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þ±SNo(

Õá¯�: P(A ∩ B) = P(A)P(B)"

eZ¯�{Am}
n
m=1Õáµ

P (Ai1 ∩ Ai2 ∩ · · · ∩ Aik ) = P (Ai1)P (Ai2) · · ·P (Aik )

é?¿{1, 2, · · · , n}¥��|ê{i1, i2, · · · , ik }"

~�n = 3µn�¯�A1,A2,A3Õá§��=�e�þ¤áµ

P (A1 ∩ A2) = P (A1)P (A2)

P (A1 ∩ A3) = P (A1)P (A3)

P (A2 ∩ A3) = P (A2)P (A3)

P (A1 ∩ A2 ∩ A3) = P (A1)P (A2)P (A3) .
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O�VÇ��õ~f

~f1µIÒ�1�4�oÜý�3Sfþ§l4Üý¥�Åßé�

�1Üý�VÇ´õ�?

J«µ

=ßé1Üý�VÇ;

=ßé2Üý�VÇ;

=ßé3Üý�VÇ;

=ßé4Üý�VÇ"

±þ¯��VÇ\å5=�¤¦"

?Ø�eµ4Üý{���¹�kõ�«º=ßé11Üý��¹k

õ�«º
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~1

)µ4Üýk4! = 24«ØÓ�{{"

(1)kO�=ßé1Üý�VÇ"

•�,<=ßé11Üý§Ù{3ÜÑß�µ

¢S abc abc abc abc abc abc

ßÿ abc acb bac bca cab cba

d�§�k14§5ü«�¹þß�§�o�k2«�¹"

•�,<=ßé12Üý§Ù{3ÜÑß�"Ó�§�k2«�¹"

•�,<=ßé13Üý½14Üý§Ù{3ÜÑß�§©Ok2«�¹"

¤±§=ßé1Ü��¹�k2 ∗ 4 = 8«§�=ßé1Üý�VÇ�

8/24 = 1/3.
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~1

)µ(2)2O�=ßé2Ü�VÇ"

�,<ßé11§2Üý§Ù{2ÜÑß�µ

¢S ab ab

ßÿ ab ba

�k12«�¹ß�"Ó�§�,<ßé11§3;11§4¶12§3¶12§

4¶13§4Üý§Ù{2ÜÑß�§þ�Ñy1g"\å5§=ßé2Üý

��¹�k6 ∗ 1 = 6«§�=ßé2Üý�VÇ

6/24 = 1/4.
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~1

)µ(3)2O�ßé3Ü�VÇ"

e,<ßé11§2§3Üý§Ù{1Ü�½�ßé§�=ßé3Ü��¹

Ø�3§k0«�¹§VÇ�0"

(4)��§ßé4Üý�VÇ�1/24"

�Yµßé��1Üý�VÇ´

1
3
+

1
4
+ 0 +

1
24

=
5
8
.
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~1

g�Kµßé��2Ü�VÇ´õ�º

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 9� 27F 7 / 38



~2

~µòn�¥�3n�äkIÒ��f¥§�k1��f´��§¯

kõ�«�¹º

©ü«�¹µ

¥ÃIÒ"£Á�Á¤

¥kIÒ"
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~2

(1)¥ÃIÒ"

ln��f¥À1��f´��§kn«�¹"

�en − 1��f¥§À1��f�2�¥§kn − 1«�¹"

��k

n(n − 1)

«�¹"
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~2

(2)¥kIÒ"

•ln��f¥À1��f´��§kn«�¹"

•�11��f´��§�en − 1��f¥§k1��fk2¥"5¿§

ü�¥�|Ük(n
2)«�¹§�Ù§n − 2�¥�å§©O�3n − 1��

f¥§k(n − 1)!«�{§�k(
n
2

)
(n − 1)!

«�¹"

�Yµo�k

n ×
(
n
2

)
(n − 1)! = n(n − 1)

n!
2

«�¹"
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�ÅCþ£3�ê8þ¤

�Ω´���ê£k�½öÃ�¤�¬�m

Ω = {ω1,ω2, · · · ,ωn, · · · }.

