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ES

��µσ2(X) := E
{
(X −E(X))2

}
§½�d/

σ2(X) = E(X2) − [E(X)]2 .

m��¡� �µL«�ÅCþ�Ùþ��m�²þØ�"

X1, · · · ,XnÕáµK

σ2(X1 + · · ·+ Xn) = σ2(X1) + · · ·+ σ2(Xn)

���(covariance)µCov(X ,Y) = E(XY) −E(X)E(Y)"

'éXêµρ(X ,Y) =
Cov(X ,Y)
σ(X)σ(Y)

=
E(X0Y0)

√
E{(X0)2}E{(Y0)2}

§

�ρ(X ,Y) ∈ [−1, 1]"
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ES

Cauchy-Schwarz inequalityµ[E(XY)]2 ≤ E(X2)E(Y2)"

l�È©*:µeX ,Yþ�ëY�ÅCþ§K

[E(XY)]2 =

(∫ ∫
uvf(u, v)dudv

)2

≤

{∫ ∫
u2f(u, v)dudv

}
·

{∫ ∫
v2f(u, v)dudv

}
=

{∫
u2fX (u)du

}
·

{∫
v2fY (v)dv

}
= E(X2) ·E(Y2)

��Cauchy-SchwarzØ�ªµé?¿£²�¤�È¼êf , g,(∫
f(x)g(x)dx

)2

≤

∫
f2(x)dx ·

∫
g2(x)dx.
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ES

õgõ�ª(multinomial)µ

(x1 + x2 + · · ·+ xr)
n =

∑
k1+···+kr=n

n!
k1!k2! · · · kr !

xk1
1 xk2

2 · · · x
kr
r .

)¤¼êµ g(z) = E
(
zX

)
"

eX´lÑ�§K

g(z) =
∑
j≥0

P(X = j)z j =
∞∑

j=0

ajz j .

eX´ëY�!äk�Ý¼êf ,K

g(z) =
∫ ∞

−∞

zuf(u)du.

)¤¼ê�5�µ

E(X) = g′(1), E(X2) = g′(1) + g′′(1).
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ES

e�ÅCþX1, · · · ,XnÕá§)¤¼ê©O�g1, · · · , gn§KÙ

ÚX1 + · · ·+ Xn�)¤¼ê�g = g1 · · · gn"

LaplaceC�£e¡�ã¤µ

E(e−λX ) =

∫ ∞

−∞

e−λuf(u)du,

¡��ÅCþX�.¼C�"

FourierC�£e¡�ã¤µ

E(e iθX ) =

∫ ∞

−∞

e iθuf(u)du,

¡��ÅCþX�A�¼ê"
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LaplaceC�(transform):£þg¢3SN¤

�X´?¿�ÅCþ§�Ý¼ê�f"-λ ≥ 0§�Ä��#�­�

�ÅCþe−λX"êÆÏ"E(e−λX )£=X�.¼C�¤µ

E(e−λX ) =

∫ ∞

−∞

e−λuf(u)du.

m>È©¡�¼êf�LaplaceC�§=L(f)(λ) :=
∫ ∞
−∞

e−λuf(u)du"

eλ = −iθ�Eê§K

E(e iθX ) =

∫ ∞

−∞

e iθuf(u)du,

�¼êf�FourierC�"¼êE(e iθX )3VÇØ¥¡��ÅCþX�A�

¼ê(characteristic function)"
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LaplaceC�(transform)

�,öS:

¦¼êf(u) = u−α(u > 0) (α = 1
2 )�LaplaceC�"

¦Gauss¼êf(u) = e−u2/2(−∞ < u < ∞)�FourierC�"
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LaplaceC�(transform)

�Yµ

¼êf(u) = u−α(u > 0)�LaplaceC��

L(f)(λ) =
∫ ∞

0
e−λuu−αdu

=

∫ ∞

0
e−x

(x
λ

)−α dx
λ

(-x = λu)

= λα−1Γ(1 − α), λ > 0,

Ù¥Gamma¼êΓ(α) =
∫ ∞

0 xα−1e−xdx"
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�Y

�Yµ

Gauss¼êf(u) = e−u2/2(−∞ < u < ∞)�FourierC��

F(λ) =
∫ ∞

−∞

e iθue−u2/2du =
√

2πe−θ
2/2.

