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þ±SNo(

�ÅCþµ½Â�3�ê�¬�mΩþ�?Ûê�¼êX§þ¡�

���ÅCþ§=

X : Ω → (−∞,∞),

P�X(ω)£'�¼êf(x)¤"
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þ±SNo(

©Ù¼êµF(x) = P(X ≤ x)§§´·�~�ÊÏ�¼ê§÷ve

�5�µ

(a) F ´üO�µex1 < x2§KF(x1) ≤ F(x2)"

(b) F(−∞) = 0ÚF(+∞) = 1"

(c) mëY:

F(x + 0) = F(x) = lim
k→∞

P
(
X ≤ x +

1
k

)
,

Ú�4��3:

F(x − 0) = lim
k→∞

P
(
X ≤ x −

1
k

)
,

��UF(x + 0) , F(x − 0)"

¯¼êF(x) = x2ÚF(x) = 1 − e−x©O´(−∞,∞)þ�©Ù¼ê

í??
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þ±SNo(

�¬�mΩ´�ê�(k�½öÃ�)

êÆÏ"µ

E(X) =
∑
ω∈Ω

X(ω)P({ω}),

=X3�:��§¦±éA�VÇ§2�Ü\å5����§Ò´

êÆÏ""

���

E(ϕ(X)) =
∑
ω∈Ω

ϕ(X(ω))P({ω}).

XJ�¬�mΩ´Ø�ê£d�vk?ê$�§=�ΩØ�ê�§

?ê
∑
ω∈Ωvk½Â¤§XÛ½ÂêÆÏ"Qº
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�Ý¼ê

½Âµ½Â3R = (−∞,∞)þ�¼êf¡��Ý¼ê§e÷v

(1) f(u) ≥ 0é¤ku ∈ R; (2)
∫ ∞
−∞

f(u)du = 1"

d?È©n)�RiemannÈ©¶e¼êfëY§½©¡ëY§

KRiemannÈ©3k�«m(a, b)�3§�d?���~È©§e�È©

�3§I¼ê3Ã¡�?é�"

~µy²

f(u) =
1
√

4π
exp

(
−

u2

4

)
, −∞ < u < +∞,

��Ý¼ê"
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~f

y²µw,f(u) ≥ 0é?¿u ∈ (−∞,∞)§¿�∫ ∞

−∞

f(u)du =
1
√

4π

∫ ∞

−∞

exp
(
−

u2

4

)
du

=
2
√

4π

∫ ∞

0
exp

(
−

u2

4

)
du £ó¼ê¤

=
1
√
π

∫ ∞

0
x−1/2 exp (−x) dx £-u = 2

√
x¤

=
1
√
π

Γ
(
1
2

)
= 1.

�f(u)��Ý¼ê"y."

5µGamma¼êΓ(α) =
∫ ∞

0 xα−1 exp (−x) dx (α > 0)÷v5�µ

Γ(α+ 1) = αΓ(α)±9Γ
(

1
2

)
=
√
π"
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�,g�K

�,g�Kµ¯¼ê

f(u) =
1
√

2π
exp

(
−

u2

2

)
, −∞ < u < +∞,

´Ä��Ý¼êº
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äk�Ý��ÅCþ(Ø�ê�¬�m)

½Âµ�X´�¬�mΩþ�¼ê§XJÙVÇd���Ý¼êf û

½§=

P(a < X ≤ b) =
∫ b

a
f(u)du,

½���§XJédeZk�½Ã�«m�¤�8ÜA§

P(X ∈ A) =

∫
A

f(u)du,

K¡X �äk�Ý¼ê��ÅCþ£k�¡�ëY��ÅCþ§�éc

¡lÑ��ÅCþ¤"

eA = (−∞, x)§K

F(x) = P(X ≤ x) =
∫ x

−∞

f(u)du,

§´X �©Ù¼ê"efëY§KF ′(x) = f(x)"
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äk�Ý��ÅCþ(Ø�ê�¬�m)

þ¡L²z�«m[a, b ]§½keZ«m�¤�8ÜA ÑkVÇ§d

a8ÜA¡��ÿ�§áuσ-�ê£�¤Borel8¤"�ÅCþX�êÆ

Ï"�

E(X) =

∫ ∞

−∞

uf(u)du.

