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þ±SNo(

(1). P(A1A2 · · ·An) = P(A1)P(A2|A1)P(A3|A1A2)

· · ·P(An |A1A2 · · ·An−1).

(2). P(B) =
∑

n

P(An)P(B |An).

(3). P(An |B) =
P(An)P(B |An)∑
k P(Ak )P(B |Ak )

(Bayes½n).
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þ±SNo(

Õá5µ�ÅCþX1,X2, · · · ,Xn´Õá�§��=�é?¿¢

êx1, x2, · · · , xn§¯�

{X1 ≤ x1}, {X2 ≤ x2}, · · · , {Xn ≤ xn}

´Õá�£d���½Â¤"
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þ±SNo(

���ÅCþX1,X2, · · · ,Xn��ê��§ke�{z��½Â

��ê���ÅCþX1,X2, · · · ,Xn´Õá�§��=�é?¿¢

êx1, x2, · · · , xn§¯�

{X1 = x1}, {X2 = x2}, · · · , {Xn = xn}

´Õá�"½ö§

��ê���ÅCþX1,X2, · · · ,Xn´Õá�§��=�é?¿¢

êx1, x2, · · · , xn§k

P(X1 = x1, · · · ,Xn = xn) = P(X1 = x1) · · ·P(Xn = xn).
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þ±SNo(

eX1,X2, · · · ,Xn´Õá�§K

£1¤ £©Ù¼ê¤: F(x1, · · · , xn) = F1(x1) · · ·Fn(xn)"

£2¤ £�Ý¼ê¤: f(u1, · · · , un) = f1(u1) · · · fn(un)"
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þ±SNo(

·K3µ���ê���ÅCþX1,X2, · · · ,Xn´Õá�§ϕ1§ϕ2§

· · ·§ϕn´½Â3(−∞,∞)þ�?¿¢�¼ê,K�ÅCþϕ1(X1)§

ϕ2(X2)§· · ·§ϕn(Xn)´Õá�"

y²µ-Y1 = ϕ1(X1),Y2 = ϕ2(X2), · · · ,Yn = ϕn(Xn)§K§���

ê�"�y²Õá5§�Iy²é?¿¢êy1, · · · , yn§

P(Y1 = y1, · · · ,Yn = yn) = P(Y1 = y1) · · ·P(Yn = yn). (1)

-Si = {x : ϕi(x) = yi}§K¯�

{Yi = yi} = {ω ∈ Ω : Yi(ω) = ϕi(Xi(ω)) = yi}

= {ω ∈ Ω : Xi(ω) ∈ Si} = {Xi ∈ Si}.

�¯�{X1 ∈ S1}, · · · , {Xn ∈ Sn}´Õá�£|^c¡·K¤§

�{Y1 = y1}, · · · , {Yn = yn}´Õá�§l
£1¤¤á§y."
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�õ~f

~µ�Ål[0, 1]�ü�:§¯§��m�ål�u1/2�VÇ´õ

�?

)Kg´µ|^ëY��ÅCþ±9Õá5"5¿µz�:���

Ñl[0, 1]þ�þ!©Ù"
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~f

)µ�X ,Y´þ!©Ù3[0, 1]�Õá�ÅCþ§Ù�Ý¼ê©O�

f1(u) =

 1, u ∈ [0, 1],

0, Ù§,
f2(v) =

 1, v ∈ [0, 1],

0, Ù§.

·��¯Kz�¦VÇP(|X − Y | < 1/2)"¯¢þ,|^Õá5§���

ÅCþ(X ,Y)��Ý¼ê�

f(u, v) = f1(u)f2(v) =

 1, u, v ∈ [0, 1],

0, Ù§,

l
§·��

P{(X ,Y) ∈ S} =
∫ ∫

S
f(u, v)dudv =

∫ ∫
S

dudv,

Ù¥S = {(u, v) : 0 ≤ u ≤ 1, 0 ≤ v ≤ 1, |u − v | < 1/2}"
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~f

�¤¦VÇ�

P(|X − Y | < 1/2) =
∫ ∫

S
dudv = 1 − 2 ·

1
8
=

3
4
,

Ù¥S = {(u, v) : 0 ≤ u ≤ 1, 0 ≤ v ≤ 1, |u − v | < 1/2}§Xeã

Figure: «�S

)."
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~f

~µ�X1,X2, · · · ,Xn´Õá��ÅCþ§©Ù¼ê©O

�F1,F2, · · · ,Fn"¦

M = max(X1,X2, · · · ,Xn),

m = min(X1,X2, · · · ,Xn)

�©Ù¼ê.

