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ES


\4úªµé?¿8ÜA1,A2, · · · ,An,e��ª¤áµ

P
(
∪n

j=1Aj

)
=

n∑
j=1

P(Aj) −
∑
j,k

P(AjAk ) +
∑
j,k ,l

P(AjAk Al)

− · · ·+ (−1)n−1P(A1A2 · · ·An),

Ù¥¦Ú��IØÓ!��l1�n§X∑
j,k

P(AjAk ) = P(A1A2) + P(A1A3) + · · ·+ P(A1An)

+ P(A2A3) + P(A2A4) + · · ·+ P(A2An)

+ · · ·

+ P(An−1An).
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ES

~X

P(A1 ∪ A2 ∪ A3) = {P(A1) + P(A2) + P(A3)}

− {P(A1A2) + P(A1A3) + P(A2A3)}

+ P(A1A2A3).

eA1,A2,A3üüpØ��§K

P(A1 ∪ A2 ∪ A3) = P(A1) + P(A2) + P(A3).
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��Ú���

½n1µ�XÚY´Õá�È�ÅCþ§K

E(XY) = E(X)E(Y).

y²µ©ü«�¹µΩ�êÚΩØ�ê"

(1) Ω�ê"-{xj}�X¤��ØÓ��8Ü§{yj}�Y ¤��ØÓ��

8Ü§-Ajk = {ω : X(ω) = xj,Y(ω) = yk }§KÃ8ÜAjkØ��,�

Ω =
∑

j

∑
k

Ajk .

�ÅCþXY3Ajkþ��xjyk§�,
��U��§Xxj = 2, yk = 3

Úxj = 3, yk = 2"
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��Ú���

�âÏ"�½Â§

E(XY) =
∑

j

∑
k

xjyk P(Ajk ).

dÕá5§P(Ajk ) = P(X = xj)P(Y = yk )"¤±

E(XY) =
∑

j

∑
k

xjyk P(X = xj)P(Y = yk )

=

∑
j

xjP(X = xj)


∑

k

yk P(Y = yk )

 = E(X)E(Y).

5¿ùpb½ü�?êþýéÂñ(��o�db�?)"
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½n

(2) ΩØ�ê§��ÅCþ(X ,Y)äkéÜ�Ý¼êf"K

E(XY) =

∫ ∞

−∞

∫ ∞

−∞

uvf(u, v)dudv.

dÕá5§f(u, v) = f1(u)f2(v)§Ù¥

f1(u) =
∫ ∞

−∞

f(u, v)dv,

f2(v) =
∫ ∞

−∞

f(u, v)du,

©O�XÚY��Ý¼ê"¤±

E(XY) =

[∫ ∞

−∞

uf1(u)du
] [∫ ∞

−∞

vf2(v)dv
]
= E(X)E(Y).

y."
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åÝ

é?¿��êr§êÆÏ"

E(X r)

¡��ÅCþX�1r�åÝ"5¿µr = 1�êÆÏ"§r = 2���

¹"

½Âµ-X0 = X − E(X)§¡X0���åÝ�X���(variance)µ

Var(X) := σ2(X) := E
(
(X0)2

)
= E

(
(X − E(X))2

)
,

¡σ(X) =
√
σ2(X)�X� �(deviation)"
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åÝ

½nµeE(X2) < ∞§KE(|X |) < ∞§�

σ2(X) = E(X2) − [E(X)]2 ; (1)

l{E(|X |)}2 ≤ E(X2)"

y²µdu(|X | − 1)2 = X2 − 2|X |+ 1§�

E(X2 − 2|X |+ 1) ≥ 0 ⇒ E(X2) + 1 ≥ 2E(|X |).

