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KKK1 �oN©Ù�U [� − 1, � + 1]§Ù¥�´��ëê§X1, . . . , Xn´5gToN�{ü�Å��"

1. ¦��Ý�Oþ�̂§�ä§��Ü5ÚÃ 5§O�þ�Ø�MSE(�̂)¶

2. y²é?Û0 ≤ t ≤ 1§�̂t := tX(n) + (1− t)X(1) + 1− 2tÑ´��4�q,�Oþ¶

3. ¦X(1)ÚX(n)�VÇ©Ù±9êÆÏ"EX(1)!EX(n)¶

4. ¯�̂t´Ä����Ü�OÚÃ �Oº

5. ¦X(1), X(n)�éÜ©Ù§±9X(1) +X(n)�VÇ©Ù§¿O���Var(�̂1/2)¶é'11¯
�(J§\kÛ(Øº

). (a) dEX = ���Ý�O�̂ = X̄"�â�ê½Æ§§´��£r¤�Ü�O"EX̄ =
EX = � §�Ý�O´Ã �O§ù�

MSE(�̂) = VarX̄ =
VarX

n
=

22

12n
=

1

3n
.

(b) q,¼ê

L(�;x1, . . . , xn) = p(x1, . . . , xn; �) =

(
1

2

)n
Ix(n)−1≤�≤x(1)+1,

Ïd§3«m[x(n) − 1, x(1) + 1]þ??�����§Ïdé��0 ≤ t ≤ 1§

�̂t := t(X(n) − 1) + (1− t)(X(1) + 1) = tX(n) + (1− t)X(1) + 1− 2t

Ñ´��4�q,�O"

(c) d

P (X(n) ≤ x) =

⎧⎨⎩
1, ex > � + 1;(
x−�+1

2

)n
, e� − 1 ≤ x ≤ � + 1;

0, ex < � − 1.

��X(n)�VÇ�Ý�

fX(n)
(x) = n

(
x− � + 1

2

)n−1
1

2
I�−1≤x≤�+1.
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?��

EX(n) =

∫ �+1

�−1

x ⋅ n
(
x− � + 1

2

)n−1
1

2
dx

=

∫ 1

0

(2y + � − 1)nyn−1dy (y =
x− � + 1

2
)

=
2n

n+ 1
+ (� − 1) = � +

n− 1

n+ 1
.

aq£½dé¡5¤��

EX(1) = � − n− 1

n+ 1
.

(d) u´

E�̂t = � +
2− 4t

n+ 1
,

Ïd��=�t = 1/2�§�̂t´��Ã �O"dXn�VÇ©Ù¼ê�§é?Û" > 0§

P (∣X(n) − (� + 1)∣ > ") = P (X(n) < (� + 1)− ") ≤
(

2− "
2

)n
I0<"<2 → 0, n→∞,

Ïd

X(n)
P−→ � + 1, n→∞.

aq�y

X(1)
P−→ � − 1, n→∞.

Ïd

�̂t
P−→ �, n→∞,

=�̂t´���Ü�O"

(e) -Yk = Xk − �§KY1, . . . , Yn
i.i.d.∼ U(−1, 1)§d

P (Y(1) ≥ u, Y(n) ≤ v) = P (u ≤ Yk ≤ v, k = 1, 2, . . . , n) =

(
v − u

2

)n
I−1≤u≤v≤1,

Ïd

fY(1),Y(n)(u, v) = − ∂2

∂u∂v

(
v − u

2

)n
I−1≤u≤v≤1 = n(n− 1)

(
v − u

2

)n−2
1

4
I−1≤u≤v≤1.
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u´

fY(1)+Y(n)(z) =

∫ +∞

−∞
fY(1),Y(n)(u, z − u)du

=

∫ +∞

−∞
n(n− 1)

(
z − u− u

2

)n−2
1

4
I−1≤u≤z−u≤1du

(max{−1, z − 1} ≤ u ≤ z

2
)