¯¢þ§|^e¡úªµé?¿¢êξ,∫ ∞

−∞

e−(iξ+x)2
dx =

∫ ∞

−∞

e−x2
dx =

√
π.

5µd�øyK1§0.4©§�J��18±øyKI�"

¤±§·��

F(λ) =
∫ ∞

−∞

e iθue−u2/2du = e−θ
2/2

∫ ∞

−∞

e−(u/
√

2−iθ/
√

2)
2

du

= e−θ
2/2

∫ ∞

−∞

e−u2/2du =
√

2πe−θ
2/2.

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 11� 1F 9 / 51



8UÌ�SN

Bernoulli©Ù

�g�©Ù

Poisson©Ù

��ù)
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1!Bernoulli©Ù

�X´���ÅCþ§ÙVÇ©Ù�

P(X = 1) = p,

P(X = 0) = q = 1 − p,

X�M1�¡Ñy�VÇ�p§�¡Ñy�VÇ�1 − p"-

X(ω) =

 1, ω =�¡

0, ω =�¡.

KX´���ÅCþ§½Â��8Ü{�¡,�¡}§���8Ü{0, 1}"

E(X) = p,σ2(X) = p(1 − p) = pq.
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1!Bernoulli©Ù£Y¤

VÇ�þ¼ê(probability mass function)��¤

f(k ; p) = P(X = k ) = pk (1 − p)1−k , k = 0, 1.

5µVÇ�þ¼êk��¡�VÇ©Ù§�dVgØÓu©Ù¼ê

£½ö©Ù¤§Ï�©Ù¼ê½Â�

P(X ≤ x).
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2!��ª©Ù(Binomial distribution)

�½����ên§�X1,X2, · · · ,Xn´n�Õá!ÑlBernoulli©Ù

��ÅCþ§-

Sn = X1 + X2 + · · ·+ Xn,

�´���ÅCþ"Xþ¡�M1§8Ü{Sn = k }L«3ngÝ�1¥�

¡Ñyk gù�¯�"ÙVÇ�þ¼ê�

f(k ; n, p) = P(Sn = k )

=

(
n
k

)
pk (1 − p)n−k , k = 0, 1, · · · , n.

AO/f(k ; 1, p)£=n = 1¤�BernoulliVÇ�þ¼ê"O��

E(Sn) = np,σ2(X) = npq.
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2!��ª©Ù

Ù©Ù¼ê�O��E,"¢Sþ§

F(k ; n, p) = P(Sn ≤ k )

= P(Sn = 0) + P(Sn = 1) + · · ·+ P(Sn = k )

=
k∑

j=0

(
n
j

)
p j(1 − p)n−j

= (n − k )
(
n
k

) ∫ 1−p

0
tn−k−1(1 − t)k dt , 0 ≤ k < n.

��g�KµXÛy²����ªº

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 11� 1F 14 / 51



2!��ª©Ù

½Â£��ª©Ù¤µ�½����ênÚp§XJ

P(X = k ) =
(
n
k

)
pk (1 − p)n−k , k = 0, 1, · · · , n.

¡�ÅCþXÑl��ª©ÙB(n, p)§P�

X ∼ B(n, p)

~Kµ�X ∼ B(n, p),Y ∼ B(m, p)�Õá§K

X + Y ∼ B(n + m, p).
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2!��ª©Ù

�{�" ¯¢þ§O��

P(X + Y = k ) =
k∑

j=0

P(X = j)P(X + Y = k |X = j)

=
k∑

j=0

P(X = j)P(Y = k − j|X = j)

=
k∑

j=0

P(X = j)P(Y = k − j)

=
k∑

j=0

(
n
j

)
p j(1 − p)n−j ·

(
m

k − j

)
pk−j(1 − p)m−k+j

=

(
n + m

k

)
pk (1 − p)n+m−k .
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2!��ª©Ù

ùp^��ª
k∑

j=0

(
n
j

)(
m

k − j

)
=

(
n + m

k

)
.