½Â£�ÅCþ¤µ½Â��Ωþ�ê�¼êX§¡������ÅÅÅCCC

þþþ§P�X(ω)"

A:µ

X ´��ê�¼ê;

½Â�´�¬�m"
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�ÅCþ£3�ê8þ¤

·Kµ�X ,Y´�ê�¬�mΩþ��ÅCþ§K

X + Y ,X − Y ,XY ,
X
Y
(Y , 0),

ÚaX + bY§þ´Ωþ��ÅCþ§Ù¥a, b´ü�ê"

y²µw,§

ω→ X(ω) + Y(ω)

´Ωþ�ê�¼ê§�´���ÅCþ"Ù§Ón§y."

5¿µ3�È©¥§¼êf + g½Â3x ∈ D ⊂ R£¢ê�¤þ§

ùpω½Â3�¬�mΩ§Ø�½áu¢ê�§XΩ = {�¡!�¡}"
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�ÅCþ£3�ê8þ¤

·Kµ�ϕ´��ÊÏ��¼ê§X ,Y´�ê�¬�mΩþ��Å

Cþ§K

ω→ ϕ(X(ω),Y(ω))

�´Ωþ��ÅCþ"

y²µw,"A~µϕ(x, y) = x + y"

Ón§eXi´Ωþ��ÅCþ§K

ω→ X1(ω) + X2(ω) + · · ·+ Xn(ω)

�´Ωþ��ÅCþ"
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�ÅCþ£~f¤

~µ�Ñ��Ñ�1000£¹¤þ±eãÖ�¤��3�§Ñ

�1001�5000£¹¤þãÖ�¤��2�§Ñ�5000þ±þãÖ�¤�

�1�§zþãÖ½|þñ5�"�ÑÑ���|dX"

5¿µÑ���ýÿãÖ�Èþ§©1<MãÖ§���<M1000þã

Ö"~X§�Um©<M1000þ§,�w�Èþ§2J\<M500þ��§±

��|d��z¶��Um©<M1500þ§�ùpb�c¡<M�

11 − 1000þ¥z��¤�Ú�¡�¤�Ø��"
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�ÅCþ£~f¤

)µ-Ω = {1, 2, · · · }��Èþ§´Ø�½�£���m¤"|

dX��Èþω ∈ Ω�¼ê§´���ÅCþ£¢�¼ê¤"

X(ω) =


5ω − 3 ∗ 1000, eω ≤ 1000,

(5 − 3) ∗ 1000 + 3(ω − 1000), e1000 < ω ≤ 5000,

14000 + 4(ω − 5000), eω > 5000.

5¿µ14000 = (5 − 3) ∗ 1000 + (5 − 2) ∗ 4000"

�o�ÿº�? {5ω − 3000 < 0} = {ω < 600}"

�o�ÿJ|10000�?

{2000 + 3(ω − 1000) > 10000} ∪ {ω > 5000} = {ω ≥ 3667}.

5µ¢Sþ§X ´½Â3Ωþ���©ã¼ê"
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©Ù

�A´��d,
¢ê�¤�8Ü§½Â

P(X ∈ A) = P({ω : X(ω) ∈ A }).

5¿: 8Ü{ω : X(ω) ∈ A }´���ê8§áuP�½Â�£Ï�ùpb

�Ω´���ê���m§Ø�ê�¬�m�¡?Ø¤"

~: A = {x}�¹�:x§P

P(X = x) = P(X ∈ {x}).

½Â(©Ù)µ¡¼ê

FX (x) = P(X ≤ x)

��ÅCþX�©Ù¼ê"w,§

P(a < X ≤ b) = P(X ≤ b) − P(X ≤ a) = FX (b) − FX (a).
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êÆÏ"

�X´½Â3�ê���mΩþ��ÅCþ§ÙêÆÏ"E(X)½Â

�

E(X) =
∑
ω∈Ω

X(ω)P({ω})£�?êÂñ¤

=�Xz:��§¦±T:�VÇ§,��\§��êÆÏ"E(X)"

�Ω = {ω1,ω2, · · · , }§K

E(X) =
∞∑

n=1

X(ωn)P({ωn}) =
∑

n

anP(X(ω) = an).
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êÆÏ"

~µ�Ω = {ω1,ω2, · · · ,ω7}´,¬è/©¤7°�8Ü§Ù¤Ó¡

È9d�Xe:

5% 10% 10% 10% 15% 20% 30%

800� 900� 1000� 1200� 800� 900� 800�
.

