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1 K. Chung and F. AitSahlia: Elementary probability theory, 2003
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2 M. Spiegel§J. Schiller and R. Srinivasan, Probability and Statistics
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1Ù7©�¯KµFermatk)ÚPascalk)�3nij�,§
�

«{ü�iZ§�M1"e�¡§Fermat�1©¶e�¡§Pascal

�1©"k�10©�<I�ÜÙ5160{J£z<�Ñ80{J¤"�Û%

�¯�u)
§Fermat�*l¾
§¦�38 : 7+k�/³e`

£Toulouse£ã©[,{IHÜ¤"¯µ�ÜÙ5160{JXÛ©�?

Pierre de Fermat§1601c8�17F–1665c1�12F§{I<§ªc64�"

Æ�§êÆ[§®´§Ê�få"

Blaise Pascal§1623c6�19F–1662c8�19F§{I<§ªc39�§k

u;¾§l�(´"n��1§I�Â[
"
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�Ù7£L�¤"

Fermat¼�160 × 8
15 ' 85.3333 · · ·{J§

Pascal¼�160 × 7
15 ' 74.6666 · · ·{J"

T�{�"�3=pº

Luca Pacioli (1445-1517)§Ñ)¿�|§ªc72�"
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Ã¼�"�ùw,ØÎÜ�ú£ú²¤§AO´ÙÛéõ��¹e"

Niccolò Tartaglia(©�©|æ§16­V¥Ï)uyù�"�§¿JÑ

��)û¯K��{§�¦Øg&"¯¢þ§Tartaglia¤JÑ�)û�

{�k¯K§X100g¥§'©�65 : 55Ú'©�99 : 89�ü«ØÓ�

/§¤©Ù]��"

Niccolò Tartaglia (1500-1557)§Ñ)¿�|§ªc57�"
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Ù7©�¯K£Fermat�©{§1654c¤

){2£Fermat�©{"1654c8�24F£^£��c¤§

Fermat�PascalÖ&)µUz�<¤I�I�Ûê©�Ù7£�5¤"Ä

k5¿Ù4Û�±½�KµÏ�Fermat�I2©§Pascal�I3©§¤±

�I�2 + 3 − 1 = 4gÒ�û½�Kµù´Ï�34Û¥§

eFermat�2©½2©±þ§KFermatI¶eFermat�0©½1©§

KPascal����3©§@oPascalI"(Jk16«�¹µ

1 FFFF£FermatI4g¤

2 FFFP§FFPF§FPFF§PFFF£FermatI3g¤

3 FFPP§FPFP§FPPF§PFFP§PFPF§PPFF£FermatI2g¤

4 FPPP§PFPP§PPFP§PPPF£FermatI1g¤

5 PPPP£Fermat�Ñ¤

�1+4+6+4+1=16«�¹"
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316«�¹¥Fermat��I2©£�)2©¤��¹k
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¦A�Ù7�

160 ×
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Fermat�©{o(

1 IÙ4Û½�K¶

2 4Û�k16«�/;

3 Fermat�Ñ�/k11«§���ÜÙ7�11
16§=110{J"½ö§

Pascal�Ñ�/k5«§���ÜÙ7� 5
16§=50{J"
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��h²<�éFermat�©{µ���ö½Ñ(�õÙ4g§���

U2g½3gÒ�û½�K),Ø7�Äþ¡¤k�¹"¢Sþ§�Ie�

�¹§FermatÒ�I(5¿FermatI2g=���ÜÙ5)µ

FF§FPF§FPPF£Fermat1�gI�¤k�/¤

PFF§PFPF§PPFF£Fermat1�gÑ�¤k�/¤

�6«�¹"�FermatI�Å¬£VÇ¤�

1
2
×

1
2
+

1
8
+

1
16

+
1
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1
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¦A�Ù7�

160 ×
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�¹CzQº

Fermatr��ÿ(J�6 : 9§�¹XÛº

�YµIÙ4Ûû�K£Ï�µ4 + 1 − 1 = 4¤"4Ûo�k16«�

¹§Ù¥FermatI��¹�k1«§¦I��Å¬£VÇ¤� 1
16§

Fermat©�Ù5� 1
16 × 160 = 10{J"

���§(J´ÄÜnº£Pascal�II�g§
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?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 9� 13F 16 / 39



Pascal�í2

�,?ØµeFermatIrÛI�Ù]§
PascalIsÛI�Ù]§�

¹XÛº
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Pascal�í2£UY¤

eFermatIrÛI�Ù]§
PascalIsÛI�Ù]§�¹XÛº

�YµÙ]Ue�'~©�∑r+s−1
k=r (r+s−1

k )∑r+s−1
k=s (r+s−1

k )
=

(r+s−1
r ) + (r+s−1

r+1 ) + · · ·+ (r+s−1
r+s−1)

(r+s−1
s ) + (r+s−1

s+1 ) + · · ·+ (r+s−1
s+r−1)

.