T�ªy²Xeµ(1 + x)n · (1 + x)m = (1 + x)n+mÐm¿'�xk �X

êµ�>Ðm�

n∑
i=0

(
n
i

)
x i ·

m∑
j=0

(
m
j

)
x j =

n∑
i=0

m∑
j=0

(
n
i

)(
m
j

)
x i+j

=
n∑

i=0

m+i∑
k=i

(
n
i

)(
m

k − i

)
xk =

m+n∑
k=0

k∑
i=0

(
n
i

)(
m

k − i

)
xk

m>Ðm�
∑m+n

k=0 (m+n
k )xk"�¤y�ª¤á"y.

�{�"�|^1¼êy².

5µd�øyK2§0.2©§�J��18±øyKI�
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��ª©Ù�4�

��ª©Ù�4�" -

Ak (n, p) =
(
n
k

)
pk (1 − p)n−k , 0 ≤ k ≤ n.

y4p�nCz§=p = pn§AO�pn = α
n§

ak (n) := Ak (n,
α

n
) =

(
n
k

) (
α

n

)k (
1 −

α

n

)n−k
, 0 ≤ k ≤ n.

�4��

lim
n→∞

a0(n) = lim
n→∞

(
1 −

α

n

)n
= e−α.

2O�

ak+1(n)
ak (n)

=
α

k + 1

[(
n − k

n

) (
1 −

α

n

)−1
]
→

α

k + 1
, n → ∞.
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��ª©Ù�4�

®�:

lim
n→∞

a0(n) = e−α, lim
n→∞

ak+1(n)
ak (n)

=
α

k + 1
.

¤±

lim
n→∞

a1(n) =
α

1
lim

n→∞
a0(n) = αe−α,

lim
n→∞

a2(n) =
α

2
lim

n→∞
a1(n) =

α2

1 · 2
e−α,

· · ·

lim
n→∞

ak (n) =
α

k
lim

n→∞
ak−1(n) =

αk

k !
e−α.

Poisson4�½Æ:

lim
n→∞

Ak (n,
α

n
) = πk (α) =

αk

k !
e−α.
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��g�K

��g�Kµelimn→∞ αn = α§K

lim
n→∞

Ak (n,
αn

n
) = lim

n→∞

(
n
k

) (
αn

n

)k (
1 −

αn

n

)n−k
=
αk

k !
e−α.

£5¿µc¡·��αn = αé¤kn ≥ 0¤"ù´X{��È©K8�
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3!Poisson©Ù

Poisson©Ù��.: �½��~êα > 0§�

ak =
e−α

k !
αk , k = 0, 1, 2 · · · ,

K
∑∞

k=0 ak =
∑∞

k=0
e−α
k ! α

k = e−αeα = 1§Ùþ��

∞∑
k=0

kak = e−α
∞∑

k=0

k
k !
αk = αe−α

∞∑
k=1

αk−1

(k − 1)!
= α.

½Â£Poisson©Ù¤µëê�α�Poisson©Ù:

P(X = k ) =
e−α

k !
αk , k ∈ N0,

Ù¥N0 = {0, 1, 2, · · · }��K�ê8"
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Poisson©Ù

�X´Ñlëê�α�Poisson©Ù��ÅCþ§KE(X) = α§)¤

¼ê�

g(z) =
∞∑

k=0

ak zk =
∞∑

k=0

e−α

k !
αk zk = e−αeαz = eα(z−1).

�©üg�

g′(z) = αeα(z−1), g′′(z) = α2eα(z−1).

¤±

E(X) = g′(1) = α,E(X2) = g′(1) + g′′(1) = α+ α2,

σ2(X) = E(X2) −E(X)2 = α.
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Poisson©Ù

½n: ��ÅCþXjÕá§�äkPoisson©Ùπ(αj),

KX1 + · · ·+ XnäkPoisson©Ùπ(α1 + · · ·+ αn)"

y²µ|^)¤¼êy²"-gXi�Xi�)¤¼ê§K

gX1+···+Xn(z) = gX1(z)gX2(z) · · · gXn(z)

= eα1(z−1)eα2(z−1) · · · eαn(z−1)

= e(α1+···+αn)(z−1).

