
i(0) = I
= Step 3b: substitute i(0) = I, to i(t)

l(t) == Kze_alt

9 K2:IO
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" | Example 3: Source free RL circuit

QUESTION: Assume the capacitor L has been charged to I, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
<__o/o_

+
v(t) g 3
— L

The circuit reaches
steady-state faster, if a
smaller time constant is
applied

3/27/20

d ”—"indicates that the current

R
—i(t)+—-i(t) =0 through the capacitor is
dt L decaying exponentially
R

Solution: i(t) =Ie Lt

i(t) DEFINE time constant
A L
T=—
Vo R
t
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" | Example 3: Source free RL circuit

QUESTION: Assume the capacitor L has been charged to I, before the switch is
turned on. Find the response after the switch is turned on.

i(t)
o
+
v(t) % 3
_ L R

Current through inductor
CANNOT change abruptly,
but voltage can.

3/27/20

RIO

v _R
0 l(t) = Ioe Lt

4
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" | Outlines

= 1St order circuit
o Source free RC circuit

o Source free RL circuit

o Pulse response
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= | Example 4: charging of a capacitor

QUESTION: Assume there is no charge on the capacitor C before the switch is turned
on. Find the response after the switch is turned on.

i(t) R

—
—W—O/C =  Assume the switch is turned on @t = 0

+

Vs 99 — v(®) = According to KCL
C _

Y
lC—lR—l(t)—Cdtv(t)

= According to KVL

iRR + v(t) = VS

d
> RCEv(t) + v(t) = Vs

3/27/20 Milin Zhang, Dept of EE, Tsinghua University 26



= | Example 4: charging of a capacitor

QUESTION: Assume there is no charge on the capacitor C before the switch is turned
on. Find the response after the switch is turned on.

i(t) R

= w—o" o

+
— v(t)

3/27/20

L) +—= () = —V,
dt’ rRc’\Y TRCS

= Step la: find the particular integral solution x,, (t)

Assume x,, (t) = K,
= Step 1b: substitute x,(t) to the equation

K, 1

RC™RCS 7 K=l
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= | Example 4: charging of a capacitor

QUESTION: Assume there is no charge on the capacitor C before the switch is turned
on. Find the response after the switch is turned on.

i(t) R
oo o) + = (t) = =V
. at’ ' TRCVN TRCS
Ve QD == v(t)
C — = Step 2a: find the homogeneous equation
d 1
av(t) +a,v(t) =0  where a; = RC

Particular integral solution

v, () = Vs = Step 2b: find the complementary solution
v.(t) to the homogeneous equation

V() = Ky e~
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= | Example 4: charging of a capacitor

QUESTION: Assume there is no charge on the capacitor C before the switch is turned
on. Find the response after the switch is turned on.

ﬁﬁi_/ 0 d 1 1
N Ev(t) + R—Cv(t) = EVS
Vs QD == v(t)
¢ - = Step 3a: find the value of v(t) at one instant of time
v(0) =0
Particular integral solution
v, (£) = Vs = Step 3b: substitute v(0) = 0 to v(t)

Complementary solution

b () = Kye~aat v(t) = Vs + Kpe™ ™
c - 2

Full solution v(t) = v, (t) + v.(t) N K, = —V
2 — Vs
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= | Example 4: charging of a capacitor

QUESTION: Assume there is no charge on the capacitor C before the switch is turned
on. Find the response after the switch is turned on.

i) p
= " o IS SV
s dt TR TRCS
2 9) == u(t) .
C _ : _ ——t
Solution:  v(t) = Vs —Vse RC
A V()
&S ----------------------------
1 ' > t
T 571
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" | Charging & discharging of a cap

A more practical circuit

i N = PHASE 1.
— _MW—o0, O i Rs
N }_ - C is charged
Vo C) v(t) == 3 + / to V,
i R v () v(t) ==
_ C
Key points: = PHASE 2
" Find the initial voltage of the ,
N _ [
capacitor in phase 1
=  Write the equations according + )
t) =—
to KCL/KVL V(_) C 2 R

= Solve the differential equation
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N | Step forcing function

w0
°o_o o |
_I_
Rest of the
Ve C_) v(t) circuit
~ |
RZ0 — v(t) = Vou(t — to)
I}(.).--- __________ where u(t—to):{(l) iiio
=4
> t
Lo
y A /
Phase 2 Phase 1
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" | Example 5: charging of an inductor

QUESTION: Assume there is no charge on the inductor L before the switch is turned
on. Find the response after the switch is switching between node 1 and 2.

