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ES

�ÅCþX�.¼C�

E(e−λX ), λ > 0.

�ÅCþX�Ý1¼ê£�e¡¤

E(eλX ), −∞ < λ < ∞.

�ÅCþX�A�¼ê

E(e iλX ), −∞ < λ < ∞.

±þÑ´�ÅCþXC���Ï"§=©O´e−λX!eλX!eiλX�Ï"§

¦�þ´Cþλ�¼ê"¢S¥¦^=�§�wþ¡È©½?ê´Ä�3"
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ES

Bernoulli©Ù:

VÇ�þ¼ê£½VÇ©Ù¤µ

P(X = 1) = p, P(X = 0) = 1 − p.

Ï"Ú��µ

E(X) = p, σ2(X) = Var(X) = pq£q = 1 − p¤.

)¤¼êµ

g(z) = q + pz.
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ES

��ª©Ù:�½��ênÚp ∈ [0, 1].

VÇ�þ¼ê£½VÇ©Ù¤µ

P(X = k ) =
(
n
k

)
pk (1 − p)n−k , k = 0, 1, · · · , n.

Ï"Ú��µ

E(X) = np,σ2(X) = npq.

)¤¼êµ

g(z) = (q + pz)n.
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ES

Poisson©Ù:�½α > 0.

VÇ�þ¼ê£½VÇ©Ù¤µ

P(X = k ) =
e−α

k !
αk , k = 0, 1, · · · .

Ï"Ú��µ

E(X) = σ2(X) = α.

)¤¼êµ

g(z) = eα(z−1).
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ES

Poisson4�½Æ:

lim
n→∞

(
n
k

) (
α

n

)k (
1 −

α

n

)n−k
=
αk

k !
e−α.

y²g�µ-bk (n) := (n
k)

(
α
n

)k (
1 − α

n

)n−k
"

ky²limn→∞ b0(n) = limn→∞

(
1 − α

n

)n
= e−α"

2y²limn→∞
bk+1(n)
bk (n)

= α
k+1§?
4íy²

lim
n→∞

bk (n) =
α

k
lim

n→∞
bk−1(n) =

αk

k !
e−α.
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ES

Poisson4�½Æ:

lim
n→∞

(
n
k

) (
α

n

)k (
1 −

α

n

)n−k
=
αk

k !
e−α.

y²�{2£��y²¤µ(
n
k

) (
α

n

)k (
1 −

α

n

)n−k
=

n!
k !(n − k )!

·
αk

nk

(
1 −

α

n

)n−k

=
αk

k !

(
1 −

α

n

)n
·

n(n − 1) · · · (n − k + 1)
nk

·

(
1 −

α

n

)−k

→
αk

k !
e−α.

y."
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ES

Stirlingúª:

lim
n→∞

n!en

nn+1/2
=
√

2π.

=

n! ∼
√

2πnn+1/2e−n =
(
ne−1

)n √
2πn.
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8UÌ�SN

8UÌ�SN:

Laplace½n"

��©Ù"

¥%4�½n"
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½n1

½n1µ�0 < p < 1§q = 1 − p§A > 0§|xnk | ≤ A§Ù¥

xnk =
k − np
√

npq
, 0 ≤ k ≤ n.

K�n → ∞§e�4�¤á(
n
k

)
pk qn−k ∼

1√
2πnpq

e−x2
nk /2.

£ù´|^Stirlingúª�È©¯K¤"

yµduk = np +
√

npqxnk§n − k = nq −
√

npqxnk§��

k ∼ np, n − k ∼ nq.
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½n1

dStirlingúª(
n
k

)
pk qn−k =

n!
k !(n − k )!

pk qn−k

∼

(
ne−1

)n √
2πnpk qn−k

(ke−1)k √2πk ((n − k )e−1)n−k √
2π(n − k )

=

√
n

2πk (n − k )
ϕ(n, k ) ∼

√
1

2πnpq
ϕ(n, k ),

ùp5¿k ∼ np§Ù¥,

ϕ(n, k ) =
(np

k

)k ( nq
n − k

)n−k
.