= Imax{−1,z−1}≤ z
2

∫ z
2

max{−1,z−1}
n(n− 1)

(
z − 2u

2

)n−2
1

4
du

= I∣z∣≤2

∫ 1− ∣z∣
2

0

n(n− 1)wn−2 1

4
dw (w =

z

2
− u)

=
n

4

(
1− ∣z∣

2

)n−1

I∣z∣≤2.

u´

Var(Y(1) + Y(n)) = E(Y(1) + Y(n))
2 =

∫ 2

−2

z2 ⋅ n
4

(
1− ∣z∣

2

)n−1

dz

= 2

∫ 2

0

z2 ⋅ n
4

(
1− ∣z∣

2

)n−1

dz

= 4

∫ 1

0

(1− w)2nwn−1dw (w = 1− z

2
)

=
8

(n+ 1)(n+ 2)
,

Ïd

Var�̂1/2 = Var

(
X(1) +X(n)

2

)
=

1

4
Var

(
Y(1) + Y(n)

)
=

2

(n+ 1)(n+ 2)
≤ 1

3n
,

=�̂1/2'X̄k�"

KKK2 �oN©Ù�U [�, 2�]§Ù¥� > 0´��ëê"�X1, . . . , Xn´5gToN�{ü�Å��"

1. |^Ý�O�{¦��Ã �Oþ�̂1§O�Ù��¶

2. ¦��4�q,�Oþ�̂MLE§¿d§�E����Ã �O�̂2§¿O��̂2���¶

3. rX(1)������:�O§d§�E����Ã �O�̂3§¿O��̂3���¶
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4. Á'�þãÃ �O�k�5¶

5. ¦���&Y²�1− ���&«m"

). (a) dEX = 3
2
���Ý�O�̂1 = 2

3
X̄"§´��Ã �O§

Var(�̂1) =
4

9
VarX̄ =

4

9n
VarX =

�2

27n
.

(b) q,¼ê

L(�;x1, . . . , xn) = p(x1, . . . , xn; �) =

(
1

�

)n
I�≤x(1)≤x(n)≤2� =

1

�n
I 1

2
x(n)≤�≤x(1) ,

Ïd§31
2
x(n)?�����§Ïd��4�q,�O´

�̂MLE =
1

2
X(n).

d

P (X(n) ≤ t) =

⎧⎨⎩
1, t ≥ 2�;(
t−�
�

)n
, � ≤ t < 2�;

0, t < �

��X(n)�VÇ�Ý¼ê�

fX(n)
(t) = n

(
t− �
�

)n−1
1

�
I�<t<2�.

¤±§

EX(n) =

∫ 2�

�

t ⋅ n
(
t− �
�

)n−1
1

�
dt =

∫ 1

0

(1 + u)� ⋅ nun−1du =
2n+ 1

n+ 1
�,

EX2
(n) =

∫ 2�

�

t2 ⋅ n
(
t− �
�

)n−1
1

�
dt =

∫ 1

0

(1 + u)2�2 ⋅ nun−1du =
4n2 + 8n+ 2

(n+ 2)(n+ 1)
�2,

VarX(n) =
n

(n+ 1)2(n+ 2)
�2,

u´

�̂2 =
n+ 1

2n+ 1
X(n)
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´��Ã �O§§����

Var�̂2 =
(n+ 1)2

(2n+ 1)2
VarX(n) =

n

(2n+ 1)2(n+ 2)
�2.

(c) d

P (X(1) ≤ t) = 1− P (X(1) > t) =

⎧⎨⎩
1, et ≥ 2�;

1−
(

2�−t
�

)n
, e� ≤ t ≤ 2�;

0, et < �.

��X(1)�VÇ�Ý¼ê�

fX(1)
(t) = n

(
2� − t
�

)n−1
1

�
I�<t<2�.