���§��oº3±�£1ng�¤?Ø�

Xr = 2, s = 3,þã'�∑4
k=2 (

4
k)∑4

k=3 (
4
k)

=
(4

2) + (4
3) + (4

4)

(4
3) + (4

4)
=

6 + 4 + 1
4 + 1

=
11
5
.

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 9� 13F 18 / 39



ü�Í¶~f

2��lÀ>,å�VÇµ���ëYlÀ>,ång§¯2gl
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��lÀ>,å�VÇ

Laplace��Y´µn+1
n+2 .

�u1!

T¯K3±�?Ø�
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1�!: 8Ü(Set)

8Ü:ØÓ�ÀÜ�3�å�o¡§½�“�m"§“�¬�m"��"

“�¬�m": Ω (F124�i1¥�����i1¤§Ù��

^ω,ω1,ω2��L«"

�~k^�8Üµ�8§∅.

ÎÒµA ⊂ Ω,A ⊆ Ω.

A = B ⇔ A ⊆ B,B ⊆ A .

~µóê8= {x ∈ R : sin(πx/2) = 0}.
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8Ü�$�

{8(complement): Ac = Ω \ A = {ω ∈ Ω : ω < A }.

��Æ(commutative law):

A ∪ B = B ∪ A ,A ∩ B = B ∩ A .

(ÜÆ(associative law):

(A ∪ B) ∪C = A ∪ (B ∪C),

(A ∩ B) ∩C = A ∩ (B ∩C).

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 9� 13F 22 / 39



8Ü�$�£Y¤

©�Æ(distributive law):

(A ∪ B) ∩C = (A ∩C) ∪ (B ∩C),

(A ∩ B) ∪C = (A ∪C) ∩ (B ∪C).

De Morgan½Æ:

(A ∪ B)c = Ac ∩ Bc ,

(A ∩ B)c = Ac ∪ Bc .

�8:

A\B = {ω ∈ A : ω < B}.
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8Ü�$�£Y¤

é¡�(symmetric difference):

A∆B = (A\B) ∪ (B\A).

�ê�,�ê¿:

∞⋃
i=1

Ai = {ω : ω ∈ Aié,�i},

∞⋂
i=1

Ai = {ω : ω ∈ Aié¤ki}.

PÒ: A + B = A ∪ B eA ∩ B = ∅.
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8Ü�$�£Y¤

De Morgan½Æ: ∞⋃
i=1

Ai

∩ B =
∞⋃

i=1

(Ai ∩ B)£�y¤ ∞⋃
i=1

Ai

c =
∞⋂

i=1

Ac
i .

ü�k^�8Ü:
∞⋃

n=1

 ∞⋂
m=n

Am

 (5¿µBn =
∞⋂

m=n

Am'un4O)

∞⋂
n=1

 ∞⋃
m=n

Am

 (5¿µCn =
∞⋃

m=n

Am'un4~).

~fµ�Am =
[
0, 1

m

]
§Kþãü�8Üº
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8Ü�$�£Y¤

A�¼ê(indicator):

IA (ω) =

 1 eω ∈ A ,

0 eω < A .

PÒ∨,∧

a ∨ b = max{a, b},

a ∧ b = min{a, b}.

~fµ 2∨ 10 = 10§2∧ (−1) = −1.

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 9� 13F 26 / 39



·K

·Kµy²

IA∩B = IA × IB = IA ∧ IB , (1)

IA∪B = IA ∨ IB , (2)

IA∪B + IA∩B = IA + IB . (3)

y²: é1���§Iy²

IA∩B(ω) = IA (ω) × IB(ω), éz�ω ∈ Ω¤á"

���y=�£Ñ¤" �,öSµy²(2)

yy�§(3)"¯¢þ§|^IA = 1 − IAc ,

IA∪B = 1 − IAc∩Bc = 1 − IAc IBc = 1 − (1 − IA )(1 − IB)

= IA + IB − IA IB = IA + IB − IA∩B .
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�,öS

·Kµy²

IA∆B = IA + IB − 2IAB , (4)

= IA + IB (mod 2), (5)

A∆(B∆C) = (A∆B)∆C. (6)

é�§£4¤���y"

£5¤w,§ùpµa = b mod 2´��a − b´���2�Ø�ê§

=(IA + IB − 2IAB) − (IA + IB) = −2IABU�2�Ø.

é£6¤§|^£5¤�ye��ª¤á

IA∆(B∆C) = I(A∆B)∆C .

(eü�8Ü�A�¼ê�Ó§KTü�8Ü�Ó")
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k����mþVÇ�½Â

½Âµk����mΩ£=8ÜΩ�¹k��:¤þ�VÇP´�

�8¼ê£½Â38Üþ�¼ê¤§÷ve¡n�^�:

£�K5¤P(A) ≥ 0,éz�A ⊂ Ω;

£�5z¤P(Ω) = 1 ;

£k��\5¤é?¿ü�Ø���A ,B ⊂ Ω,þk

P (A + B) = P (A) + P(B).
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~f

~µ����mΩXe:

Ω = {1, 2, 3, 4, 5, 6}.