=X1 + · · ·+ Xn�)¤¼ê�Poisson©Ùπ(α1 + · · ·+ αn)�)¤¼ê�

�"d��5�y"
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Stirlingúª

½n£Stirlingúª¤µe�4�¤á

lim
n→∞

n!en

nn+1/2
=
√

2π.

=

n! ∼
√

2πnn+1/2e−n.

~fµ-an =
√

2πnn+1/2e−n§O�£|^O�ì¤

(1). 20!, a20,

(2). 100!, a100.
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Stirlingúª

�Yµ|^O�ì§

(1). 20! = 2.4329 × 1018, a20 = 2.4228 × 1018,

(2). 100! = 9.3326 × 10157, a100 = 9.3248 × 10157.
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Stirlingúª�y²

e¡�y²Ñ£��?ØK¤"

Ún: �|x | ≤ 2/3§K

log(1 + x) = x −
x2

2
+ θ(x),

Ù¥|θ(x)| ≤ |x |3"

yµdTaylorúªµlog(1 + x) = x − x2

2 +
∑∞

n=3(−1)n−1 xn

n§¤±,

|θ(x)| ≤
∞∑

n=3

|x |n

n
≤

1
3

∞∑
n=3

|x |n =
|x |3

3(1 − |x |)
.

�|x | ≤ 2/3�,k3(1 − |x |) ≥ 1"y."
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Stirlingúª�y²

Ún: �3~êC¦�

lim
n→∞

(
log(n!) − (n +

1
2
) log n + n

)
= C.

yµ-dn = log(n!) − (n + 1
2 ) log n + n§K

dn − dn+1 = (n +
1
2
) log(1 +

1
n
) − 1.

dþ¡Ún§þªm>�u

(n +
1
2
)

(
1
n
−

1
2n2

+ θ(1/n)
)
− 1 = (n +

1
2
)θ(1/n) −

1
4n2

,

¤±, |dn − dn+1| ≤ (n + 1
2 )

1
n3 +

1
4n2§�?ê

∑∞
n=1(dn − dn+1)ýéÂñ"
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Stirlingúª�y²

=

d1 − lim
N→∞

dN =
∞∑

n=1

(dn − dn+1) = C1.

Úny."

l4�

lim
n→∞

(
log(n!) − (n +

1
2
) log n + n

)
= C.

��

lim
n→∞

n!en

nn+1/2
= eC = A .

=

n! ∼ Ann+1/2e−n.

yy~êA =
√

2π"
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~êA =
√

2π

�ÄÈ©In =
∫ π

2
0 sinn xdx"K

(1). In ≤ In−1. (2). In =
n − 1

n
In−2.

(3).
I2n+1

I2n−1
=

2n
2n + 1

. (4).
2n

2n + 1
≤

I2n+1

I2n−1
≤

I2n+1

I2n
≤ 1.

(5). lim
n→∞

I2n+1

I2n
= 1.

(6).
I2n+1

I2n
=

n∏
k=1

(
2k

2k − 1
·

2k
2k + 1

)
·

2
π
⇒

(7).
∞∏

n=1

(
2n

2n − 1
·

2n
2n + 1

)
=
π

2
. (Wallisúª.)
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~êA =
√

2π

∞∏
n=1

(
2n

2n − 1
·

2n
2n + 1

)
=
π

2
. (Wallisúª.)

þª�>ck��¤

k∏
n=1

(2n)4

[(2n − 1)(2n)][(2n)(2n + 1)]
=

1
2k + 1

·
16k (k !)4

[(2k )!]2

��ké��,dþ¡�

k ! ∼ Ak k+1/2e−k , (2k )! ∼ A(2k )2k+1/2e−2k

�\þª�A =
√

2π"y."
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K8ù)£âf£Ä¯K, P.160. 23K¤

K8µâfl�:zgÕá��½�m£Ä��§VÇþ�1
2§

�Yn´âf1nÚ�� �£�ÅCþ¤§¦

(a) P(Yn ≥ 0, 1 ≤ n ≤ 4)"(b) P(|Yn | ≤ 2, 1 ≤ n ≤ 4)"

(c) P(Yn ≥ 0, 1 ≤ n ≤ 4|Y4 = 0).