¤±§

EX(1) =

∫ 2�

�

t ⋅ n
(

2� − t
�

)n−1
1

�
dt =

∫ 1

0

(2− u)� ⋅ nun−1du =
n+ 2

n+ 1
�,

EX2
(1) =

∫ 2�

�

t2 ⋅ n
(

2� − t
�

)n−1
1

�
dt =

∫ 1

0

(2− u)2�2 ⋅ nun−1du =
n2 + 5n+ 8

(n+ 2)(n+ 1)
�2,

VarX(1) =
n

(n+ 1)2(n+ 2)
�2,

u´

�̂3 =
n+ 1

n+ 2
X(1)

´��Ã �O§§����

Var�̂3 =
(n+ 1)2

(n+ 2)2
VarX(1) =

n

(n+ 2)3
�2.

(d) du2n+ 1 ≥ n+ 2§¤±�̂2o'�̂3k�"

�n ≥ 4�§

(2n+ 1)2(n+ 2)− 27n2 = 4n3 − 15n2 + 9n+ 2 ≥ n2(4n− 15) + 9n+ 2 ≥ 0,

�n = 3�
72 × 5− 27× 32 = 245− 243 > 0,
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�n = 2�
52 × 4− 27× 22 = −8 < 0,

�n = 1�
32 × 3− 27 = 0,

¤±�n ≥ 3�§�̂2'�̂1k�§�n = 2�§�̂1'�̂2k�"

(e) duX−�
�
∼ U [0, 1]§¤±

X(n)−�
�

= max
1≤i≤n

Xi−�
�
�VÇ©Ù¼ê�

F (x) =

⎧⎨⎩
1, x ≥ 1;

xn, 0 ≤ x < 1;

0, x < 0.

Ïd
X(n)−�

�
´'uëê����Í¶þ"�~ê0 ≤ a < b ≤ 1¦�

P

(
a ≤

X(n) − �
�

≤ b

)
= bn − an ≥ 1− �,

K�����&Y²�1− ���&«m[
X(n)

1 + b
,
X(n)

1 + a

]
.

du¼êu 7→ n
√
u´«m[0, 1]þ�î�O]¼ê§v 7→ − 1

1+v
´«m[0, 1]þ�î�O]¼ê§

¤±¼êu 7→ − 1
1+ n√u´«m[0, 1]þ�î�]¼ê§

u

− 1

1 + n
√
u
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¤±�bn = 1§an = �§�±3�y�&Y²Øü$��¹e¦

1

1 + a
− 1

1 + b

����§Ïd������&«m�[
X(n)

2
,
X(n)

1 + n
√
�

]
.

KKK3 �,¢½k N ýÅÄ�§ýÒ�g´ 1, 2, ⋅ ⋅ ⋅ , N "��<ò¦�USw��¤kÅÄ�ý
Ò£�)EÑy�ýÒ¤ÑP¹e5§�� X1, X2, ⋅ ⋅ ⋅ , Xn "XJ^��ýÒ X(n) ��
éN����O£=Cq�¤§·�æ�±e�ª5µdù��Oµ

1. �n¿©��§X(n)´ÄCq�uNº¿�Áy² X(n) ´ N � MLE

2. Á�Ñ N ���Ý�O§¿�Ù MLE, = X(n) ?1'�"

3. XJù��*	�ª�õgE?1§zg��X(n)���*ÿ�§@o�â�ê½
Æ§X(n)*ÿ���â²þ�ò±EX(n)�4�§¦EX(n) − N£¡�ù«Cq�ª�
/ 0§=XÚØ�¤��"

4. XJX(n)�3XÚØ�£k §=EX(n) − N ∕= 0¤§@o\k�o�{�±�Øù�
XÚØ�º

XJØEP¹�{§XÛ^*ÿ�X1, X2, ⋅ ⋅ ⋅ , Xn�Ñ N ����Oº©Û\�Ñ��O
�5�§¿�E�¹e��O?1'�"

). EP¹��/µ

(a) PX1, . . . , XnÕáÓ©Ù§ÑÑl{1, 2, . . . , N}þ�lÑþ!©Ù"u´

P (X(n) ≤ x) = P (X1 ≤ x,X2 ≤ x, . . . , Xn ≤ x) =
[
P (X1 ≤ x)

]n
=

xn

Nn
, x = 1, 2 . . . , N.

l

P (X(n) = N) = P (X(n) ≤ N)− P (X(n) ≤ N − 1) = 1−
(
N − 1

N

)n
→ 1, n→∞.