�E(|X |) < ∞"5¿(X − E(X))2 = X2 − 2E(X) · X + [E(X)]2§ü>Ó

�êÆÏ"�

σ2(X) = E
(
(X − E(X))2

)
= E(X2) − 2[E(X)]2 + [E(X)]2

= E(X2) − [E(X)]2,

u´§y²
ªf£1¤"
?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 10� 25F 8 / 53



åÝ

���y{E(|X |)}2 ≤ E(X2)"¯¢þ§

(|X | − E(|X |))2 = |X |2 − 2E(|X |) · |X |+ [E(|X |)]2

¤±§ü>Ó�êÆÏ"�

0 ≤ E
(
(|X | − E(|X |))2

)
= E(X2) − 2[E(|X |)]2 + [E(|X |)]2 = E(X2) − [E(|X |)]2,

¤y¤á"y."
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���¿Â

���¿ÂµX0 = X −E(X)L«X�Ùþ�� �§���K¶�

��Äýé²þ �

E(|X0|) = E(|X − E(X)|)

�¢SO�d�(J"��§�Ä ��²�§=��µ

E(|X0|2) = E(|X − E(X)|2).

m����L«�ÅCþ�Ùþ��m�²þ �"T���§�ÅC

þ�8¥3þ�±�"
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��

½nµ�X ,YÕá!��þk�§K

σ2(X + Y) = σ2(X) + σ2(Y).

���/§eX1, · · · ,XnÕá§K

σ2(X1 + · · ·+ Xn) = σ2(X1) + · · ·+ σ2(Xn).
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y²

y²µ-

a = E(X), b = E(Y),X1 = X − a,Y1 = Y − b,

KE(X1) = E(Y1) = 0"duE(XY) = E(X)E(Y) = ab§¤±

E(X1Y1) = E ((X − a)(Y − b)) = E (XY) − ab = ab − ab = 0.

£¢Sþ§ØJy²X1ÚY1�Õá¤"u´§

σ2(X + Y) = E{(X + Y − E(X + Y))2} = E{(X1 + Y1)
2}

= E{X2
1 + 2X1Y1 + Y2

1 } = E(X2
1 ) + 2E(X1Y1) + E(Y2

1 )

= E(X2
1 ) + E(Y2

1 ) = σ2(X) + σ2(Y).

��§é?¿n�Õá�ÅCþ§��y²"y."
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��

·Kµ�X1, · · · ,Xn�?¿�ÅCþ§K

E{(X1 + · · ·+ Xn)
2} =

n∑
j=1

E(X2
j ) + 2

∑
1≤j<k≤n

E(XjXk ).

¯¢þ§|^

(X1 + · · ·+ Xn)
2 =

n∑
j=1

X2
j + 2

∑
1≤j<k≤n

XjXk ,

ü>�êÆÏ"§=�"
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Cauchy-SchwarzØ�ª

Cauchy-Schwarz inequalityµ�X ,Y�?¿�ÅCþ§K

[E(XY)]2 ≤ E(X2)E(Y2).

¯¢þ§é?¿¢êλ,

0 ≤ E{(X + λY)2} = E(X2) + 2λE(XY) + λ2E(Y2)

5¿E(X2) ≥ 0,m>´λ�õ�ª§ð��K§��OªØ�u"µ

[2E(XY)]2 − 4E(X2)E(Y2) ≤ 0,

�y.
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Cauchy-Schwarz(�Ü—��])

Augustin Louis Cauchy (1789-1857)

Hermann Amandus Schwarz(1843-1921)
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���Ú'éXê

½Âµ�X ,Y�?¿��k���ÅCþ.

E(X0Y0) = E{(X − E(X))(Y − E(Y))}

= E{XY − E(X)Y − XE(Y) + E(X)E(Y)}

= E(XY) − E(X)E(Y) − E(X)E(Y) + E(X)E(Y)

= E(XY) − E(X)E(Y)

PCov(X ,Y) = E(XY) − E(X)E(Y)§¡�X ,Y����"þ

ρ(X ,Y) =
Cov(X ,Y)

σ(X)σ(Y)
=

E(X0Y0)√
E{(X0)2}E{(Y0)2}

¡�X ,Y�'éXê"dCauchy-SchwarzØ�ª,

−1 ≤ ρ(X ,Y) ≤ 1.
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���

eX ,YÕá§KCov(X ,Y) = 0§�ρ(X ,Y) = 0"��§

ρ(X ,Y) = 0Ø�½¿�X ,YÕá(ÁÞ�~§��g�K)"

�,öSµ�Bernoulli�ÅCþXXeµ

X =

 1, VÇ�p,

0, VÇ�q = 1 − p.