¯¢þ§�±ù�n): �©�ai ≤ ξi ≤ ai+1

E(X) ∼
∑

i

ξiP(ai < X ≤ ai+1) =
∑

i

ξi

∫ ai+1

ai

f(u)du

∼
∑

i

ξi f(ξi)(ai+1 − ai) ∼

∫ ∞

−∞

uf(u)du.

���§�ÅCþϕ(X)�êÆÏ"�

E(ϕ(X)) =

∫ ∞

−∞

ϕ(u)f(u)du.

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 10� 5F 9 / 48



äk�Ý��ÅCþ(Ø�ê�¬�m)

P(X = x) =
∫ x

x
f(u)du = 0.

��ê���mþ�VÇØÓ§@pTVÇ����"

��?Øµ�Å3�Sx�^u§¯§��Ý�L�S��>n�

/>��VÇ´õ�?£�¨m5ÖP. 101§kn�ØÓ��Y§Ï�c

Jb�ØÓ¤
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Borel�

��¬�mΩ´�ê½öØ�ê"e¡�Ñ�ÅCþ���½Â§

ÄkÚ\σ-�ê�Vg"

Borel�(½σ-�ê)µΩ�f8�¤���8ÜF¡���Borel�§

e÷v:

eA ∈ F§KAc ∈ F"

eAi ∈ F , i ≥ 1§K∪i≥1Ai ∈ F"

�ó�§F'uÖ$�Ú�ê¿$�´µ4�"

Borel�Ø��"

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 10� 5F 11 / 48



Borel�

Borel��~fµ

F = {∅,Ω}"

F = {∅,A ,Ac ,Ω}"ùp8ÜA ⊂ Ω´?Û�½���8Ü"

FdΩ�¤kf8�¤"

11§2�/Borel���§v^§13�/Borel�ék�½ö�ê

��¬�mΩ´�±�§�éuØ�ê�¬�mΩ§T8ÜF��§Ã

{^£I3z�f8þD�VÇ§Ã{��¤"
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�ÅCþ���½Â

ÀJ��·��Borel�F§3Ùþ½Â��VÇÿÝP§K

(Ω,F ,P)

¡���VÇ�m§F�z���¡��ÿ"
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�ÅCþ���½Â

�ÅCþ���½ÂµΩþ���¢�¼êX¡��ÅCþ§��

=�éz�¢êx§k

{ω : X(ω) ≤ x} ∈ F ,

½`T8Ü´�ÿ�£±�þ^d½Â�¤"

±e^S

Ω → F → P

↘

X(ω).
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�ÅCþ���½Â

©Ù¼êP(X ≤ x)éz�xk¿Â§Ï�8Ü{ω : X(ω) ≤ x}�ÿ§

áuP�½Â�"

VÇP(a < X ≤ b)éz�«m(a, b ]k¿Âµ

P(a < X ≤ b) = P(X ≤ b) − P(X ≤ a).

�Ω�ê�§·�¢Sþ�F�Ω�¤kf8�¤�8Ü§�?¿

8ÜÑ´áuF§´�ÿ�§lz�¢�£½ê�¤¼êÑ´�

ÅCþ!
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��©Ù¼ê

��©Ù¼êµF(x) = P(X ≤ x)"

��©Ù¼êµX ,Y´Ωþ�ü��ÅCþ§

F(x, y) = P(X ≤ x,Y ≤ y).

e�3¼êf(u, v)¦�

F(x, y) = P(X ≤ x,Y ≤ y) =
∫ x

−∞

∫ y

−∞

f(u, v)dudv,

K¡¼êf(u, v)����ÅCþ(X ,Y)�£éÜ¤�Ý§=÷v

(1) f(u, v) ≥ 0 é¤ku, v ∈ R,

(2)
∫ ∞

−∞

∫ ∞

−∞

f(u, v)dudv = 1.