1 R
—o o W

[(t
N J i

® v

Vs1 Vs _ L

= When the switch turned to node 1, according to KVL

d R V.
va=ior+1 52 5 TR T
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" | Example 5: charging of an inductor

QUESTION: Assume there is no charge on the inductor L before the switch is turned
on. Find the response after the switch is switching between node 1 and 2.

1 R
—o°_~° W | di(t) R Vg
2 J i +i(t)—=—=
+ dt L L

® Vo) =

Vs1 Vs

L

= Step la: Assume the particular integral solution i,,(t) = K;

= Step 1b: Substitute i),(¢) to the equation > K; = %

= Step 2: Find the solution to the homogeneous equation

di(t)
dt

R
+ i(t)z =0 Assume i.(t) = K,e %1t > a; =

3/27/20 Milin Zhang, Dept of EE, Tsinghua University



" | Example 5: charging of an inductor

QUESTION: Assume there is no charge on the inductor L before the switch is turned
on. Find the response after the switch is switching between node 1 and 2.

5 R w— i(t)
/c N A :
2 }i® Bleoooa A
+ :
* ¢ !
Vs1<> Vs, v(_) éL i
|
ty
v _R
= The full solution  i(t) = i,,(£) + i () = %+Kze Lt
. . P Vs
» Step 3: find the value at one instant of time i(0) =0 > K, = — R
v Vs; _R
= The full solution fort € [0,t;) i(t) = % — %e L

3/27/20 Milin Zhang, Dept of EE, Tsinghua University 35
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" | Example 5: charging of an inductor

QUESTION: Assume there is no charge on the inductor L before the switch is turned
on. Find the response after the switch is switching between node 1 and 2.

5 R w— i(t)
/c ’ Ve M |
2 J i SCZ I S e
+ :
! ¢ :
Vs1<> Vs2 v(_) éL i
|
(5]
= Assume the switch turns to node 2 @t = t;
= According to KVL
di(t —t;) di(t —t;) R Vs
Veo =1(t —t{)R + L +i(t—t1)—=—
s2 = i( 1R + 1t > T i( 1) 7]
. - - Vs2 ~Tt=tD)
The full solution must be i(t) = = + K,e L
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" | Example 5: charging of an inductor

QUESTION: Assume there is no charge on the inductor L before the switch is turned
on. Find the response after the switch is switching between node 1 and 2.

1 R
—o o W

® v

Vs1 Vs _ L

V. V. V.
= find the value at one instant of time  i(t;) = % > K, = % _ %

= The full solution fort = t;

VSl VSZ) —E(t—t )
= L 1
i(t) = ( S22,
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" | Example 5: charging of an inductor

QUESTION: Assume there is no charge on the inductor L before the switch is turned
on. Find the response after the switch is switching between node 1 and 2.

1 R i (t
——o o WW— (t)
2 J i
_I_
Vs1<_> Vs2 v(_t) %L
> t
V V R
=2y (B ), e
. vV 9

i(0)  i(ty) i(o)
H/_/ \ J
Y
Steady state response + Transient response g Complete Response
(forced response) (natural response)
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" | Outlines

= 1St order circuit
o Source free RC circuit

o Source free RL circuit

o Pulse response

= 2nd grder circuits
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| Example 6: Source free LC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change after the switch is turned on.

i(t)
10/0— = According to KCL
+
v(t) == dv(t) 1 (¢
_ C éL — d(t):Zj v(t)drt
d?v(t) N 1 0 =0
dtz ' Lc T
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™| Review: Calculus

QUESTION: Find the solution x(t) of the following equation

2 d
T2 —x(t) +a;— 7 x(t) +ax(t) =f(t) <4 2" order differential equation

= Step 1: Find a solution x(t) = x.(t) to the homogeneous equation
2 d
—x(t)+a;—x(t) +a,x(t) =0
5 (6) + @ x(0) + apx(0) =
Assume x.(t) = KeSt. Substitute it to the equation

s?KeSt + a;sKeSt + a,KeSt = 0

Since KeSt # 0

- Sz+a1$+a2:O N 51:_((1)04‘(1)0@
— _ 2 __
Define 2w, = a,, 2 = a, S = —(wo — wey/{? =1
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™| Review: Calculus

QUESTION: Find the solution x(t) of the following equation

2 d . 20wo = a1
Ex(t) + alax(t) + ax(t) = f(t) Define {wg = a;

= Step 1: Find a solution x(t) = x.(t) to the homogeneous equation

= — [ 72
Xc(t) = Kles1t _I_ KZeSZt Where Sl Z(‘)O +w0 ( 1
Sz = —((1)0 — wo\/ﬁ

= Step 2: Find any solution to the original equation x(t) = x,(t)

= Step 3: the solution to the original equation can be written as

x(t) = x,(t) + x.(¢)
|—> Complementary solution

> Particular integral solution
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| Example 6: Source free LC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change after the switch is turned on.