�{µYn = X1 + X2 + · · ·+ Xn§Ù¥XnL«âf1nÚ£Ä� £§

Xn = 1§½öXn = −1,ÙVÇ©Ù�

P(Xn = 1) = P(Xn = −1) =
1
2
, n ≥ 1.

5¿�ÅCþX1,X2, · · · ,XnÕá!Ó©Ù"

)�µ(a)�¦P(Y1 ≥ 0,Y2 ≥ 0,Y3 ≥ 0,Y4 ≥ 0)§=¦

P(Y1 ≥ 0)P(Y2 ≥ 0|Y1 ≥ 0)P(Y3 ≥ 0|Y1 ≥ 0,Y2 ≥ 0)

· P(Y4 ≥ 0|Y1 ≥ 0,Y2 ≥ 0,Y3 ≥ 0)
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5¿{Y1 ≥ 0} = {X1 = 1}§�P(Y1 ≥ 0) = 1
2 .

¯�{Y2 ≥ 0|Y1 ≥ 0} = {X1 + X2 ≥ 0|X1 = 1}[�¤á£��o¤§¤

±P(Y2 ≥ 0|Y1 ≥ 0) = 1.

¯�{Y3 ≥ 0|Y1 ≥ 0,Y2 ≥ 0}�u

{X1 + X2 + X3 ≥ 0|X1 = 1},


T¯�u)§��=�X2,X3ØUÓ��u−1§=�ke��/u)µ

{X2 = 1,X3 = 1|X1 = 1}§{X2 = 1,X3 = −1|X1 = 1}§½

ö {X2 = −1,X3 = 1|X1 = 1}§ùn�¯�u)�VÇþ�1
4£��o¤§

�

P(Y3 ≥ 0|Y1 ≥ 0,Y2 ≥ 0) =
3
4
.
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¯�{Y4 ≥ 0|Y1 ≥ 0,Y2 ≥ 0,Y3 ≥ 0}�u

{X1 + X2 + X3 + X4 ≥ 0|X1 = 1,X1 + X2 + X3 ≥ 0}

T¯��[�u)§ù´Ï�XJ^�

{X1 = 1,X1 + X2 + X3 ≥ 0}

u)§@oY3 = 1 + X2 + X3 = 3§½öY3 = 1 + X2 + X3 = 1£üØ�

/X2 = X3 = −1¤§d�Y4 = Y3 + X4o�u0§�

P(Y4 ≥ 0|Y1 ≥ 0,Y2 ≥,Y3 ≥ 0) = 1.

nþ¤ã§¤¦VÇ

P(Y1 ≥ 0,Y2 ≥ 0,Y3 ≥ 0,Y4 ≥ 0) =
1
2
× 1 ×

3
4
× 1 =

3
8
.
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)�(b)�¦P(|Yn | ≤ 2, 1 ≤ n ≤ 4)

5¿|Y1| ≤ 2Ú|Y2| ≤ 2o¤á§�¤¦VÇ

�P(|Yn | ≤ 2, 1 ≤ n ≤ 4) = P(|Y3| ≤ 2, |Y4| ≤ 2).

¯�{|Y3| ≤ 2}u)§��=�X1,X2,X3ØU��u1§½ö��u−1§¤

±P(|Y3| ≤ 2) = 6 × 1
8 = 3

4"5¿{|Y3| ≤ 2} = {Y3 = 1} ∪ {Y3 = −1}§

�P(Y3 = 1) = P(Y3 = −1) = 3/8"

¯�{|Y4| ≤ 2| |Y3| ≤ 2}�

u{|Y3 + X4| ≤ 2|Y3 = 1} ∪ {|Y3 + X4| ≤ 2|Y3 = −1}§T¯�ou)§ù´

Ï�X4��+1½−1ü��§�P(Y4| ≤ 2| |Y3| ≤ 2) = 1

nþ¤ã§¤¦VÇ�

P(|Yn | ≤ 2, 1 ≤ n ≤ 4) = P(|Y3| ≤ 2) · P(|Y4| ≤ 2| |Y3| ≤ 2) =
3
4
.
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)�(c)�¦P(Yn ≥ 0, 1 ≤ n ≤ 4|Y4 = 0)§=¦