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 10� 5F 16 / 48



��©Ù¼ê

��©Ù¼êF(x, y)�5�µ

1 'uz�©þ´üN4O¶

2 'uz�©þ´mëY�§�4��3¶

3 é?Ûx, y§k0 ≤ F(x, y) ≤ 1;

4 F(x, y)äe�ì?5�µ

lim
x→∞,y→∞

F(x, y) = 1,

lim
x→−∞

F(x, y) = 0 (é¤ky),

lim
y→−∞

F(x, y) = 0 (é¤kx).
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��©Ù¼ê

P((X ,Y) ∈ S) =
∫ ∫

S f(u, v)dudv"

êÆÏ"E(ϕ(X ,Y))

E(ϕ(X ,Y)) =

∫ ∞

−∞

∫ ∞

−∞

ϕ(u, v)f(u, v)dudv.
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��©Ù¼ê

~µ��ÅCþX ,Y�éÜ�Ý¼ê�

f(x, y) =
1
18

, 0 < x < 3, x2 < y < 9.

©O¦E(X + Y)ÚE(XY)"

Figure: «�0 < x < 3, x2 < y < 9"�,?ØµXd½Â�¼êf(x, y)´Ä��

�Ý¼êº
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��©Ù¼ê

)µ¯¢þ§

E(X + Y) =

∫ 3

0

∫ 9

x2
(x + y)f(x, y)dydx

=

∫ 3

0

∫ 9

x2

1
18

(x + y)dydx =
261
40

.

�,öS§¦E(XY)?
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��©Ù¼ê

�Yµ¯¢þ§

E(XY) =

∫ 3

0

∫ 9

x2
xyf(x, y)dydx

=

∫ 3

0

∫ 9

x2

1
18

xydydx =
27
4
.
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^�VÇ

�A ,S ⊂ Ω§½Â

P(A |S) :=
P(AS)

P(S)
=

P(A ∩ S)

P(S)
,

¡d��A�éS�^�VÇ"

~µ�Úfüg§®�o:ê�7§¯11g:ê�3�VÇ´õ�?

£ß�ß¤
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~f

)µ11Ú" üg(Jk36«ØÓ�¹§o:ê�7��¹�

(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)

�k6«ØÓ�¹"�"ügo:ê�7"ù�¯�u)�VÇ� 6
36 = 1

6"

12Ú" �X1ÚX2©OL«11§2g�:ê§-A = {X1 = 3}§

S = {X1 + X2 = 7}§u´

P(A |S) = P(X1 = 3|X1 + X2 = 7)

=
P(X1 = 3,X1 + X2 = 7)

P(X1 + X2 = 7)

=
P(X1 = 3,X2 = 4)

P(X1 + X2 = 7)
=

1
6 ×

1
6

1
6

=
1
6
.
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�,öS

�,öS"¦µ

(1). P(X1 = 5|X1 + X2 = 7) =?

(2). P(X1 = k |X1 + X2 = 6) =? (?Û1 ≤ k ≤ 5)

(3). P(X1 = k |X1 + X2 = 9) =? (?Û3 ≤ k ≤ 6)
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�,öS

�Yµ

(1). P(X1 = 5|X1 + X2 = 7) = 1/6.

(2). P(X1 = k |X1 + X2 = 6) = 1/5 (1 ≤ k ≤ 5).

(3). P(X1 = k |X1 + X2 = 9) = 1/4 (3 ≤ k ≤ 6).
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~f

�½X1 = 4§¯X2 = 3�VÇ´õ�?£ß�ß¤

���µ12g�:ê´ÄÉ11gK�?
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~f

�½X1 = 4§¯X2 = 3�VÇ´õ�?£ß�ß¤

���µ12g�:êØÉ11gK�§�¤¦VÇ�1/6§ùp^

�üg¯��Õá5"¯¢þ§

P(X2 = 3|X1 = 4) =
P(X2 = 3;X1 = 4)

P(X1 = 4)

=
1/36
1/6

=
1
6
.