O�E(X),σ2(X).

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 10� 25F 17 / 53



���

�Yµ

E(X) = p"

σ2(X) = p − p2 = p(1 − p)"
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�,öS

�,öSµ�ÕáBernoulli�ÅCþX1, · · · ,Xn§-

Sn = X1 + · · ·+ Xn.

O�E(Sn),σ2(Sn)"
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���

�Yµ

E(Sn) = np"

σ2(Sn) = np(1 − p)"
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õ�ª©Ù

�gõ�ª(binomial)µ

(x1 + x2)
n =

n∑
k=0

(
n
k

)
xk

1 xn−k
2 =

∑
k+j=n

n!
k !j!

xk
1 x j

2.

õgõ�ª(multinomial)µ

(x1 + x2 + · · ·+ xr)
n =

∑
k1+···+kr=n

n!
k1!k2! · · · kr !

xk1
1 xk2

2 · · · x
kr
r .

=k1 ≥ 0§· · ·§kr ≥ 0��K�ê§�Ú�nµ

k1 + · · ·+ kr = n.
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~f

~µk���fCr«ØÓôÚ�¥§z�ôÚ�¥'Ç�

p1 : p2 : · · · : pr (p1 + p2 + · · ·+ pr = 1).

zg�£!Õá!����/Ä�n£n ≥ r¤�¥§¯z�ôÚÑÑy

�VÇ´õ�?

5¿µ¥ÃIÒ§�UôÚ«©"X11gÄùÚ¥!12gÄ7Ú

¥��¹§�11gÄ7Ú¥!12gÄùÚ¥��¹§Ø��"
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~f

'X§�fC3«ØÓôÚ�¥§zg�£/ÕáÄ4�¥§¯z�

ôÚÑÑy�VÇ´õ�? d�§n = 4, r = 3"Pn1�ôÚ�1�¥�

�ê§n2�ôÚ�2�¥��ê§��§Kn1 + n2 + n3 = n = 4"

Xn1 = 2, n2 = n3 = 1§=Ä��4�¥¥ôÚ�1�¥k2�!ôÚ�2§

3�¥�1�§�kõ�«�¹?
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~f

¯¢þ§�Ñ¤k�¹Xeµ

(1, 1, 2, 3) (1, 1, 3, 2) £11!2g�ôÚ1�¥¤

(1, 2, 1, 3) (1, 3, 1, 2) £11!3g�ôÚ1�¥¤

(1, 2, 3, 1) (1, 3, 2, 1) £11!4g�ôÚ1�¥¤

(2, 1, 1, 3) (3, 1, 1, 2) £12!3g�ôÚ1�¥¤

(2, 1, 3, 1) (3, 1, 2, 1) £12!4g�ôÚ1�¥¤

(2, 3, 1, 1) (3, 2, 1, 1) £13!4g�ôÚ1�¥¤.

�¹k12 = 4!
2!1!1!"T¯�£=“Ä��4�¥¥ôÚ�1�¥k2�!ô

Ú�2§3�¥�1�”¤u)�VÇ�12p2
1p2p3£Ù§�/��?n¤"

�¦�VÇ´õ�º£éôÚ2ü�|Ü=�§�e¡¤
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~f

)µ�X1, · · · ,Xn´äkÚe¡�ÅCþX�Ó©Ù�n�Õá�Å

Cþµ

X =



1, VÇ�p1,

2, VÇ�p2,

...

r , VÇ�pr .
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~f

Ú\#��ÅCþNj Xeµ

NjL«(X1, · · · ,Xn)¥���j�ÅCþX��ê.

z�Njl{0, 1, · · · , n}¥��§�N1, · · · ,NrØÕá§Ï�

N1 + · · ·+ Nr = n.