½ÂVÇPXe: P({k }) = 1
6é?¿1 ≤ k ≤ 6.

O�:

P({1, 2, 3}) =?

P({1, 2, 3, 4, 5}) =?

?
O�Ω¤kf8(½¯�)�VÇ.

5¿ÎÒµP(k ) := P({k }).
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ÿÝ�½Â

½Â(σ�ê�Vg)�X´��8Ü, F´X�f8�¤�8Ü§X

JF'uÖ$�Ú�ê¿$�´µ4�µ

1)eA ∈ F§KAc ∈ F¶ 2)ez�Ai ∈ F§K
∞⋃

i=1

Ai ∈ F ,

K¡F´Xþ���σ�ê"

½Â(ÿÝ�Vg)ÿÝP´½Â��F���8¼ê§÷v^�:

£�K5¤P(A) ≥ 0,éz�A ∈ F ;

£�ê�\5¤é?¿üüpØ���An ∈ F§þk

P

 ∞⋃
n=1

An

 = ∞∑
n=1

P (An) .

|^�ê�\5�µP(∅) = 0£�8�"ÿ5¤"VÇ´��÷

vP(Ω) = 1�ÿÝ§k��¡VÇÿÝP"
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VÇ�O�

~µ�qÚf�6g§¯zgÑy�êiÑØÓ�VÇ´õ�?
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VÇ�O�

~µ�qÚf�6g§¯zgÑy�êiÑØÓ�VÇ´õ�?

)µ�6g,�k66¥ØÓ�(J(�Ä^S).

zgÑyØÓ�êi��¹k6!«.

¤¦¯��VÇ� 6!
66 ≈ 0.015432.
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VÇ�5�

�P´k����m�VÇ§Ke�5�¤áµ

é?¿A ,B ⊂ Ω§þk

P (A ∪ B) + P (A ∩ B) = P(A) + P(B).

eA ⊂ B§KP(A) ≤ P(B);

éz�A ⊂ Ω§k0 ≤ P(A) ≤ 1;

éüüØ���A1,A2, · · · ,An ⊂ Ω§þk

P (A1 + A2 + · · ·+ An) =
n∑

k=1

P (Ak ) .

é?¿A1,A2, · · · ,An ⊂ Ω§þk

P (A1 ∪ A2 ∪ · · · ∪ An) ≤
n∑

k=1

P (Ak ) .
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VÇ�5�

y²µ=y²1��5�µé?¿A ,B ⊂ Ω§þk

P (A ∪ B) + P (A ∩ B) = P(A) + P(B).

¯¢þ§A ∪ B = A + B \ (A ∩ B)§¤±

P(A ∪ B) = P(A + B \ (A ∩ B))

= P(A) + P(B \ (A ∩ B)) £k��\5¤

= P(A) + P(B) − P(A ∩ B)£k��\5¤,

l
§

P(A ∪ B) + P (A ∩ B) = P(A) + P(B).

y.£Ù{5�Óny²¤"
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�,öS

y²µeA ⊂ B§KP(A) ≤ P(B)"

1

2 y²µ5¿�B = A + (B \ A)§¤±

P(B) = P(A + (B \ A)) = P(A) + P(B \ A) £k��\5¤

≥ P(A)£�K5¤§

y."
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�ê���mþVÇ�½Â

½Âµ�Ω´���ê8Ü§@oVÇP´��8¼ê,÷ve¡n

�^�:

£�K5¤P(A) ≥ 0,éz�A ∈ F ;

£�5z¤P(Ω) = 1;

£�ê�\5¤é?¿üüpØ���An ⊂ Ω§þk

P

 ∞⋃
n=1

An

 = ∞∑
n=1

P (An) .

5¿µd?F´Ω�¤kf8£�)�8¤�¤�8Ü"

'�k����mµVÇ½Â¥cü�5���§1n�5�C�

�ê�\5£Ø´k��\5¤"5¿§�ê�\5¿�k��\5"

?���:�[& (�u�ÆêÆ�ÆX) VÇØ�ênÚO£10420803¤ 2021c 9� 13F 37 / 39



�ê���mþVÇ��E

~µ�Ω = {ω1,ω2, · · · ,ωn, · · · }´��Ã�8Ü"-{pi}
∞
i=1´��

ê�,÷vz�pi ≥ 0§�

∞∑
i=1

pi = 1 £Xpi = 2−i¤§

�E8¼êPXe:

P ({ωi}) = pi§?¿i ≥ 1;

P(A) =
∑
ω∈A

P ({ω}) .

y²P´��VÇ§=÷vþ¡n�^�.

y²£Ñ¤
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