ÏdX(n)�VÇÂñuN"Ø=Xd§¯¢þ§du

P (X(n) < N) = P (X(n) ≤ N − 1) =

(
N − 1

N

)n
, ∀n ≥ 1,



90

¤±

P

(∪
n≥k

{X(n) < N}

)
≤
∑
n≥k

P (X(n) < N) =
∑
n≥k

(
N − 1

N

)n
= N

(
N − 1

N

)k
→ 0, k → +∞,

l

P

(∩
k≥1

∪
n≥k

{X(n) < N}

)
= 0,

ù`²§¯�/l,�k ≥ 1m©§é?¿n ≥ k§���X(n) = N0±VÇ1u)§Ï
dX(n)±VÇ1ÂñuN"

�y² X(n) ´ N � MLE, �ÄXeq,¼êµ

L(N, x1, x2, ⋅ ⋅ ⋅ , xn) = P (X1 = x1, X2 = x2, ⋅ ⋅ ⋅ , Xn = xn) =

(
1

N

)n
⋅ I1≤x(1)⋅⋅⋅≤x(n)≤N

*	uy:� N �eªu x(n) �§ L 4O©¤± X(n) ´ N � MLE.
(b)

E[X] =
N∑
k=1

k ⋅ 1

N
=

1

N

N∑
k=1

k =
1 +N

2

¤± N �Ý�O��� 2X̄ − 1. ùw,´��Ã �O§�d"��ê½Æ�TÝ�O
r�Üu N.
(c)du

P (X(n) = x) = P (X(n) ≤ x)− P (X(n) ≤ x− 1) =
xn − (x− 1)n

Nn
, x = 1, 2, . . . , N,

�

EX(n) =
N∑
x=1

xP (X(n) = x) =
N∑
x=1

x
xn − (x− 1)n

Nn

=
N∑
x=1

xn+1 − (x− 1)n+1 − (x− 1)n

Nn

= N
N∑
x=1

xn+1 − (x− 1)n+1

Nn+1
−

N∑
x=1

(x− 1)n

Nn

= N −
N∑
x=1

(x− 1)n

Nn
.
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,	���{´µ

EX(n) =
+∞∑
x=0

P (X(n) > x)

=
N−1∑
x=0

(
1− xn

Nn

)

= N −
N∑
x=1

(x− 1)n

Nn
.

555¿¿¿§§§���,,,

E

(
X(n) +

N∑
x=1

(x− 1)n

Nn

)
= N,

���X(n) +
N∑
x=1

(x−1)n

Nn ØØØ´́́N���ÃÃÃ   ���OOO§§§ÏÏÏ���§§§ØØØ´́́ÚÚÚOOOþþþ£££§§§EEE,,,���666������ëëëêêêN¤¤¤"""

du
N∑
x=1

(x− 1)n

Nn
⋅ 1

N
→
∫ 1

0

tndt =
1

n+ 1
, N →∞,

u´�N¿©��§

EX(n) ≈ N − N

n+ 1
=

n

n+ 1
N.