�,?ØKµ¦

P(X1 + X2 = 7|X1 = 4) =?
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~f

~fµ�Øþ!M1§�¡ÑyVÇ�p§XL«11gÑy�¡¤

��gê(=�¡Ñy����m)"®�3gÑy�¡§¯eügk�¡

Ñy�VÇõ�(within the next two trials¤º=eügÝ1¥§�¡�

Ñy�VÇ´õ�? £ß�ßº¤

¯µX�u@�êºX3�o��Sº
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~f

)µù´^�VÇ

P(X ≤ 5|X ≥ 4) =
P(4 ≤ X ≤ 5)

P(X ≥ 4)
.

®�P(X = n) = qn−1p, n ≥ 1§�k

P(X ≥ 4) =
∞∑

n=4

qn−1p = q3,

P(4 ≤ X ≤ 5) = P(X = 4) + P(X = 5) = q3p + q4p.

�¤¦VÇ�

P(X ≤ 5|X ≥ 4) =
q3p + q4p

q3
= p + qp.

L²Ø+cng�Ý1�¹§eügk�¡Ñy�VÇ£1�gÑy�

¡§½ö1�gÑy�¡!�1�gÑy�¡¤")."
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~f

�,öSKµ�Øþ!M1§�¡ÑyVÇ�p, XL«11gÑy

�¡¤��gê£=�¡Ñy����m¤"O�

1 P(1 ≤ X ≤ 2).

2 P(X > n).

3 P(X > n + m|X > m)£^�VÇ�¤.
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�Y

)µ1. ¯¢þ§

P(1 ≤ X ≤ 2) = P(X = 1) + P(X = 2) = p + qp.

2"|^P(X = k ) = qk−1p(k ≥ 1)§·��

P(X > n) =
∞∑

k=n+1

P(X = k ) =
∞∑

k=n+1

qk−1p

= p
(
qn + qn+1 + · · ·

)
= pqn ×

1
1 − q

= qn.
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�Y

3"¯¢þ§

P(X > n + m|X > m) =
P(X > n + m;X > m)

P(X > m)

=
P(X > n + m)

P(X > m)
=

qn+m

qm = qn.

��uc¡¤��mgØ+£ØØm´õ�¤§2#m©§��

�n + 1g�¡âÑy�VÇ§=

P(X > n + m|X > m) = P(X > n) = qn.

���§Üníºê��Å5��
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Ä�úª

·K1µé?¿¯�A1,A2, · · · ,An§k

P(A1A2 · · ·An) = P(A1)P(A2|A1)P(A3|A1A2)

· · ·P(An |A1A2 · · ·An−1).

ùpb�P(A1A2 · · ·An−1) > 0"

yµ5¿�

P(A1) ≥ P(A1A2) ≥ P(A1A2A3) ≥ · · · ≥ P(A1A2 · · ·An−1) > 0.

m>�

P(A1)

P(Ω)
·

P(A1A2)

P(A1)
· · · · ·

P(A1A2 · · ·An)

P(A1A2 · · ·An−1)
= P(A1A2 · · ·An).

y."
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Ä�úª

·K2µ�Ω =
∑

n An´�¬�mØ���©�§Ké?¿B§

P(B) =
∑

n

P(An)P(B |An).

)µ

B = B ∩Ω = B ∩

∑
n

An

 = ∑
n

AnB.

¤±

P(B) = P

∑
n

AnB

 = ∑
n

P(AnB) =
∑

n

P(An)P(B |An).

5¿µeP(An) = 0§KP(AnB) = P(An)P(B |An) = 0§þª��¤á"

y."
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Ä�úª

·K3£Bayes½n, 1763¤µ�·K2^�¤á§eP(B) > 0§K

P(An |B) =
P(An)P(B |An)∑
k P(Ak )P(B |Ak )

.