¯�{N1 = n1, · · · ,Nr = nr }L«3Ä��n�¥¥§ôÚ�1�¥

kn1�§ôÚ�2�¥kn2�§ôÚ�3�¥kn3�§��"¤±§

P(N1 = n1, · · · ,Nr = nr) =
n!

n1! · · · nr !
pn1

1 · · · p
nr
r .

l§¤¦VÇ�

P(A) =
∑

n1+···+nr=n
n1≥1,··· ,nr≥1

n!
n1! · · · nr !

pn1
1 · · · p

nr
r . )."
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��?Ø

��?ØKµ

1£\©K§0.2©§�äÆ,þ�¤z{e�O�

∑
n1+n2+n3+n4=15,

n1≥1,n2≥1,n3≥1,n4≥1

15!
n1!n2!n3!n4!

(
1
4

)15

.

2O�£�Y�e¡¤

�ÅCþ(N1, · · · ,Nr)�>S©Ù.

êÆÏ"E(Nj)Ú��σ2(Nj).

��Vgµ�o´>S©Ùº
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�Y

�YµO��ÅCþ(N1, · · · ,Nr)�>S©Ù(��O�)µ

P(N1 = n1) =
n!

n1!(n − n1)!
pn1

1 (1 − p1)
n−n1 .

êÆÏ"

E(Nj) =
n∑

m=0

mP(Nj = m)

=
n∑

m=1

m
n!

m!(n −m)!
pm

j (1 − pj)
n−m = npj.

Ú��

σ2(Nj) = npj(1 − pj), 1 ≤ j ≤ r .
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)¤¼ê½1¼ê

�X´�ÅCþ§���K�ê§VÇû½Xe

P(X = j) = aj, j = 0, 1, 2, · · ·

5¿
∑

j=0 aj = 1"Ú\¼ê

g(z) = a0 + a1z + a2z2 + · · · =
∞∑

j=0

ajz j,

¡d¼ê�ê�{aj}j≥0½ö�ÅCþX�)¤¼ê£½1¼ê¤§Cþz�

�Eê�"�|z| ≤ 1�§?êÂñ§Ï�

|g(z)| ≤
∞∑

j=0

aj |z|j ≤
∞∑

j=0

aj = 1, |z| ≤ 1.
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)¤¼ê

�¦�

g′(z) = a1 + 2a2z + · · · =
∞∑

n=1

nanzn−1,

g′′(z) = 2a2 + 6a3z · · · =
∞∑

n=2

n(n − 1)anzn−2,

...

g(j)(z) =
∞∑

n=j

n(n − 1) · · · (n − j + 1)anzn−j.

-z = 0§�g(j)(0) = j!aj§½aj =
1
j! g

(j)(0)§�lg��aj��§)¤¼

êÚ©Ùüö��éA"
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)¤¼ê

½nµ��K�ê���ÅCþ�VÇ©Ùd)¤¼ê��û

½"£y²Xþ§Ñ"¤

-z = 1§�

g′(1) =
∞∑

n=1

nan = E(X),

g′′(1) =
∞∑

n=2

n(n − 1)an =
∞∑

n=0

n2an −

∞∑
n=0

nan = E(X2) − E(X).

�

E(X) = g′(1), E(X2) = g′(1) + g′′(1),

σ2(X) = E(X2) − (E(X))2 = g′(1) + g′′(1) − (g′(1))2 .
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)¤¼ê

�Y´,���ÅCþ§���K�ê§VÇû½Xe

P(Y = j) = bj, j = 0, 1, 2, · · ·

)¤¼ê�h(z) =
∑∞

j=0 bjz j"¯µeXÚYÕá§¦X + Y�VÇ©Ùº

¯¢þ§

g(z)h(z) =

 ∞∑
j=0

ajz j


 ∞∑

k=0

bk zk

 = ∑
j

∑
k

ajbk z j+k .