|^TaylorÐmª�Oϕ(n, k ):

log(1 + x) = x −
x2

2
+ · · ·+ (−1)n−1 xn

n
+ · · · , |x | < 1.
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½n1

log
(np

k

)k
= k log

(
1 −
√

npqxnk

k

)
= k

− √npqxnk

k
−

npqx2
nk

2k 2
− · · ·

 ,
log

( nq
n − k

)n−k
= (n − k ) log

(
1 +

√
npqxnk

n − k

)
= (n − k )

 √npqxnk

n − k
−

npqx2
nk

2(n − k )2
+ · · ·

 ,
��e�^�÷v ∣∣∣∣∣∣

√
npqxnk

k

∣∣∣∣∣∣ < 1,

∣∣∣∣∣∣
√

npqxnk

n − k

∣∣∣∣∣∣ < 1.

�|xnk | ≤ A��k.§�k ∼ np§¤±T^�é¿©�n¤á"
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½n1

þ¡üª�\�,

logϕ(n, k ) = log
(np

k

)k
+ log

( nq
n − k

)n−k
∼ −

npqx2
nk

2k
−

npqx2
nk

2(n − k )

∼ −
n2pqx2

nk

2k (n − k )
∼ −

x2
nk

2
,

¤±�

ϕ(n, k ) ∼ e−
x2
nk
2 .

y..
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De Moivre-Laplace½n

½nµ��M1�¡Ñy�VÇ�0 < p < 1§�¡Ñy�VÇ�q§

SnL«�ngM1�¡Ñy�gê§Ké?¿¢ê−∞ < a < b < +∞§

lim
n→∞

P

(
a <

Sn − np
√

npq
≤ b

)
=

1
√

2π

∫ b

a
e−x2/2dx.

yµ-xk = xnk = k−np
√

npqXþ§K�>VÇ�∑
a<xnk≤b

P(Sn = k ) =
∑

a<xnk≤b

(
n
k

)
pk qn−k .

dc��½n�: (
n
k

)
pk qn−k ∼

1√
2πnpq

e−
x2
k
2 .
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De Moivre-Laplace½n£Y¤

5¿�

xk+1 − xk =
1
√

npq
.

�k ∑
a<xnk≤b

P(Sn = k ) ∼
1
√

2π

∑
a<xk≤b

e−
x2
k
2 (xk+1 − xk )

∼
1
√

2π

∫ b

a
e−

x2
2 dx. (��o?)

y."
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��©Ù(normal distribution)

�Ý¼ê�

ϕ(x) =
1
√

2π
e−x2/2, −∞ < x < +∞,

�©Ù¡���©Ù§Ù©Ù¼ê�

Φ(x) := P(X ≤ x) =
∫ x

−∞

ϕ(t)dt =
1
√

2π

∫ x

−∞

e−t2/2dt .

��©Ù�¡�Gauss©Ù§½Laplace-Gauss©Ù,��"�y�e:∫ ∞

−∞

ϕ(x)dx =
1
√

2π

∫ ∞

−∞

e−t2/2dt = 1.
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��©Ù£Y¤

�Ý¼êϕ(x) = 1√
2π

e−x2/2 ÷ve�5�:

é¡5µϕ(−x) = ϕ(x)§=�ó¼ê"�y

2Φ(x) − 1 = Φ(x) −Φ(−x) =
∫ x

−x
ϕ(t)dt .