©ÛµMÚm´�ÅCþíº
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)µ¯¢þ§k

FM(x) = P(M ≤ x) = P(X1 ≤ x; · · · ;Xn ≤ x)

= P(X1 ≤ x) · · ·P(Xn ≤ x)£|^Õá5¤

= F1(x)F2(x) · · ·Fn(x),

T¼ê�M�©Ù¼ê"

e¦�ÅCþm�©Ù¼ê"Ú\¼ê

Gj(x) = P(Xj > x) = 1 − P(Xj ≤ x) = 1 − Fj(x).
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~f

Kk

P(m > x) = P(X1 > x; · · · ;Xn > x)

= P(X1 > x) · · ·P(Xn > x) (��oº)

= G1(x)G2(x) · · ·Gn(x).

l
�

Fm(x) = P(m ≤ x) = 1 − P(m > x)

= 1 −G1(x)G2(x) · · ·Gn(x)

= 1 − (1 − F1(x)) (1 − F2(x)) · · · (1 − Fn(x)) .

)."
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)K�{

)VÇ¯K�Ú½µ

1. �¬�m�£ã§=¤k�U�(J�¤�8Ü;

2. O�ü�¯�u)�VÇ;

3. O�(EÜ)¯�u)�VÇ§Ú^�VÇ�"

¤^�£k: O�VÇ�Ä�úª§½öVÇ��K5!�\5!

�K5�ÿÝ5�"
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)K�{

²~����¹Xeµ

1. :ê{µ·^u¤k�U�(Jk�;

2. S�{µ·^uÁ��(JäkS�5�;

3. ©��Ñ{(divide-and-conquer)µ

P(B) =
∑

i

P(Ai)P(B |Ai),

Ù¥{Ai}´�¬�m�Ø���©�.
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�,öS

�,öSKµ���k4¶ïÄ)Ú12¶��)§�Å©�4|§z

|4<§¯z|�k��ïÄ)�VÇ?
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�Y

�Y£:ê{¤µ

1�Ú£(½�¬�m���¤"16<©¤o|§�k(
16
4

)
·

(
12
4

)
·

(
8
4

)
·

(
4
4

)
=

16!
(4!)4

¥©{"

1�Ú£(½¯�u)��U5¤"16<©¤o|§z|�k��

ïÄ)��/�k(
4
1

)(
12
3

)
·

(
3
1

)(
9
3

)
·

(
2
1

)(
6
3

)
=

4!12!
(3!)4

1nÚ£O�(J¤"¤¦VÇ�

P(A) =

4!12!
(3!)4

16!
(4!)4

=
12 × 8 × 4

15 × 14 × 13
. )."
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K8(New York Times, July 21, 1991)µk3�;4��§����

¡õX���§,2���¡©OõX��ì�"yÌ<4\�ÅÀ�

���£Ø�m¤§�Å�mÙ¥�eü��¥�����§(Juy

�¡´��ì�"¯\�ÚØ��§@«�¹������VÇ�?

'�:µ(½�¬�m"

\XÛÀJº£�BÁ�e¤

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 10� 18F 17 / 43



�Y

b�\�üÑ´��§(JXÛ?

11Ú£ïá�¬�m¤µ�3�;4��IÒ©O�1, 2, 3§(J

^4�i1L«(u, v,w, x)µuL«\�ÐÀ½��ýÒè§vL«Ì<�

m��ýÒè§wL«\���ýÒè§xL«\I(W)½öÑ(L)"

X(1, 2, 3, L)L«\m©ÀJ1Ò�§Ì<�m�2Ò�£uy�¡´�

�ì�¤§,�\�¤3Ò�§(J\Ñ§�31Ò��¡"�¬�m�

S = {(1, 2, 3, L), (1, 3, 2, L), (2, 3, 1,W), (3, 2, 1,W)}.

(5¿µùp´b��31�Ò��¡��¬�m¤"lþwÑ§e\m

©À2Ò½3Ò�§\�½I¶e\m©À1Ò§\�½Ñ£±2«ØÓ�

�ªÑ¤"
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�Y

12Ú£O�VÇ¤µÀJ1!2!½3Ò��VÇ´���§þ

�1/3"�

P(2, 3, 1,W) = P(3, 2, 1,W) = 1/3,

P(1, 2, 3, L) + P(1, 3, 2, L) = 1/3.

¤±\I�VÇ�

P(I) = P(2, 3, 1,W) + P(3, 2, 1,W) = 2/3,


\Ñ�VÇ�

P(Ñ) = P(1, 2, 3, L) + P(1, 3, 2, L) = 1/3.