ùL²^X(n)��N�Cq�§ù«Cq�{´�3XÚØ��§Ï�ù��Cq�²þ¿
Âeo´'ý��"

(d) ·��Ä�N^SÚOþ

X(1) ≤ X(2) ≤ ⋅ ⋅ ⋅ ≤ X(n).

du

P (X(k) > x) =
k−1∑
j=0

(
n

j

)
xj(N − x)n−j

Nn
,

�

EX(k) =
∞∑
x=0

P (X(k) > x) =
N∑
x=0

k−1∑
j=0

(
n

j

)
xj(N − x)n−j

Nn
,
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u´

EX(1) =
N∑
x=0

(N − x)n

Nn
,

l

EX(n) + EX(1) − 1 = N,



P (X(1) = 1) = 1− P (X(1) > 1) = 1−
(
N − 1

N

)n
,

Ïd�±aqy²X(1)�VÇÂñ/±VÇ1Âñu1"l§X(1) +X(n) − 1�VÇÂñ/±V
Ç1ÂñuN§¿�E

(
X(1) +X(n) − 1

)
= N"ùL²��N�Cq�§X(1) +X(n) − 1vkX

ÚØ�£Ã ¤"

¯̄̄¢¢¢þþþkkk���������{{{BBB������{{{§§§ddduuulllÑÑÑþþþ!!!©©©ÙÙÙ���ééé¡¡¡555§§§X���N + 1 − Xäääkkk���ÓÓÓ���VVV
ÇÇÇ©©©ÙÙÙ§§§¤¤¤±±±N + 1−X(1) = max

1≤i≤n
{N + 1−Xi}���X(n)äääkkk���ÓÓÓ���VVVÇÇÇ©©©ÙÙÙ§§§ÏÏÏddd

E(N + 1−X(1)) = E(X(n)),

lll

E(X(n) +X(1) − 1) = N,

===X(n) + X(1) − 1´́́N���ÃÃÃ   ���OOO"""ÙÙÙ���***¹¹¹ÂÂÂ´́́§§§···���ÁÁÁããã^̂̂X(1)������ààà:::1���ååålll������
ÖÖÖX(n)���N���ååålll"""

ØEP¹��/µ ù�X1, X2, . . . , Xn�éÜ©Ù�

P (X1 = x1, . . . , Xn = xn) =
(N − n)!

N !
, x1, . . . , xn ∈ {1, . . . , N}, xi ∕= xj(∀i ∕= j).

^SÚOþX(1), X(2), . . . , X(n)�éÜ©Ù�

P (X(1) = x1, X(2) = x2, . . . , X(n) = xn) = n!
(N − n)!

N !
=

1(
N
n

) ,
1 ≤ x1 < x2 < ⋅ ⋅ ⋅ < xn ≤ N.

X(n)�VÇ©Ù�

P (X(n) ≤ x) =

(
x
n

)(
N
n

) , x = n, n+ 1, . . . , N.
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u´

P (X(n) = x) =

(
x−1
n−1

)(
N
n

) , x = n, n+ 1, . . . , N

l

EX(n) =
N∑
k=n

k

(
k−1
n−1

)(
N
n

) =
n(N + 1)

n+ 1

N+1∑
k=n+1

(
k+1−1
n+1−1

)(
N+1
n+1

) =
n

n+ 1
(N + 1) < N, ∀n < N.

ùL²��N�Cq�§X(n)�3XÚØ�£k ¤"

´�§��N�Cq�§
n+ 1

n
X(n) − 1

vkXÚØ�£Ã ¤"

ÃØØE§Ñ�±�EÃ �Ý�O

Ï�ü«�¹eÑk

EX =
N∑
k=1

k

N
=
N + 1

2

l��N�Ý�O§
N̂ = 2X − 1.