_)_"l(t) o d7v () + ! (t)=0
+ dtz " 1c T
v(t) ==
- ¢ L' w step 1a: Find the particular integral solution v, ()

Assume v, (t) = A
= Step 1b: substitute v, (t) to the equation

1
—A = =
I 0 > A=0
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| Example 6: Source free LC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change after the switch is turned on.

_)—"l(t) o d7v() + ! (t) =0
+ dez L T
v(t) ==
- ¢ L a Step 2a: find the homogeneous equation
d?v(t) 1
g ) +—v(t)=0
Particular integral solution dt LC
vp(t) =0 = Step 2b: find the complementary solution v,(t) to

the homogeneous equation

v.(t) = K e51t + K,e52t

1
VLC

where wg =

S1 =jwg
Sy, = —jwy
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| Example 6: Source free LC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change after the switch is turned on.

i(t)
_)_o/o_
v(t) ==
.3,

Particular integral solution
v,(t) =0
Complementary solution
v.(t) = K;e51t + K,es?t
where S; = jwg, S2 = —jw,

Full solution v(t) = v, (t) + v.(t)

3/27/20

d?v(t) 1
t)=20
dt? * LC v(t)
= Step 3a: find the value of v(0) and dv(t)|
dt lt=0
. dv(t)
= Step 3b: substitute v(0) and " | to v(t)
t=0
U(O) = Kl + KZ
1 dav(®
v(t (0
= K1$1 + Kzsz = —Q
dt t=0 ¢

-

K, and K, can be solved
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| Example 6: Source free LC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change after the switch is turned on.

i@ )
—~ o o— v(t) = Acos(wyt + 0)

v(t) == § y
C
- |¢ L i(t) = \/;Asin(a)ot +6)

’A = \/v%O) +%i2(0)

—_

where < ®Wo=—F7—==

3/27/20 Milin Zhang, Dept of EE, Tsinghua University

46



| Example 6: Source free LC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change after the switch is turned on.

L i®
—~ o o— Energy stored in the capacitor/inductor

v(t) == = ) .
- ¢ : we(t) = 5 Cv3(o) = (

1 1
ECvz(O) + ELiz(t)) cos?(wot + 6)

wy (t) = 1Liz(t) = (lez(O) +1Li2(t)) sin®(wot + 6)
L 2 2 2 0

-

[ v(t) = Acos(wot + 6)

p The total energy doesn’t change
. c .
i(t) = \/;Asm(a)ot + 0)

1 1
w(t) = we(t) + wi(t) = ECUZ (0) + ELlZ (1)
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| Example 6: Source free LC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change after the switch is turned on.

_’_i(g/o_ Av(t)i
ot o8, NN /N
\VARVARN

RO

\i(t):\/%/lsin(wot+9) /\/w_/\ /\
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" | Outlines

= 1st order circuit
o Source free RC circuit

o Source free RL circuit

o Pulse response

= 2nd grder circuits
o Source free LC circuit

o Source free RLC circuit

3/27/20 Milin Zhang, Dept of EE, Tsinghua University
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" | Example 7: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change.

O
e\ oy = According to KCL
+
v(t) == dv(t
_ C % L i(t) =—-C di)

=  According to KVL

di(t)

0
dt

—v(t)+i()R+ L

d?v(t) Rdv(t) 1
az T ar Trcvw=0

3/27/20 Milin Zhang, Dept of EE, Tsinghua University



" | Example 7: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change.

i(t)
D MW— d’v(t)  Rdv(®) 1 ) =0
* dtz L dt LC T

"o ¢ % L

= Step la: Find the particular integral solution v, (t)

Assume v, (t) = A
= Step 1b: substitute v, (t) to the equation

1
—A = =
I 0 > A=0
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" | Example 7: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change.

i(t)
D MW— d’v(t)  Rdv(®) 1 ) =0
* dtz L dt LC T

"o ¢ % L

= Step 2a: find the homogeneous equation

d?v(t) Rdv(t) 1
g ) — Q +—v() =0
Particular integral solution dt L dt LC

vp(t) =0 = Step 2b: find the complementary solution v,(t) to
the homogeneous equation

v.(t) = K e51t + K,eS2t

R

= — [72 — 2{0_) = —

9 Sl Cw0+w0 ( 1 Where 0 1L
52=_(0)0_(U0\/(2_1 wg:_
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" | Example 7: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change.