)µ5¿P(B)P(An |B) = P(An)P(B |An)§¤±

P(An |B) =
P(An)P(B |An)

P(B)
=

P(An)P(B |An)∑
k P(Ak )P(B |Ak )

.

y."
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Bayes½n�¿Â

Bayes½n�¿Âµ

�B´�å8àY§{An}´Ãõ8Ã§Bayes½nL²8ÃAn���

VÇúª"

�B´�g/�§{An}´Ãõ�Ï§Bayes½nL²Úå/�u)�

ÏAn�VÇúª"

�B´Jw§{An}´Ãõ�Ï§Bayes½nL²ÚåJw�ÏAn�V

Çúª"

· · · ��"
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��ù)

¯µeP(A) = 0§KA = ∅º
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��ù)

�YµØ�½�~X§����mΩXe:

Ω = {1, 2, 3}.

½ÂPXe:

P({1}) = 0, P({2}) =
1
3
, P({3}) =

2
3
,

P(A) =
∑
ω∈A

P ({ω}) , ∀A ⊂ Ω,

KXd½Â�8¼êP´��VÇ£��oº¤§�P({1}) = 0"
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��ù)

¨Ö170�12KµThree kinds of shirts are on sale. (a) If two

men buy one shirt each, how many possibilities are there? (b) If two

shirts are sold, how many possibilities are there?

n«�ï�3ÑÈ"£a¤XJü<z<ï���ï§�U5kõ

�º£b¤XJü��ïÑñ
§�U5kõ�º

5¿µ�/(b)rNü��ï�ñ§�"<"Ã'§"ü�<"ù�c=

Ñy31�¯¥§1�¯¥vkÑy?Û<"
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��ù)

£a¤XJü<z<ï���ï§�U5kõ�º

�Yµ32"J«µd�õÀJ§z<k3«ÀJ§�2<�

k3 × 3«�U"

£b¤XJü��ïÑñ
§�U5kõ�º

�Yµ(2+3−1
2 )"J«µz�	�¯K§Ù¥k2�

√
£L«ñK�

ü��ï¤§k3 − 1 = 2�“	�”£L«3«�ï�ÀJ§�	�ê��

�§Ï���K�cÚ��ü�	�¤"~Xµ

1 2 3
√√

L«1�«�ïñK
2�§Ù§«�ï���vkñK"½ö{��µ
√√
| |"Ïd§�Y�(2+3−1

2 )"
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��ù)

¨Ö171�112KµThere are two locks on the door and the

keys are among the six different ones you carry in your pocket. In a

hurry you dropped one somewhere. What is the probability that you

can still open the door? What is the probability that the first two keys

you try will open the door?

�þk2r£§�^\��¥�6rØÓ�²¥�2râU�m§�

kam§\¿K
1r�²"¯µE,�±�m��VÇ´õ�º\Á

�gÒU�m��VÇq´õ�º
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£a¤E,�±�m��VÇ´õ�º

�Yµ2
3"J«µ6r�²¿K1r§�k6«�¹"EU�m�§�

U¿KÙ¥ØU�m���²§�k4«�U"�¤¦VÇ�4
6 = 2

3"

£b¤\Á�gÒU�m��VÇq´õ�º

)µ©ü«�¹"

2r�²k^S"®�K
1r£ØU�m��¤�²§VÇ�4
6"

�e5r�²§?¿�2r§ù^S§k5 × 4«�U"���2r�

²TÐU�m£§�k1«�U"�¤¦VÇ�4
6 ·

1
5×4 = 4!

6!"

2r�²Ã^S"�Yµ2×4!
6! = 4

6 ·
1
(5

2)
§Ï�l5r�²¥?¿

�2r§Øù^S§k(5
2)«�U"
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P. 109§11KµX + X = 2X??