-g(z)h(z) =
∑∞

i=0 ciz i�

ci =
∑

j+k=i

ajbk =
i∑

j=0

ajbi−j.
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)¤¼ê

ê�{ci}

ci =
i∑

j=0

ajbi−j,

¡�ü�ê�{aj}, {bj}�òÈ(convolution)"

eXÚYÕá§K

ci =
i∑

j=0

P(X = j)P(Y = i − j)

=
i∑

j=0

P(X = j,Y = i − j) = P(X + Y = i).
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)¤¼ê

,��¡,

P(X + Y = i) =
∞∑

j=0

P(X = j)P(X + Y = i|X = j)

=
∞∑

j=0

P(X = j)P(Y = i − j|X = j)

=
i∑

j=0

P(X = j)P(Y = i − j).

=P(X + Y = i) = ci ,¤±{ci, i ≥ 0}´�ÅCþX + Y�VÇ©Ù£5

¿µci´X ,Y�)¤¼ê¦È¥'uz i��Xê¤"

½nµe�ÅCþX1, · · · ,XnÕá§)¤¼ê©O�g1, · · · , gn§K

ÙÚX1 + · · ·+ Xn�)¤¼êg����ÅCþ)¤¼ê�¦È§

=g = g1 · · · gn"
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)¤¼ê

~µ�Bernoulli�ÅCþX1, · · · ,XnÕá§¦ÚX1 + · · ·+ Xn�)¤

¼ê"

)µÏ�a0 = P(X = 0) = q, a1 = P(X = 1) = p§z��ÅC

þX1, · · · ,Xn�)¤¼ê�

g(z) = a0 + a1z = q + pz.

u´§ÚX1 + · · ·+ Xn�)¤¼ê�

g(z)n = (q + pz)n =
n∑

k=0

(
n
k

)
qn−k pk zk .

y."
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)¤¼ê

�,öSKµ|^þ¡(Ø§Á¦ÚSn = X1 + · · ·+ Xn�VÇ©

Ù"
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)¤¼ê

)µ¯¢þ§d½Â

g(z)n =
∞∑

k=0

P(Sn = k )zk =
n∑

k=0

(
n
k

)
qn−k pk zk .

¤±§'�zk�Xê§�

P(Sn = k ) =
(
n
k

)
pk qn−k , 0 ≤ k ≤ n,

P(Sn = k ) = 0, k > n.

y."
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)¤¼ê

~µ����ÅCþT1, · · · ,TnÕá§¦Sn = T1 + · · ·+ Tn�)¤

¼ê"

)µ£Á���ÅCþT�©ÙµP(X = j) = qj−1p, j ≥ 1£X�M

1§c¡j − 1gÑy�¡!1jgÑy�¡�VÇ¤"z��ÅC

þX1, · · · ,Xn�)¤¼ê�

g(z) =
∞∑

j=1

qj−1pz j =
p
q

∞∑
j=1

(qz)j =
p
q
·

qz
1 − qz

=
pz

1 − qz
.

�ÚSn�)¤¼ê�

g(z)n =

(
pz

1 − qz

)n

.

y."
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)¤¼ê

5¿§é¼êf(x) = (1 − x)−n?1TaylorÐm§KÚ�)¤¼ê�

g(z)n =

(
pz

1 − qz

)n

= (pz)n(1 − qz)−n =
∞∑

k=n

(
k − 1
n − 1

)
pnqk−nzk .

¤±�

P(Sn = n + j) =
(
n + j − 1

n − 1

)
pnqj, j ≥ 0.

¿Âµ§L²3n + jgÝ1¥§“cn + j − 1g¥kn − 1gÑy�¡! jg

Ñy�¡!���g£=1n + jg¤Ñy�¡”ù�¯�£=

3n + jgÝ1¥§ng�¡Ñy���¤�VÇ"
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K8ù)£I¯!å¯¯K¤

K8µ Consider families with three children. What is the probability

that all are boys given thatµ

1 the first is a boy;

2 there is at least one boy.

¦^�VÇ£ß�ß¤"
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K8ù)£){�¤

){�µü�¯K��¬�m�Ó§þ�

Ω = {bbb, bbg, bgb, gbb, ggb, gbg, bgg, ggg}

�¬�m¥z�¯�u)�VÇþ�1
8"

-A = {bbb} = {n�þ´I¯}§B1 = {P�´I¯}§B2 = {��k�

�´I¯}"�¦VÇP(A |B1)ÚVÇP(A |B2)"¯¢þ

P(B1) = P({bbb}) + P({bbg}) + P({bgb}) + P({bgg}) = 4 ×
1
8
.