i(t)
W d>v(t) Rdv(®) 1 6 =0
+ dtz L dt e T
v(t) == =
_ C L
= Step 3a: find the value of v(0) and dv(t)|
dt lt=0
Particular integral soluti
AreiaT IR Ta oTHHen = Step 3b: substitute v(0) and dv(t)| to v(t)
v,(t) =0 dt li=g
Complementary solution ~
v.(t) = Kje51t + K,eS2t v(0) =K, + K,
— / 2 _
Where o1 = = + o {2 ; ) dv(t) i(0)
Sz = —Cwo — woy¢° — 1 dt :K1$1+K252 = —T
R L t=0

1
andw0=ﬁ,(=

Za)oL

Full solution v(£) = v, (t) + vc(t) K, and K, can be solved
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" | Example 7: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change.

W A DISCUSSION ON ¢
+
v(t) =— % = If{ =1 critically damped
— C L
2> 5=5 =—(w,
Particular integral solution vc(t) — Kle—Zwot + Kzte—(wot
v,(t) =0
Complementary solution = |f{ > 1 - overdamped
v.(t) = Kje51t + K,eS2t
S, = —Cwg — wo\/ﬁ

R The response is the sum of two decaying exponentials

2(1)0L

1
andw0=ﬁ,(=

Full solution v(t) = v, (t) + v (t)
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" | Example 7: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change.

i(t)
W A DISCUSSION ON {
+
v(t) == % = |f { <1 - underdamped
— C L
§; = —Cwo + jwey1 = {7
Particular integral solution S, = —(wy — jwg /1 _ (2
v,(t) =0
Complementary solution Define  wyq = woy/1— J=

v.(t) = Kje51t + K,eS2t

Sl = _{(I)O + (1)0\/{2 - 1
Where . _

S; = —wg — wp/{* — 1 The response is an exponentially damped
R oscillatory response

2(1)0L

v.(t) = e S@ot[A; cos(wyt) + A, sin(wyt)]

1
andw0=ﬁ,(=

Full solution v(t) = v, (t) + v (t)
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" | Example 7: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change.

i(t)
W A DISCUSSION ON ¢

"o ¢ % L

If { < 1 = underdamped

If { = 1 => critically damped

If { > 1 - overdamped

Particular integral solution

v,(t) =0

Complementary solution v(t) /
— st syt
velt) = Kaem o+ e critically damped
Where S1 = —{wo + wey/§? — 1 /
S; = —{wy — we/{* — 1 \//\\/A s t

\ underdamped
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R
2(1)0L

1
anda)0=\/T_C,{=

Full solution v(t) = v, (t) + v (t)



" | Example 7: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the

inductor change.

O
pr—\ A
+
v(t) =
T T

d?v(t) Rdv(t) 1
T +Ev(t)_0

Solution:  v(t) = Kleslt + KZeSZt

$1=—Cwy +0)0\/(2 -1
Where
S; = —(wg — we/(* — 1

and wy = — ¢ = .
07 VLc'> = 2w,L

3/27/20

v.(t) = e $@ot[A; cos(wyt) + A, sin(wyt)]

Define DAMPING FACTOR a = Z’iL
Define RESONATE FREQUENCY g = %C
Define DAMPING RATIO {=—=
Wy 2wqoL
A v(t) I
.
N @a / p—at
/\\:\/—,z—s- >
\/
Ve
7’
Ve

Milin Zhang, Dept of EE, Tsinghua University



" | Outlines

= 1st order circuit
o Source free RC circuit

o Source free RL circuit

o Pulse response

= 2nd grder circuits
o Source free LC circuit

o Source free series RLC circuit

o Source free series parallel circuit

3/27/20 Milin Zhang, Dept of EE, Tsinghua University
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" | Example 8: parallel connected RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change.

i = According to KCL
+
OE= = dv(t) wv(t) 1 [t
_ C L — —
C 7 + B +Lf_oov(t)dt
d?v(t) 1 dv(t) 1
dt2 T RC dt +LCv(t)_0
N I T |
! ——AA— = Series connected RLC circuit |
N i
- v == % d?v(t) Rdv(t) 1
e L ()+— ()+ v(t) = |
i dt? L dt ' LC |
3/27/20
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" | Example 8: parallel connected RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the

inductor change.