){1�êp§·���x + x = 2x"�XL«���Úf¤Ñy�

:ê§KX�U��´{1, 2, 3, 4, 5, 6}¥���§2X�´���ÅCþ§

Ù�U��´{2, 4, 6, 8, 10, 12}¥���"4TL«�ügÚf¤Ñy�

:ê�Ú§KT��U�3e�8Ü¥µ

{2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}.

3,«¿ÂþT�n)�X + X"Ïd§X + X , 2X"¯¢þ§�n)

�ÅCþX + X�X(ω1) + X(ω2)§�¼ê�\{Ø���

){2£�Ö½Â¤ X + Y½Â�µω 7→ X(ω) + Y(ω)§Ï

dX + X = 2X"
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P. 109§14Kµ¦�ÅCþXY�VÇ©Ùº

�µ®�Ω = {ω1,ω2,ω3,ω4,ω5}§ωi�¢ê§�ÅCþX÷v

P(X = 1) = P(X = 2) =
1
10

,P(X = 3) =
1
5
,

P(X = 4) =
1
5
,P(X = 5) =

2
5
,

Ó��ÅCþY÷v

P(Y =
√

2) =
1
5
,P(Y =

√
3) =

3
10

,P(Y = π) =
1
2
.

�·�Ø��X(ωi) =? Y(ωi) =?I�\�½Â§��\�Ñ
½Â§

Ò�±¦ÑZ := XY3z�:ωi��§±9Z3ù
��VÇ
"¨Ö�

ÑX(ωj) = j, 1 ≤ j ≤ 5§±9Y(ω1) = Y(ω4) =
√

3§

Y(ω2) = Y(ω5) = π§Y(ω3) =
√

2§d�Z = XYXÛ��ºVÇ©Ùº
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��ù), P. 109§14K

5¿�

P(X = 1) = P({ω : X(ω) = 1}) = P({ω1}) = P(ω1) =
1
10

.

Ón§

P(ω2) =
1
10

,P(ω3) = P(ω4) =
1
5
,P(ω5) =

2
5
.

d��ÅCþY�D�I�%§��Y(ω1) = Y(ω4) =
√

3,

Y(ω2) = Y(ω5) = π, Y(ω3) =
√

2,l÷vK8^�§=÷v

P(Y =
√

2) = P(ω3) =
1
5
,

P(Y =
√

3) = P({ω1,ω4}) =
1
10

+
1
5
=

3
10

,

P(Y = π) = P({ω2,ω5}) =
1
10

+
2
5
=

1
2
.
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�ÅCþXY���Xeµ

√
3 2π 3

√
2 4

√
3 5π

�ÅCþXY�VÇ©ÙXeµ

P(XY =
√

3) = P({ω : X(ω)Y(ω) =
√

3}) = P(ω1) =
1

10
,

P(XY = 2π) = P({ω : X(ω)Y(ω) = 2π}) = P(ω2) =
1
10

,

P(XY = 3
√

2) = P(XY = 4
√

3) =
1
5
,

P(XY = 5π) =
2
5
.

)."
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��ù), P. 109§14K

){�µ�ÅCþY�D���ØÓ§XY(ω1) = Y(ω5) = π,

Y(ω2) = Y(ω3) =
√

3, Y(ω4) =
√

2,l÷vK8^�§=÷v

P(Y =
√

2) = P(ω4) =
1
5
,

P(Y =
√

3) = P({ω2,ω3}) =
1
10

+
1
5
=

3
10

,

P(Y = π) = P({ω1,ω5}) =
1
10

+
2
5
=

1
2
.

�ÅCþXY�VÇ©ÙXeµ

P(XY = π) = P(XY = 2
√

3) =
1
10

,

P(XY = 3
√

3) = P(4
√

2) =
1
5
,

P(XY = 5π) =
2
5
. )."
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P. 111-113µ116§19§22§24§31K"

P. 157-158µ12§3§4§5§6§7K"

��µ�3��11��þ��þ28ÆÒ!6¶"

ýSSNµ�ÅCþ�Õá!~f"
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