P(Yn ≥ 0, 1 ≤ n ≤ 4|Y4 = 0) =
P(Y1 ≥ 0,Y2 ≥ 0,Y3 ≥ 0,Y4 = 0)

P(Y4 = 0)

5¿{Y4 = 0}u)§��=�X1,X2,X3,X4kü���+1,,ü���

�−1§�k«(4
2) = 6�/§z��/�VÇþ� 1

16§

�P(Y4 = 0) = 6
16 = 3

8"

5¿A := {Y1 ≥ 0,Y2 ≥ 0,Y3 ≥ 0,Y4 = 0}u)§��=�X1 = 1§

1 + X2 + X3 ≥ 0§1 + X2 + X3 + X4 = 0£5¿d�Y2 ≥ 0ou)¤§

�X4 = −(1 + X2 + X3) ≤ 0§l
X4 = −1§?
kX2 + X3 = 0"o
ó

�§A = {X1 = 1,X2 + X3 = 0,X4 = −1},¤±P(A) = 2 × 1
16 = 1

8

nþ¤ã§¤¦VÇ�1
8 / 3

8 = 1
3 .
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K8ù)£�ê©Ù¯K§P.162. 41K¤

K8µ®�¼êϕ½Â3[0,∞)þ��K!ü~!Øð�"�¼ê§

÷v�§

ϕ(s + t) = ϕ(s)ϕ(t), ∀s, t ≥ 0.

y²µ�3,�λ ≥ 0¦�ϕ(t) = e−λt ,∀t ≥ 0"?
y²µT´���Å

Cþ§÷v

P(T > s + t |T > s) = P(T > t), ∀s, t ≥ 0

��=�T�©Ù¼ê´���ê¼ê"
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K8ù)£�ê©Ù¯K§P.162. 41K¤£Y¤

y²µky²ϕ(t) = e−λt ,∀t ≥ 0"¯¢þ§é?¿t ≥ 0,

ϕ(t) = ϕ(0 + t) = ϕ(0)ϕ(t) ⇒ ϕ(0) = 1,

ù´Ï�k,�ϕ(t) , 0"düN5ϕ(1) ≤ ϕ(0) = 1"

-λ = − logϕ(1) ≥ 0"5¿�

ϕ(2t) = ϕ(t)2,ϕ(3t) = ϕ(t)3, · · · ,

ϕ(mt) = ϕ(t)m,é?¿��êm.

�t = 1/m�§é?¿��êm, ϕ(1) = ϕ(1/m)m,u´

ϕ(1/m) = ϕ(1)1/m = e
1
m logϕ(1) = e−λ/m,

ϕ(n/m) = ϕ(1/m)n = e−λ·
n
m .
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K8ù)£�ê©Ù¯K§P.162. 41K¤£Y¤

?
é?Û�Kknêt§þkϕ(t) = e−λ·t"é?ÛÃnêt§K�

3ü�knê {tn}Ú{sn}§¦�tn < t < sn§tn → t§sn → t"düN59

®²y²�(Ø§u´§ϕ(tn) ≥ ϕ(t) ≥ ϕ(sn)"�ϕ(tn) = e−λ·tn → e−λ·t

£��oº¤§Ónϕ(sn) = e−λ·sn → e−λ·t§�é?ÛÃnêt§

kϕ(t) = e−λ·t§�y"

��§-P(T > t) = ϕ(t)§�âK¿§é?¿s, t ≥ 0§

ϕ(t) = P(T > t) = P(T > s + t |T > s) =
P(T > s + t ,T > s)

P(T > s)
=
ϕ(s + t)
ϕ(s)

,

=ϕ(s + t) = ϕ(s)ϕ(t)§l
ϕ(t) = e−λt£t > 0¤§

P(T ≤ t) = 1 − ϕ(t) = 1 − e−λt , t > 0.