P(B2) = 1 − P({ggg}) = 7 ×
1
8
.

¤±§®�P�´I¯§n��´I¯�VÇ�

P(A |B1) =
P(AB1)

P(B1)
=

P(A)

P(B1)
=

1
8

4 × 1
8

=
1
4
.
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K8ù)

®���k��´I¯§n��´I¯�VÇ�

P(A |B2) =
P(AB2)

P(B2)
=

P(A)

P(B2)
=

1
8

7 × 1
8

=
1
7
.

)."

){�µÏL ��¬�m§ò^�VÇz�Ã^�VÇ£·�ò

|^:ê{¦VÇ¤"

(1)®�P�´I¯§Ù�¬�m�Ω̃ = {bbb , bbg, bgb , bgg}§�¬�

m=¹4�:"-A = {n�þ´I¯}§KA = {bbb }"u´§

P(A) =
1
4
.
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){�

(2)®���k��´I¯§Ù�¬�m�

Ω̃ = {bbb, bbg, bgb, gbb, ggb, gbg, bgg},

�¬�m¹7�:"-B = {n�þ´I¯}§KB = {bbb}"u´§

P(B) =
1
7
.

)."
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K8ù)£1158�15K¤

K8£�,?Ø¤µ�Äkn�¯f�[Ì§)I)åVÇ��"

(1) �ÅÀ���[Ì§uyP�´I¯§¯,ü�¯f´å¯�V

Çº£ß�ß¤

(2) l��[Ì�ÅÀ���¯f£Ø�½´P�¤§uy´I¯§¯

,ü�¯f´å¯�VÇº£ß�ß¤

'�:µXÛ(½�¬�m"

5¿µ11¯´¯f(½![Ì�Å£kéõù��[Ì¤¶

12¯´[Ì(½!¯f�Å£k3�¯f¤"
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�Y

)µ(1). �¬�m�

Ω = {bbb, bbg, bgb, gbb, ggb, gbg, bgg, ggg}

�¬�m¥z�¯�u)�VÇþ�1
8"-A = {P�´I¯}§

B = {,ü�¯f´å¯}"�¦P(B |A)? ¯¢þ

P(A) = P({bbb}) + P({bbg}) + P({bgb}) + P({bgg}) = 4 ×
1
8
.

P(AB) = P({bgg}) =
1
8
.

¤±§®�P�´I¯§,	ü�´å¯�VÇ�

P(B |A) =
P(AB)

P(A)
=

1
8

4 × 1
8

=
1
4
.
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�Y

)µ(2). d�À��I¯Ø�½´P�§�c�¯Ø��"��±

lÀ��I¯Ñu£|^Poisson'uS�Ä�g�¤§,��ÄÙ§ü

�¯f��U�/§�¬�m�

Ω̃ = {bbb , bbg, bgb , bgg}

T���m�o:ê�4§Ù¥,	ü�´å¯��/�bgg§�k�«

�/"¤±§®�À��´I¯§,	ü�´å¯�VÇ�

P
(
{bgg}

)
=

1
4
. )."

5¿µ1£2¤�¯��¬�mØ´

Ω̃ = {bbb, bbg, bgb, gbb, ggb, gbg, bgg}

£§´“®���k��I¯”��¬�m§Ø´“k��I¯”��¬�

m¤
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K8ù)£1158�17K¤

K8£�,?Ø¤µ�Äkn�¯f�[Ì§)I)åVÇ��§

Ä�´lù«[Ì�¯f¥�ÅÀ�2��¯"e2�¯fþ´å¯§¯

,��¯f´I¯�VÇº£ß�ß¤
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�Y

)µ�¬�m�

Ω̃ = {ggb , ggg}

T���m�o:ê�2§Ù¥,	��´I¯��/�ggb§�k�«

�/"�¤¦VÇ�

P
(
{ggb }

)
=

1
2
.