�X(ω)L«,¬/ω�d�§KÙêÆÏ"E(X)�

E(X) = (800)
5

100
+ (900)

10
100

+ (1000)
10

100
+ (1200)

10
100

+ (800)
15
100

+ (900)
20
100

+ (800)
30
100

= 890,

Tê�ê�L«ù¬è/�²þd�"
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êÆÏ"

eX´���ÅCþ§Kϕ(X)�´���ÅCþ§ÙêÆÏ

"E(ϕ(X))�

E(ϕ(X)) =
∑
ω∈Ω

ϕ(X(ω))P({ω}).

AO/§ϕ(x) = x r§

E(ϕ(X)) =
∑
ω∈Ω

[X(ω)]rP({ω}),

¡�X�1r�åÝ"
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êÆÏ"�{¤

u17V�¶{IBx'u"Ù5©�¯K" (���1§

PascalÚFermatÙ5©�)"1654c§Fermat�Pascal��µh<&�)

û
T¯K§���<�Ø�"3c±�§=1657c§�I�Æ

[Huygens£14 April 1629 – 8 July 1695¤úÙ¦'u"Ù5©�¯K"�

(J§){�Fermat�){����"

160c�§=1814c§Laplace¦^"êÆÏ""�c§��[�É¶

Ï�§=�"Expectation"§�©"Erwartungswert"§{©"Espérance

mathématique"Ä�i1þ¹E"
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Ù7©�¯K

(Ù7©�¯K) FermatÚPascal�3nij�,§�{ü�iZ§

�M1"e�¡§Fermat�1©§e�¡§Pascal�1©"k�10©�<

I�ÜÙ5160{J£z<�Ñ80{J¤"�Û%�¯�u)
§

Fermat�*l¾
§¦�38 : 7�Ð/³e`£Toulouse"¯�ÜÙ

5160{JXÛ©?

�YµFermatA�Ù7�

160 ×
11
16

= 110£{J).
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Ù7©�¯K

'�g�µÙ7©�Ø���6L�Iõ��§é�6�5�I

õ��"'X§Ù20�û½�K'm317µ15��¹e¥ä§ÚÙ10�

û½�K'm37µ5��¹e¥ä§ü«�¹Ù7©�'~AT´��

�"

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 9� 27F 22 / 38



Ù7©�¯K

yÀÃAIIr��§ÀÃBIIs��§K�I2Ùr + s − 1�Ò�

û½�K£��oº¤"ÀÃAÚÀÃBÜn�Ù7©�'~�

r+s−1∑
k=r

(
r + s − 1

k

)
:

r+s−1∑
k=s

(
r + s − 1

k

)
.

5¿�

r+s−1∑
k=r

(
r + s − 1

k

)
=

s−1∑
m=0

(
r + s − 1

r + s − 1 −m

)
(-k = r + s − 1 −m)

=
s−1∑
m=0

(
r + s − 1

m

)
.

5¿µ����ªf´éÃ�UIs�£=ÑK¤�¤k�¹"
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Ù7©�¯K

~Xµr = 2£Fermat¤Ús = 3£Pascal¤∑2
m=0 (

4
k)∑1

k=0 (
4
k)

=
(4

0) + (4
1) + (4

2)

(4
0) + (4

1)
=

1 + 4 + 6
1 + 4

=
11
5
,

=FermatA��ÜÙ5�11
16§PascalA��ÜÙ5� 5

16"
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êÆÏ"

~µ�L´����ê§�ÅCþX÷v

P(X = n) =
1
L
, 1 ≤ n ≤ L .

KÙêÆÏ"E(X)�

E(X) =
L∑

n=1

n
1
L
=

1
L
·

L(L + 1)
2

=
L + 1

2
.