Ù{Ñ"
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K8ù)£P.161. 25K¤

K8µÄk��qÚf§,��ÚÚfÑy:êê8�Ó�þ!M

1(XÚfÑy:“6”§�8qM1)"

(a) ¦Ñyk��¡�VÇº

(b) ®�Ñy3��¡§¯ÚfÑy�:ê�n�VÇº

): £a¤"AnL«“ÚfÑy:ên"£1 ≤ n ≤ 6¤§BkL«“(M1)Ñ

yk��¡"§Kokk ≤ n"Bk |An L«“�ngM1Ñyk��¡""ØJ

¦�P(An) =
1
6£1 ≤ n ≤ 6¤§

P(Bk |An) =

(
n
k

) (
1
2

)k

·

(
1
2

)n−k

, ∀k ≤ n ≤ 6,

u´Ñyk��¡�VÇ�£©��Ñúª¤

P(Bk ) =
6∑

n=k

P(An)P(Bk |An) =
6∑

n=k

1
6

(
n
k

) (
1
2

)n

, ∀0 ≤ k ≤ 6.
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K8ù)£P.161. 25K¤

): £b¤"£�B3L«“(M1)Ñy3��¡""é?¿3 ≤ n ≤ 6§

P(B3) =
1
6

6∑
n=3

(
n
3

) (
1
2

)n

§P(B3|An) =

(
n
3

) (
1
2

)n

,

u´(M1)Ñy3��¡�§ÚfÑy�:ê�n�VÇ�

P(An |B3) =
P(AnB3)

P(B3)
=

P(An)P(B3|An)

P(B3)
=

1
6 · (

n
3)

(
1
2

)n

1
6
∑6

n=3 (
n
3)

(
1
2

)n

=
(n

3)
(

1
2

)n

∑6
n=3 (

n
3)

(
1
2

)n =

(
n
3

) (
1
2

)n

, ∀3 ≤ n ≤ 6,

ùp^�
∑6

n=3 (
n
3)

(
1
2

)n
= 1£�Banach»�¯K¤")."
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K8ù)£P.196. 11K¤

K8µ��gÄzÅì)���¬k2%�ØÜ�£=Ü�Ç

�98%¤"�Åì)�ØÜ��¬�§ó§��éÅì?1?n§¦�

U)�Ü��¬"¯3üg?nÅì�m§²þ)�õ��Ü��¬º

)µ�XL«)�g¬�“��”§=X = nL«cn − 1g)��þ

´Ü��¬§
1nTÐ)���g¬"K

P(X = n) =
(

98
100

)n−1 2
100

.

u´§

E(X) =
∞∑

n=1

n ·
(

98
100

)n−1 2
100

= 50.

=)�1��g¬�§²þ)�
50��¬§����´g¬§Ü�¬

k50 − 1 = 49�")."
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K8ù)£P.196. 12K¤

K8µ6r�q��²�kÙ¥1rU�m�§y����/Á"¯

��m�§²þI�Áõ�g�²º£ß�ß¤

)µ�XL«�m��“��”§=X = nL«cn − 1g�Øm�§


1nTg�Ð�m�"KP(X = 1) = 1
6§=l6r�²À��(@r�

²ù�¯��VÇ"Ó�§

P(X = 2) =
5
6
·

1
5
=

1
6

=1�gl6r�²À��´�Ø��²!
1�gl�e�5r�²À

��(��²ù�¯��VÇ"Ón§

P(X = 3) =
5
6
·

4
5
·

1
4
=

1
6
,
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K8ù)£P.196. 12K¤

±9

P(X = 4) = P(X = 5) = P(X = 6) =
1
6
.

u´§

E(X) =
6∑

n=1

n ·P(X = n) =
6∑

n=1

n ·
1
6
=

7
2
.

=²þI�Á3.5g�²âU�m�£Üníº¤")."
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��ù)

P. 196,115KµThere are N coupons numbered 1 to N in a bag.

Draw one after another with replacement. (a) What is the expected

number of drawings until the first coupon drawn is drawn again? (b)

What is the expected number of drawings until the first time a

duplication occurs?