)."

g�Kµ��o�¬�mØU�¤

Ω = {ggb, gbg, bgg, ggg}

£¯¢þ§T�mL« “®���kü�´å¯”§Ú“2�¯f£Ó�¤

þ´å¯”��¹ØÓ¤
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K8ù)£Õá5¯K, P.159. 16K¤

K8µ�Aj, 1 ≤ j ≤ 5Õá§K

(1) (A1 ∪ A2)A3, Ac
4 ∪ Ac

5Õá¶(2) A1 ∩ A2,A3 ∩ A4, Ac
5Õá"

'�g�µ£1¤3Õá5¥�k�$�§�¦þ?n�$��¨¶£2¤

¿©$^Ö$�§±9¯¢µA ,BÕá§��=�A ,BcÕá!½

öAc ,BÕá!½öAc ,BcÕá£��oº¤

)�µ£1¤�Iy²(A1 ∪ A2)A3�A4A5Õá£��oº¤"¯¢þ

P ((A1 ∪ A2)A3 ∩ A4A5) = P ((A1 ∪ A2)A3A4A5)

= P (A1A3A4A5 ∪ A2A3A4A5)

= P (A1A3A4A5) + P (A2A3A4A5) − P (A1A2A3A4A5)
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K8ù)£Õá5¯K, P.159. 16K¤

|^Õá5§·�k

P ((A1 ∪ A2)A3 ∩ A4A5) = P (A1A3A4A5) + P (A2A3A4A5)

− P (A1A2A3A4A5)

= P(A4)P(A5)
{
P(A3)[P(A1) + P(A2) − P(A1A2)]

}
= P(A4A5) · P((A1 ∪ A2)A3).

2�IyA1 ∩A2,A3 ∩A4, A5Õá£��oº¤§=Iyo«�8�V

Ç�uVÇ�¦£Ñ¤"y."
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K8ù)£PmÅ¯K, P.159. 17K¤

K8µÙ|kn«ê8�Ó�PmÅ§�Ç©O�1
3 ,

1
2 ,

2
3"®��

�PmÅ3oÛ¥�
üÛ§¯§2g�G�VÇ´õ�º

)µ|^“©��Ñ”úª"ÎÒµ�U1,U2,U3 “©OL«n«PmÅ”§

A “oÛ¥�
üÛ”§B“1ÊÛ�G”"

dun«PmÅê8�Ó§À�þ�§

�P(U1) = P(U2) = P(U3) = 1/3"

O��P(A |U1) = (4
2) ·

(
1
3

)2
·
(

2
3

)2
= 8

27 (��o)"Ón§

P(A |U2) = (4
2) ·

(
1
2

)4
= 3

8 ,±9P(A |U3) = (4
2) ·

(
2
3

)2
·
(

1
3

)2
= 8

27"

O�P(A)Xeµ

P(A) = P(U1)P(A |U1) + P(U2)P(A |U2) + P(U3)P(A |U3) =
209
648

.
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K8ù)£PmÅ¯K, P.159. 17K¤£Y¤

u´§

P(U1|A) =
P(AU1)

P(A)
=

P(U1)P(A |U1)

P(A)
=

1/3 × 8/27
209/648

=
64
209

,

P(U2|A) =
P(AU2)

P(A)
=

P(U2)P(A |U2)

P(A)
=

81
209

,

P(U3|A) =
P(AU3)

P(A)
=

P(U3)P(A |U3)

P(A)
=

64
209

.

dK¿��§

P((B |A)|(U1|A))= 1
3 ,P((B |A)|(U2|A)) = 1

2 ,P((B |A)|(U3|A)) = 2
3"

�¤¦VÇ�

P(B |A) = P(U1|A) · P((B |A)|(U1|A)) + P(U2|A) · P((B |A)|(U2|A))

+ P(U3|A) · P((B |A)|(U3|A)) =
64
209
·

1
3
+

81
209
·

1
2
+

64
209
·

2
3
=

1
2
.�
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��

17±��(¨m5Ö)µ

P. 197-200µ118§20§21§22§23§24K§

129§33§37§38K.

ýSSNµBernoulli!�g�!Poisson©Ù�
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