ù�Ý�O´Ã �"

�´Ý�OkÙg��Û�5§'X§XJ����2, 4, 6, 100§Ý�O�Ñ�(J�N̂ =
55§ùw,Ã{)º���¥�100§c¡ü��O�{�Ñ�N�Cq�©O´101Ú124§
ÑvkÝ�O���gñ"¤±ÀJ@«�O�{��âäN¯K�äN©Û"�,§Öö
�±gC'��eþãÃ �O���"

KKK4 `¯ü ?6Õá/éÓ�ã©i?1�é§`uy
n1?�Ø§¯uy
n2?�Ø§¿�
Ù¥kn3?�Ø´`¯�Óuy�"Á^Ý�O{Ú4�q,�O{�Oùã©i��Ø�
ê"

). PX, Y, Z©OL«`uy��Ø�ê!¯uy��Ø�ê!`¯�Óuy��Ø�ê"
�ùã©i�kN?�Ø§���Ø�`uy�VÇ�p1§�¯uy�VÇ�p2"Kdu`
¯´Õá�é�§¤±���Ø�`¯Ó�uy�VÇ�p1p2"u´X ∼ B(N, p1)§Y ∼
B(N, p2)§Z ∼ B(N, p1p2)"

EX = Np1, EY = Np2, EZ = Np1p2,
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dÝ�O�{
n1 = N̂ p̂1, n2 = N̂ p̂2, n3 = N̂ p̂1p̂2,

Ïd
n3 = N̂ ⋅ n1

N̂
⋅ n2

N̂
=
n1n2

N̂
,

u´��N�Ý�Oþ

N̂ =
n1n2

n3

.

Ï~���Cn1n2

n3
��ê��N̂��"

^4�q,�O�{§q,¼ê�

L(N, p1, p2) = PN,p1,p2(X = n1, Y = n2, Z = n3) = pn1
1 (1− p1)N−n1pn2

2 (1− p2)N−n2 .

d
∂ lnL(N, p1, p2)

∂pi
=
ni
pi
− N − ni

1− pi
=

ni −Npi
pi(1− pi)

, i = 1, 2

��§?¿N ≥ 1§

L
(
N,

n1

N
,
n2

N

)
≥ L (N, p1, p2) , ∀p1, p2.

P

L∗(N) := L
(
N,

n1

N
,
n2

N

)
=
(n1

N

)n1
(

1− n1

N

)N−n1
(n2

N

)n2
(

1− n2

N

)N−n2

.

6ÀN�ëYCþ§ÏLO��

d lnL∗(N)

dN
= ln

(
1− n1

N

)
+ ln

(
1− n2

N

)
< 0, (Ï�N ≥ n1 ≥ 0, N ≥ n2 ≥ 0.)

�L∗(N)'uNüN~"`¯�<Ñ�uy��ØkN − (n1 + n2 − n3)�§¤±

N ≥ n1 + n2 − n3.

¤±§L∗(N)3N∗ = n1 + n2 − n3?����§Ïd4�q,�O�

N̂ = n1 + n2 − n3, p̂1 =
n1

n1 + n2 − n3

, p̂2 =
n2

n1 + n2 − n3

.

XJn1 = 24§n2 = 25§n3 = 20§KN�Ý�O��30§4�q,�O��29"

KKK5 �X1, X2, . . . , Xn´5goNN(�, 1)�{ü�Å��§Ù¥�´��~ê"
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1. ¦���&Y²�99%��&«m¶

2. �¦þã�&«m��ÝØ�L0.1§¯��Nþn��I�õ�º

). (a) dK¿§�ÄXeØ�ª

P
(∣∣X̄ − �∣∣ > �

)
≤ 1− �,Ù¥ � = 99%

�Ä>.�µ

P
(∣∣X̄ − �∣∣ > �

)
= P

(∣∣∣∣∑n
i=1(Xi − �)√

n

∣∣∣∣ > √n�) = P
(
∣N(0, 1)∣ >

√
n�
)

= 1%

dþíÑ
√
n� = u1−0.5%, � = 1√

n
u1−0.5%

¤± � ��&Y²� 99% ��&«m� [X̄ − 1√
n
u1−0.5%, X̄ + 1√

n
u1−0.5%]

(b) dK¿§ 2√
n
u1−0.5% ≤ 0.1 ⇒

√
n ≥ 20u1−0.5% ⇒ n ≥ 400u2

1−0.5% ≃ 400 × (2.575)2 =

2652.25, ¤± n ��I�� 2653.