¯¢þ§

Φ(x) =
∫ x

−∞

ϕ(t)dt =
∫ ∞

−x
ϕ(t)dt ,∫ ∞

−∞

ϕ(t)dt = 1,

2Φ(x) − 1 =

∫ ∞

−x
ϕ(t)dt +

∫ x

−∞

ϕ(t)dt − 1 =

∫ x

−x
ϕ(t)dt .
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��©Ù£Y¤

Ã¡��5: ���êϕ(k )(x)�3"�y: é?Ûx > 0,

1 −Φ(x) =
∫ ∞

x
ϕ(u)du ≤

ϕ(x)
x

=
e−x2/2

√
2πx

.

o�þ�1µ
∫ ∞
−∞

ϕ(x)dx = 1.
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��©Ù£Y¤

�,öSµ (1). O�ÙåÝ)¤¼ê(moment-generating

function)½Ý1¼ê:

M(θ) = E(eθX ) =
∫ ∞

−∞

eθuϕ(u)du.

(2). O�ÙåÝ:

m(n) = E(Xn) =

∫ ∞

−∞

unϕ(u)du, n = 0, 1, 2, · · · .
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��©Ù£Y¤

�Yµ (1).M(θ) = E(eθX ) =
∫ ∞
−∞

eθuϕ(u)du = eθ
2/2"¯¢þ§

E(eθX ) =

∫ ∞

−∞

eθuϕ(u)du =

∫ ∞

−∞

eθu ·
1
√

2π
e−

u2
2 du

=
1
√

2π

∫ ∞

−∞

eθu−
u2
2 du £|^θu −

u2

2
= −

1
2
(u − θ)2 +

θ2

2
¤

=
eθ

2/2

√
2π

∫ ∞

−∞

e−
1
2 (u−θ)

2
du £-x = u − θ¤

=
eθ

2/2

√
2π

∫ ∞

−∞

e−
1
2 x2

dx

= eθ
2/2.

£ù´X{�È©O�¤
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��©Ù£Y¤

�Yµ (2). åÝ: m(2n−1) = 0, m(2n) =
(2n)!
2nn!"¯¢þ§

E(X2n−1) =

∫ ∞

−∞

u2n−1 ·
1
√

2π
e−u2/2du = 0£Ï��È¼ê´Û¼ê¤

E(X2n) =

∫ ∞

−∞

u2n ·
1
√

2π
e−u2/2du

=
2
√

2π

∫ ∞

0
u2ne−u2/2du£�C�u =

√
2x¤

=
2n

√
π

∫ ∞

0
xn− 1

2 e−xdx =
2n

√
π

Γ(n +
1
2
)

=
2n

√
π
· (n −

1
2
)(n −

3
2
) · · ·

1
2

Γ(
1
2
) ^úªΓ(α+ 1) = αΓ(α)

= 2n(n −
1
2
)(n −

3
2
) · · ·

1
2
=

(2n)!
2nn!

.
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��©Ù£Y¤

½Âµé?¿¢êmÚ?¿σ > 0§¡�ÅCþXäk��©

ÙN(m,σ2)§XJC/��ÅCþ

X∗ =
X −m
σ

Ñlü ��©Ù§=äk©Ù¼êΦ:

Φ(x) := P(X∗ ≤ x) =
∫ x

−∞

ϕ(t)dt =
1
√

2π

∫ x

−∞

e−t2/2dt .

�m = 0,σ = 1�§X∗ = X´�5�ü ��©Ù"

X��Ý¼ê�

1
√

2πσ
exp

(
−
(x −m)2

2σ2

)
=

1
σ
ϕ
(x −m

σ

)
.
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��©Ù£Y¤

¯¢þ§X�©Ù¼ê�

F(x) = P(X ≤ x) = P

(
X∗ ≤

x −m
σ

)
=

∫ x−m
σ

−∞

ϕ(u)du =
1
√

2π

∫ x−m
σ

−∞

e−u2/2du,

¦F����êµ

F ′(x) =
1
√

2πσ
exp

(
−
(x −m)2

2σ2

)
,−∞ < x < ∞.

d�X��Ý¼ê§�y"

yO�X�Ý1¼êµ

MX (θ) = E
(
eθX

)
= E

(
eθ(m+σX∗)

)
= emθE

(
e(θσ)X∗

)
= emθM(σθ) = emθ+σ2θ2/2.