T�ÅCþX¡�8Ü{1, 2, · · · , L}�þ!©Ù"
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êÆÏ"

~µ��qþ!M1���¡Ñy§�X´���¡Ñy¤�gê§

¦E(X)£���§�o¿gº¤"

ß�ßµE(X) =?
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êÆÏ"

)µX = n¿�cn − 1gÑy�¡§1ngÑy�¡"

P(X = n) =
(
1
2

)n−1

·
1
2
=

1
2n , n ≥ 1.

KêÆÏ"E(X)�

E(X) =
∞∑

n=1

n
1
2n =?
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êÆÏ"

1
1 − x

= 1 + x + x2 + · · · =
∞∑

n=0

xn, |x | < 1.

ü>'ux�©§�

1
(1 − x)2

= 1 + 2x + 3x2 + · · · =
∞∑

n=0

(n + 1)xn, |x | < 1.

ü>¦±x§�
∞∑

n=0

(n + 1)xn+1 =
∞∑

n=1

nxn =
x

(1 − x)2
.

-x = 1
2�§

∞∑
n=1

n
2n = 2.

KêÆÏ"E(X) = 2"
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êÆÏ"

~µ��qØþ!M1���¡Ñy§�¡Ñy�VÇ�p§�¡

Ñy�VÇ�q = 1 − p"�X´���¡Ñy¤�gê§¦E(X)"

ß�ßµE(X) =?Xp = 1
3§p = 1

4"
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êÆÏ"

)µX = n¿�cn − 1gÑy�¡§1ngÑy�¡§K

P(X = n) = qn−1 · p, n ≥ 1.

u´§êÆÏ"E(X)�

E(X) =
∞∑

n=1

np(1 − p)n−1 =
1
p
.

d?|^þ¡íÑ�úªµ

∞∑
n=1

nxn =
x

(1 − x)2
(x < 1).

�ÅCþX ¡��¡Ñy�"��"(waiting time)"
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êÆÏ"

~µ�qþ!M1�ng§�Sn´�¡Ñy�gê§¦E(Sn)"

ß�ßµE(Sn) =?§=�¡²þÑyõ�gº
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êÆÏ"

)µ3ng�M1¥Ñykg�¡�VÇ�

P(Sn = k ) =
(
n
k

) (
1
2

)n

, 0 ≤ k ≤ n.

KêÆÏ"E(X)�

E(X) =
n∑

k=0

k
(
n
k

) (
1
2

)n

=

(
1
2

)n n∑
k=0

k
(
n
k

)
=?
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êÆÏ"

(1 + x)n =
n∑

k=0

(
n
k

)
xk , x ≥ 0.

ü>'ux�©§�

n(1 + x)n−1 =
n∑

k=1

k
(
n
k

)
xk−1

-x = 1�§

n2n−1 =
n∑

k=1

k
(
n
k

)
,

KêÆÏ"

E(X) =
n∑

k=1

(
n
k

)
k
2n =

1
2n

n∑
k=1

k
(
n
k

)
=

1
2n · n2n−1 =

n
2
.

���§Üníº
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êÆÏ"

�,öS(Bernoulli)µ�qØþ!M1�ng§�¡Ñy�VÇ�p§

�¡Ñy�VÇ�q = 1 − p"�Sn´�¡Ñy�gê§¦E(Sn)"
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êÆÏ"

�YµêÆÏ"E(Sn)�

E(Sn) = np.
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êÆÏ"�5�

E(c) = c;

E(X + Y) = E(X) + E(Y);

E(aX) = aE(X);

eX ≤ YKE(X) ≤ E(Y)"
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äk�Ý��ÅCþ(Ø�ê�¬�m)

±þ�Ä½Â3�ê�¬�mþ��ÅCþ§Ø
"

y�Ä½Â3Ø�ê�¬�mþ��ÅCþ"y¢¥§Ø�UéØ

�ê�¬�mþ�z�f8D���VÇ§��"

Ié,
f8D���VÇ§ù
f8�¤��σ-�ê"

;�E,�êÆnØ§ò?Øä�Ý��ÅCþ£e±SN¤"
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