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 10� 18F 19 / 43



�Y

Ø�üÑ£E,b��31�Ò��¡¤

11Ú£ïá�¬�m¤µ

S = {(1, 2, 1,W), (1, 3, 1,W), (2, 3, 2, L), (3, 2, 3, L)}.

12Ú£O�VÇ¤µÀJ1!2!½3Ò��VÇ´���§þ�1/3"�

P(2, 3, 2, L) = P(3, 2, 3, L) = 1/3,

P(1, 2, 1,W) + P(1, 3, 1,W) = 1/3.

¤±\I�VÇ�P(I) = P(1, 2, 1,W) + P(1, 3, 1,W) = 1/3§
\Ñ

�VÇ�P(Ñ) = P(2, 3, 2, L) + P(3, 2, 3, L) = 2/3"

(Ø:�I�VÇ�2/3,Ø�I�VÇ�1/3§�§��"
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êÆÏ"

£�êÆÏ"µΩ´�ê�¬�m§E(X) =
∑
ω∈Ω X(ω)P(ω)§m

>k�����¿©^��E(|X |) =
∑
ω∈Ω |X(ω)|P(ω) < ∞"

êÆÏ"�¿Âµ

eX´Æ)��p§KE(X)L«²þ�p¶

eX´ó<�ó]§KE(X)L«²þó]¶

eX´�U¥ÏLÂ¤Õ��ýê§KE(X)L«zU²þ�6þ"
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Ï"

´�§

E(IA ) = P(A),

ù´Ï�

E(IA ) =
∑
ω∈Ω

IA (ω)P(ω)

=
∑
ω∈A

1 · P(ω) = P(A).

êÆÏ"÷ve�5�:

E(X1 + X2 + · · ·+ Xn) = E(X1) + E(X2) + · · ·+ E(Xn).
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~f

~K1µç¦¥%k100Üç¦§�k1Ü¹1��ø7§Ù{ø7

´0"y·ï2Üç¦§²þÂÃÂõ�? £ß�ßº¤

���§zÜç¦��ñÑ100�§ÄKç¦¥%º�"
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~f

)µ�zÜç¦�ÂÃ��ÅCþX(ω)§K

X =


10000, VÇ�

1
100

,

0, VÇ�
99

100
.

¤±§zÜç¦�²þÂÃ�

E(X) = 10000 ×
1

100
+ 0 ×

99
100

= 100£�¤.

üÜç¦�²þÂÃ

E(X1 + X2) = E(X1) + E(X2) = 200£�¤.

)."
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~K2µykIÒ�1�N�çøò§z�çøòÄ��£û[2¤

V\�Ó�çøò"\�Â8r�ØÓ�çøò§¯²þÄõ�g?

5¿µd��£Ä�"
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~f

)µ�X1,X2, · · ·L«��#øò�"�g��"§KX1 = 1"yX2´

Ä�?¿ØÓuX1(11g)����m§KE(X2) =
N

N−1§ù´Ï�

P(X2 = n) =
(

1
N

)n−1

·
N − 1

N
,

=c¡n − 1gþÄ�X1£VÇ�
(

1
N

)n−1
)§1ngÄ�X2,X3, · · · ,XN¥�

?Û��£VÇ�N−1
N )"u´§

E(X2) =
∞∑

n=1

n ·
(

1
N

)n−1

·
N − 1

N
=

N − 1
N
·

1
(1 − 1/N)2

=
N

N − 1
,

ùp|^�ª
∑

n≥1 nxn−1 = 1/(1 − x)2, 0 < x < 1£c¡SN¤"
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~f

Ón§

E(X3) =
N

N − 2
.

¯¢þ§

P(X3 = n) =
(

2
N

)n−1

·
N − 2

N
,

l
§·��

E(X3) =
∞∑

n=1

n ·
(

2
N

)n−1

·
N − 2

N

=
N − 2

N
·

1
(1 − 2/N)2

=
N

N − 2
.
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Ón§E(Xr) =
N

N−r+1"Xd§��

E(X1 + · · ·+ Xr) =
N
N

+
N

N − 1
+ · · ·+

N
N − r + 1

= N
(

1
N − r + 1

+ · · ·+
1
N

)
.