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 11� 8F 23 / 43



��©Ù£Y¤

½nµ��ÅCþXjÕá§äk��©ÙN(mj,σ
2
j )§K

X1 + X2 + · · ·+ Xn

äk��©ÙN(m1 + · · ·+ mn,σ
2
1 + · · ·+ σ2

n).

y²µ=�Ä�¹n = 2"dÕá5§

MX1+X2(θ) = MX1(θ)MX2(θ) = em1θ+σ2
1θ

2/2em2θ+σ2
2θ

2/2

= e(m1+m2)θ+(σ2
1+σ

2
2)θ

2/2

Ú��©ÙN(m1 + m2,σ
2
1 + σ2

2)�åÝ)¤¼ê��§2d��5�y

£=eü�ÅCþ�åÝ)¤¼ê��§K§��VÇ©Ù�Ó¤"
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¥%4�½n(Central limit theorem)

�Xj´Õá�Bernoulli�ÅCþ§-

Sn = X1 + · · ·+ Xn, n ≥ 1.

�E(Xj) = p,σ2(Xj) = pq§�E(Sn) = np,σ2(Sn) = npq"-

X∗j =
Xj −E(Xj)

σ(Xj)
; S∗n =

Sn −E(Sn)

σ(Sn)
=

1
√

n

n∑
j=1

X∗j .

K

E(X∗j ) = 0, σ(X∗j ) = 1,

E(S∗n) = 0, σ(S∗n) = 1.
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¥%4�½n(Central limit theorem)

´�

P(Sn = k ) = P(S∗n = xnk ) = P

(
S∗n =

k − np
√

npq

)
=

(
n
k

)
pk qn−k .

-P(S∗n ≤ x) = Fn(x)"dDe Moivre-Laplace½n

lim
n→∞

(Fn(b) − Fn(a)) =
1
√

2π

∫ b

a
e−t2/2dt .

���§�{Xj, j ≥ 1}´Õá�äk�Ó©Ù��ÅCþ£Ø�½

´Bernoulli©Ù¤"-E(Xj) = m,σ2(Xj) = σ2,Ù¥0 < σ < ∞"
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¥%4�½n£Y¤

�Sn,S∗nXc§=

Sn = X1 + · · ·+ Xn, S∗n =
Sn −E(Sn)

σ(Sn)
.

�

E(Sn) = nm,σ2(Sn) = nσ2.

Ó�§-

X∗j =
Xj −E(Xj)

σ(Xj)
; S∗n =

Sn −E(Sn)

σ(Sn)
=

1
√

n

n∑
j=1

X∗j .

K��¤áe�ªfµ

E(X∗j ) = 0, σ(X∗j ) = 1,

E(S∗n) = 0, σ(S∗n) = 1.
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¥%4�½n£Y¤

½n£¥%4�¤µ�Sn,m,σ2 Xþ§Ké?¿¢ê

−∞ < a < b < +∞§

lim
n→∞

P

(
a <

Sn − nm
√

nσ
≤ b

)
=

1
√

2π

∫ b

a
e−x2/2dx.

yµky��ÚnÚ��½n"
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Ún1

Ún1µ��ÅCþX÷vE(X) = 0,σ2(X) = 1§KA�¼êh÷v

h(θ) = 1 −
θ2

2
(1 + ε(θ))

Ù¥limθ→0 ε(θ) = 0. £ù´X�È©¯K"¤

yµdTaylorÐm�

h(θ) = h(0) + h′(0)θ+
h′′(0)

2
θ2(1 + ε(θ)).