"o ¢ % L

dzv(t)_l_ 1 dv(t)
dt? RC dt L

v(t) =0

Solution: v(t) = K,e%1t + K,e52t

Sl = _((1)0 +(U0\/(2 —1
S; = —(wg — wg/{* — 1

and w —,( = !
0= \/ 2woRC

Where

—> i(t) R
-

+
v(t) == é
C L

d?v(t) LR R dv(t)
dt? L dt L

v(t) =0
Solution: v(t) = K et + K,e52t

§1 = —{wo + wo /(> — 1
S; = —{wy — wg/{* — 1

R
2(1)0L

Where

andwo—F (=
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" | Outlines

= 1st order circuit
o Source free RC circuit

o Source free RL circuit

o Pulse response

= 2nd order circuits
o Source free LC circuit
o Source free series RLC circuit
o Source free series parallel circuit

o Response of RLC circuit

3/27/20 Milin Zhang, Dept of EE, Tsinghua University
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" | Example 9: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change with an input voltage of step function.

N O

=  According to KVL
+
—= v(t) di(t)
Vs C - —v(t) +i(t)R + LT Vs

d?v(t) Rdv(t) 1 Vs

> — =

vs(®) az 1 ar Tet®T o

Ve b
>t

3/27/20 Milin Zhang, Dept of EE, Tsinghua University

62



" | Example 9: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change with an input voltage of step function.

N O

+
— v(1)
Vs C _
= According to KVL
di(t)
—v(t) +i(tH)R + L— Vs
dt
d?v(t) Rdv(t) 1 Vs
> — = —
a2 Trar Tt T
3/27/20

—> i(t) R
-

+
v(t) == é
C L

d?v(t) LR R dv(t)
dt? L dt L

v(t) =0
Solution: v(t) = K et + K,e52t

§1 = —{wo + wo /(> — 1
S; = —{wy — wg/{* — 1

and w —,( = X
0= \/ 2woL

Where
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" | Example 9: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change with an input voltage of step function.

-t g d2v(t) Rdv(t) 1 V.
® Rdv® 1 Ve
4 dt? L dt LC LC
—— v(t)
Vs ¢ - = Step la: Find the particular integral solution v, (t)
Assume v, (t) = A
A vs(t)
Vs = Step 1b: substitute v, (t) to the equation
1 Vs
> ¢ 4 =5 _
T 7 A=
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" | Example 9: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change with an input voltage of step function.

— i R

— v(1)

Particular integral solution
Up (t) = VS
Complementary solution

v.(t) = K e51t + K,eS2t

Sl = _((UO +(l)0\/(2 - 1
Where
S; = —(wy — wo/{* — 1

R

1 =
JvLC'’ 2wol

and wy =

Full solution v(t) = v, (t) + v.(t)

v(t) == é
C L

—> i(t) R
-

Particular integral solution
v,(t) =0
Complementary solution

v.(t) = K et + K,eS2t

51 = _((1)0 +(U0\/(2 - 1
Where
S; = —{wy — wo/{* — 1

R

1 7=
JVLC' 2woL

and wy =

Full solution v(t) = v, (t) + v.(t)

3/27/20 Milin Zhang, Dept of EE, Tsinghua University

65



" | Example 9: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change with an input voltage of step function.

— i@ g
— WA

+
v(t) == é
C L

N O

—— v(t)

v(t) underdamped

overdamped
critically damped P

critically damped

7

underdamped

/\VA

VAL
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" | Example 9: source free RLC circuit

QUESTION: Find how the voltage on the capacitor and the current through the
inductor change with an input voltage of step function.

N O

+ v(t) = Vs + e S@ot[A; cos(wyt) + A, sin(wyt)]
C== v(t) WJ \ v )
Vs _
Steady state response + Transient response
(forced response) (natural response)
v(t) underdamped

== Complete Response
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" | Outlines

= How to analyze 15t/2"d order circuit in time domain?

o Write the circuit equation according to KVL/KCL

o Solve the differential equation

3/27/20

Step 1a: Find the particular integral solution v, (¢)
Step 1b: substitute v, (t) to the equation to solve the unknown
Step 2a: find the homogeneous equation

Step 2b: find the complementary solution v.(t) to the
homogeneous equation

Step 3a: find the initial voltage/current values

Step 3b: substitute the initials to the full solution to solve the
unknown
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" | Reading tasks & learning goals

= Reading tasks
o Basic Engineering Circuit Analysis, 10t edition
* Chapter 7
" |Learning goals

o Be able to calculate initial values for inductor currents & capacitor
voltages in transient circuits

o Be able to calculate V/I in 1%t order transient circuit
o Be able to calculate V/I in 2" order transient circuit

o Know what is time constant, steady state response, transient
response, complete response
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