AO/§r = N§

E(X1 + · · ·+ XN) = N
(
1 +

1
2
+ · · ·+

1
N

)
' N (log N + C)

ùpC = 0.5772...�î.~ê§~µN = 12½N = 108§KÏ"©O�

12 ∗ (log 12 + 0.5772) ≈ 37 ½ 108 ∗ (log 108 + 0.5772) ≈ 568.)."
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\4úª

é?¿8ÜA1,A2, · · · ,An,e��ª¤á:

P
(
∪n

j=1Aj

)
=

∑
j

P(Aj) −
∑
j,k

P(AjAk ) +
∑
j,k ,l

P(AjAk Al)

− · · ·+ (−1)n−1P(A1A2 · · ·An)

Ù¥¦Ú��IØÓ!��l1�n"AO/§

P(A1 ∪ A2) = P(A1) + P(A2) − P(A1 ∩ A2).

y²µ-αj = IAj"5¿�é?¿A1, · · · ,An,

IA1A2···An =
n∏

j=1

IAj .
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\4úª

�

IA1∪···∪An = 1 − I(A1∪···∪An)c

= 1 −
n∏

j=1

IAc
j
= 1 −

n∏
j=1

(1 − αj)

=
∑

j

αj −
∑
j,k

αjαk +
∑
j,k ,l

αjαkαl

− · · ·+ (−1)n−1α1 · · ·αn.

,��¡§E(IA ) = P(A)"3þªü>�êÆÏ"§��¤y"y."
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~f

~3µIÒl1�n�üBý�Å�é§¯��k1��é�VÇ´õ

�?£Xeã§1jÜý�Ð�é"¤
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~f

)µ-AjL«IÒ�j�ý�é§Ø+Ù§§K

P(Aj) =
(n − 1)!

n!
=

1
n
.

Ón§eIÒ�jÚk�ýþ�é§Ø+Ù§§K

P(AjAk ) =
(n − 2)!

n!
=

1
n(n − 1)

, j , k .

Xd§

P(AjAk Al) =
(n − 3)!

n!
=

1
n(n − 1)(n − 2)

.

��£8�µ�O�P
(
∪n

j=1Aj

)
¤"
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~f

|^þ¡úª§O�úªm>Ú§�(
n
1

)
1
n
−

(
n
2

)
1

n(n − 1)
+

(
n
3

)
1

n(n − 1)(n − 2)
− · · ·+ (−1)n−1 1

n!

= 1 −
1
2!

+
1
3!
− · · ·+ (−1)n−1 1

n!
=

n∑
k=1

(−1)k−1 1
k !

.

�¤¦VÇ�

P
(
∪n

j=1Aj

)
=

n∑
k=1

(−1)k−1 1
k !

.

5¿§�n → ∞�§k
∞∑

k=1

(−1)k−1 1
k !

= 1 − e−1 ' 0.63.

)."
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�Å�éê�

N := IA1 + · · ·+ IAn ,

§´���ÅCþ§ÙêÆÏ"(=²þ�éê)�

E(N) =
n∑

j=1

E(IAj ) =
n∑

j=1

P(Aj) = n ·
1
n
= 1.
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SKù)£¨m5Ö§1109�2K¤

K8µ®�Ω = {ω1,ω2,ω3}, P(ω1) = P(ω2) = P(ω3) =
1
3§½Â

X(ω1) = 1,X(ω2) = 2,X(ω3) = 3,

Y(ω1) = 2,Y(ω2) = 3,Y(ω3) = 1,

Z(ω1) = 3,Z(ω2) = 1,Z(ω3) = 2.

y²X ,Y ,Zk�Ó�VÇ©Ù§¿¦X + Y ,Y + Z ,Z + X�VÇ©Ù"

·��¯KXeµ

1 y²µP(X = 1) = P(Y = 1) = P(Z = 1),

P(X = 2) = P(Y = 2) = P(Z = 2),

P(X = 3) = P(Y = 3) = P(Z = 3)?

2 ¦n��ÅCþX + Y ,Y + Z ,Z + X�VÇ©Ù
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SKù)£¨m5Ö§1109�2K¤

)�µ

1 ùp�y²µP(X = 1) = P(Y = 1) = P(Z = 1)§Ù¦aq

£Ñ¤"¯¢þ§

P(X = 1) = P({ω ∈ Ω : X(ω) = 1}) = P({ω1}) = P(ω1) =
1
3
,

P(Y = 1) = P({ω ∈ Ω : Y(ω) = 1}) = P(ω3) =
1
3
,

P(Z = 1) = P({ω ∈ Ω : Z(ω) = 1}) = P(ω2) =
1
3
.