�h(θ) = E(e iθX )§/ª�©

h′(θ) = E(e iθX iX), h′′(θ) = E(e iθX (iX)2).

h′(0) = 0, h′′(0) = −1.�\"y."
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½n

½nµ�ψn(θ) = E(e iθS∗n )´S∗n�A�¼ê§�éz�θ,

lim
n→∞

ψn(θ) = e−θ
2/2,

=�ÅCþS∗n�A�¼êψn(θ)Âñ�ü ��©Ù�A�¼êe−θ
2/2§

Kéz�¢êx,

lim
n→∞

Fn(x) = lim
n→∞

P(S∗n ≤ x) =
1
√

2π

∫ x

−∞

e−u2/2du = Φ(x),

=�ÅCþS∗n�©Ù¼êFn(x) = P(S∗n ≤ x)Âñ�ü ���©Ù¼

ê"

y²�¨Öp.235£Ñ¤"

d½n`²µe�ÅCþ{Yn}�A�¼êÂñü ���A�¼ê§

K{Yn}�©Ù¼ê�Ó�Âñ�ü ���©Ù¼ê"
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¥%4�½n�y²

yµ�ÄS∗n�A�¼ê§¿|^kÕá5:

E
(
e iθS∗n

)
= E

(
e iθ(X∗1+···+X∗n )/

√
n
)
= hn(θ/

√
n),

Ù¥h�X∗1�A�¼ê"dÚn§�n → ∞§

hn(θ/
√

n) =
(
1 −

θ2

2n
(1 + ε(θ/

√
n))

)n

→ e−θ
2/2,

¤±§

lim
n→∞

E
(
e iθS∗n

)
= e−θ

2/2

d4�¼êÚü ��©Ù�A�¼ê��"2|^c¡½n§ÙéA

�©Ù¼êFn Âñ�ü ��©Ù�©Ù¼êΦ"y."
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¥%4�½n£Y¤

¥%4�½n��¤

P
(
x1σ
√

n < Sn −mn < x2σ
√

n
)
≈ Φ(x2) −Φ(x1).

½ö£-x2 = x, x1 = −x¤

P
(
|Sn −mn| < xσ

√
n
)
≈ Φ(x) −Φ(−x) = 2Φ(x) − 1.
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~f

~Kµuÿ¤ì�°(5kØ�§Ø�´�ÅCþ§�Ñ

l[−1, 1]þ!©Ù"�nguÿ��²þ�§¯Ù�°(���δ�VÇ

´õ�º

��µnguÿ�

Ø��µ°(�

8�µ�ÏLuÿ��°(�§�zguÿkØ�§uÿ��UØ

��"
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)�

)µ�°(��m§uÿ��Xj, 1 ≤ j ≤ n,Ø���ξj§

KXj = m + ξj"Ø��ξj��Ý¼ê�f(u) = 1
2 ,−1 ≤ u ≤ 1"�

E(ξj) =

∫ 1

−1
x ·

1
2

dx = 0, σ2(ξj) = E(ξ2
j ) =

∫ 1

−1

x2

2
dx =

1
3
.

u´, E(Xj) = m, σ2(Xj) =
1
3"�O�P (|Sn/n −m| < δ)"

d¥%4�½n§TVÇ�u

P (|Sn/n −m| < δ) = P
(
|(Sn −mn)/

√
n/3| < δ

√
3n

)
≈ 2Φ(δ

√
3n) − 1.
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)�

~X§n = 25, δ = 1/5§£Á¼ê

Φ(x) := P(X ≤ x) =
∫ x

−∞

ϕ(t)dt =
1
√

2π

∫ x

−∞

e−t2/2dt .

u´§

2Φ(δ
√

3n) − 1 ≈ 2Φ(1.73) − 1 = 2 ∗ 0.95818 − 1 ≈ 0.92,

ùpO�£½�L¤

Φ(1.73) =
1
√

2π

∫ 1.73

−∞

e−t2/2dt ≈ 0.95818.

)."
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SKù)

P. 200,138KµLet Sn = T1 + · · ·+ Tn, where the Tj ’s are

independent random variables all having the density λe−λt . Find the

Laplace transform of Sn, and identify the distribution of Sn.£'�:µ

¦ÑSn��Ý¼ê¤

)µ¯¢þ§

z��ÅCþTj�LaplaceC��:é?¿µ ≥ 0,

E(e−µTj ) =

∫ ∞

0
e−µt {λe−λt }dt =

λ

λ+ µ
.

|^Õá5§Sn�LaplaceC��

E(e−µSn) = E(e−µ(T1+···+Tn)) = E(e−µT1) · · ·E(e−µTn) =
(

λ

λ+ µ

)n
.
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SKù)

,��¡§eSn��Ý¼ê�f§K

E(e−µSn) =

∫ ∞

0
e−µt f(t)dt 


µ−n =
1

(n − 1)!