NÜkIÒ�`¨ §�£������Ä�§¦

(a) 1�Ü`¨ 2g�Ä��²þgê£ß�ß¤¶

(b) k�Ü`¨ 2g�Ä��²þgê£ß�ßºº¤¶

þãü«�¹@�gê�º
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�Y

)(a)µ�X�1�Ü`¨ 2g�Ä�¤I��gê§K“X=n”L

«“1�Ü`¨ =31ng�§1�gÄ�”§=1�Ü`¨ kN«À

�¶l1�g�1n − 1gþÄ�ØÓu1�gÄ��`¨ §

k(N − 1)n−2«�/¶
1ngÄ���U´1�Ü`¨ §�

P (X = n) =
N · (N − 1)n−2 · 1

Nn =
1

N − 1
·

(
1 −

1
N

)n−1

,

u´¤¦Ï"�

E(X) =
∞∑

n=2

nP (X = n) =
∞∑

n=2

n
1

N − 1
·

(
1 −

1
N

)n−1

=
1

N − 1
·
(
1/(1/N2) − 1

)
= N + 1.
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K8ù)

)(b)µ�Y�`¨ “1�gÑy­E”¤Ä�gê§K”Y=n“L

«”k�Ü`¨ =31ng�§2g£=1�g¤Ä�“§=c¡n − 1g

¥zgÄÑ�`¨ �ØÓ§k

N(N − 1) · · · (N − (n − 1) + 1) = (N)n−1

«�U§
1ngÄÑ�`¨ �c¡,�`¨ �Ó§kn − 1«�U"

�P (Y = n) = (N)n−1·(n−1)
Nn §u´¤¦Ï"�

E(Y) =
N+1∑
n=2

nP (Y = n) =
N+1∑
n=2

n
(N)n−1 · (n − 1)

Nn =
N+1∑
n=2

n(n − 1)(N)n−1

Nn .

£�N = 2�§1���Y´3§1���Y´2.5§Üníº¤)."

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 11� 1F 46 / 51



N�¯K

þ¡��N�¯KµÏ�e�¯���k��u)

{Y = 2} , {Y = 3} , · · · , {Y = N + 1} ,

=NÜ`¨ ¥!1N + 1g�½Ä�,�`¨ §�·�k

1 = P (Y = 2) + P (Y = 3) + · · ·+ P (Y = N + 1)

=
N+1∑
k=2

(N)k−1 · (k − 1)
Nk

=
N∑

k=1

k · (N)k

Nk+1
é?¿��êN ≥ 2.

¯Kµy²e�ð�ªµé?¿��êN ≥ 2

N∑
k=1

k · (N)k

Nk+1
= 1.£~XN = 2,w,

1 · 2
22

+
2 · 2
23

= 1¤

£øyK3§0.2©¤"£�qKµ
∑N

k=1
((k+1)2−(k+1)−N)·(N)k

Nk+1 = 1¤
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K8ù): P. 197,124K

K8µ>f���¦^Æ·Ñl�ê�Ýλe−λt £ü µ��¤§®

�>f��®²¦^
n���§¯��±²þ¦^õ��mº£dK¦

^�Ï"¤

5¿e�úªµ

E(X) =
∞∑

n=1

P(X ≥ n), X���K�ê��lÑ�ÅCþ. (1)

E(X) =

∫ ∞

0
P(X ≥ u)du, X���K��ëY�ÅCþ. (2)

yy²(2): ¯¢þ∫ ∞

0
P(X ≥ u)du =

∫ ∞

0

{∫ ∞

u
f(t)dt

}
du
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�Y

��È©^S§�∫ ∞

0
P(X ≥ u)du =

∫ ∞

0

{∫ ∞

u
f(t)dt

}
du

=

∫ ∞

0
f(t)dt

∫ t

0
du =

∫ ∞

0
tf(t)dt = E(X).

u´§ª(2)¤á"
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�Y

)µ�>f���¦^Æ·�T£��¤§´���ÅCþ§�âK

¿§§��Ý¼ê�f(t) = λe−λt , t > 0"e�o´¤áµ

P(T > n + t |T > n) = P(T > t), ∀t > 0, n > 0

£��oº5¿P(T > t) =
∫ ∞

t f(u)du = e−λt¤"u´§|^£2¤

E(T |T > n) =
∫ ∞

0
P(T > n + t |T > n)dt =

∫ ∞

0
P(T > t)dt =

1
λ
.

>f����±²þ¦^1
λ��£d�ê��Å5�¤")."
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��

18±��(¨m5Ö)µ

P. 246-247µ11§2§3§6§7§8§9K.

ýSSN:

Laplace½n"

��©Ù"

¥%4�½n"
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