2 ùp�¦�ÅCþW := X + Y�VÇ©Ù§Ù¦ü��ÅCþ�

�?n"U¨Ö�ÅCþ�\{½ÂµW(ω) = X(ω) + Y(ω)kX

e��µW(ω1) = X(ω1) + Y(ω1) = 1 + 2 = 3, W(ω2) = 5§

W(ω3) = 4,�P(W = 3) = P(W = 4) = P(W = 5) = 1
3§=�¤

¦§)."
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K8µ���fpknÜIÒl1�n�ç¦§(Ø�£)ÄüÜ§IÒ

��ç¦P�X§��P�Y"¦(X ,Y)�éÜ©Ù!>S©Ù!±9�

ÅCþY − X�©Ùº

)�µ(X ,Y)�éÜ©Ù

P((X ,Y) = (p, q)) = P(X = p,Y = q) =
1
(n

2)
, 1 ≤ p < q ≤ n,

ù´Ï�lnÜç¦ÄüÜk(n
2)«�U§
TüÜç¦¥��Òè�p!

Ó���Òè�q��¹�k1«�U"X�>S©Ù

P(X = p) = P(X = p,−∞ < Y < ∞)

=
n∑

q=p+1

P(X = p,Y = q) =
n − p
(n

2)
, 1 ≤ p ≤ n.
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Y�>S©Ù

P(Y = q) =
q−1∑
p=1

P(X = p,Y = q) =
q − 1
(n

2)
, 1 ≤ q ≤ n.

�ÅCþY − X�©Ù

P(Y − X = k ) =
n−k∑
p=1

P(X = p,Y = k + p)

=
n − k
(n

2)
, 1 ≤ k ≤ n − 1.

)."
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There are two kinds of tubes in an electronic gadget. It will cease to

function if and only if one of each kind is defective. The probability that

there is a defective tube of the first kind is .1; the probability that there is a

defective tube of the second kind is .2. It is known that two tubes are

defective, what is the probability that the gadget still works?

>f��£X>ÀÅ¤dü«>f+�¤§1�«>f+g¬Ç

�0.1,1�«>f+g¬Ç�0.2"��=�z«>f+þk���g¬

�§>f��Øó�£u)�æ¤"ykü�>f+�g¬§¯>f�

�EUó��VÇ�õ�º

¦^�VÇ"
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)µ�A = {>f���~ó�}§S = {ü�>f+�g¬}"�

¦P(A |S).

ü�g¬þ�1�«>f+§VÇ�0.1 ∗ 0.1 = 0.01;

ü�g¬þ�1�«>f+§VÇ�0.2 ∗ 0.2 = 0.04;

1��g¬�1�«>f+!Ó�1��g¬�1�«>f+§V

Ç�0.1 ∗ 0.2 = 0.02;

1��g¬�1�«>f+!Ó�1��g¬�1�«>f+§V

Ç�0.2 ∗ 0.1 = 0.02"

¤±§P(S) = 0.01 + 0.04 + 0.02 ∗ 2 = 0.09,

P(AS) = 0.01 + 0.04 = 0.05§P(A |S) =
P(AS)

P(S)
=

0.05
0.09

=
5
9
.

)."
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One hundred trout are caught in a little lake and returned after they

are tagged. Later another 100 are caught and found to contain 7 tagged

ones. What is the probability of this if the lake contains n trout? [What is

your best guess as to the true value of n? The latter is the kind of question

asked in statistics.]

�pkn^ù�~§Ù¥100^kI\"yÓ~100^§uy7^kI

\§¯d¯�u)�VÇ�õ�º

�Yµ¤¦VÇ�

pn =


(100

7 )(n−100
93 )

( n
100)

, if n ≥ 193,

0, if n < 193.

5µ�p��k193^~§½(n−100
93 ) = (n−100

n−193)k¿Â"
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¯µß�n�ý�´õ�§=¦n�Û�§VÇpn����º

�Yµ5¿pn'un4O§��=�

pn < pn+1 ⇔ n <
992 + 192

7
≈ 1427.6,

��n = 1428�§pn����"¢Sþ§O�Xeµ

p1427 =
(100

7 )(1427−100
93 )

(1427
100 )

≈ 0.1601976066,

p1428 =
(100

7 )(1428−100
93 )

(1428
100 )

≈ 0.1601979700,

p1429 =
(100

7 )(1429−100
93 )

(1429
100 )

≈ 0.1601976979.

N5: |^²þ�Cq��µ 7
100 ≈

100
n ⇒ n = 10000

7 = 1428.6 ≈ 1429§

�é"
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P. 195-196µ12§3§4§5§6§7§11§12§15K.

e±£17±¤kSK�

ýSSNµ��!)¤¼ê
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