∫ ∞

0
tn−1e−µtdt ∀µ > 0.

��, ∀µ > 0,∫ ∞

0
e−µt f(t)dt = E(e−µSn) =

(
λ

λ+ µ

)n
=

λn

(n − 1)!

∫ ∞

0
tn−1e−(λ+µ)tdt

=

∫ ∞

0
e−µt

{
λn

(n − 1)!
tn−1e−λt

}
dt

dLaplaceC����5£�e¡¤�§f(t) = λn

(n−1)! t
n−1e−λt"
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SKù)

��§Sn�©Ù�

P(a < Sn < b) =
∫ b

a
f(t)dt =

λn

(n − 1)!

∫ b

a
tn−1e−λtdt .

)."

LaplaceC����5µef , g÷v,«O�5^�£XØ�L�ê

O�¤§�§��LaplaceC��Ó§=∫ ∞

0
e−µt f(t)dt =

∫ ∞

0
e−µtg(t)dt , ∀µ > 0,

Kf = g.
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K8ù)£,�«){¤: P. 197,124K

K8µ>f���¦^Æ·Ñl�ê�Ýλe−λt £ü µ��¤§®

�>f��®²¦^
n���§¯��±²þ¦^õ��mº£dK¦

^�Ï"¤

)µeX���K��ëY�ÅCþ§K

E(X) =

∫ ∞

0
P(X ≥ u)du.

þg�Yµ

E(T |T > n) =
∫ ∞

0
P(T > n + t |T > n)dt =

∫ ∞

0
P(T > t)dt

=

∫ ∞

0
e−λtdt =

1
λ
,

Ù¥P(T > t) =
∫ ∞

t f(u)du =
∫ ∞

t λe−λudu = e−λt"
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K8ù)£,�«){¤

){�µ�TL«>f���¦^Æ·§´���ÅCþ§�Ý¼

ê�f(u) = λe−λu, u > 0"-

X =

 n, T ≤ n,

n + T , T > n,

§L«®²¦^
n����>f���¦^Æ·§�´���ÅCþ§

�P(X < n) = 0"�¦

E(X) − n,

=�¦>f��2�±²þ¦^õ��m"¯¢þ§

E(X) =

∫ ∞

0
P(X ≥ u)du =

∫ n

0
P(X ≥ u)du +

∫ ∞

n
P(X ≥ u)du.
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K8ù)£,�«){¤

y©OO�þãü�"1��∫ n

0
P(X ≥ u)du =

∫ n

0
(1 −P(X < u))du =

∫ n

0
(1 − 0)du = n,

Ï��u ≤ n�§P(X < u) ≤ P(X < n) = 0"Ó�§1��∫ ∞

n
P(X ≥ u)du =

∫ ∞

n
P(n + T ≥ u)du =

∫ ∞

n
P(T ≥ u − n)du

=

∫ ∞

0
P(T ≥ t)du£�C�t = u − n¤

=

∫ ∞

0
e−λtdu =

1
λ
,

ùp^��u ≥ n�§dX�½Â§X = n + T§�

P(X ≥ u) = P(n + T ≥ u).
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K8ù)£,�«){¤

l
§

E(X) =

∫ n

0
P(X ≥ u)du +

∫ ∞

n
P(X ≥ u)du = n +

1
λ
.

¤±§>f��2�±²þ¦^

E(X) − n = n +
1
λ
− n =

1
λ
£��¤"

)."

��g�Kµ¦�ÅCþX��Ý¼êº

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 11� 8F 42 / 43



��

19±��£¨Ö¤

P. 247-248µ110§12§13§15§16, 17K.
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