
67

VVVÇÇÇØØØ���êêênnnÚÚÚOOO111ooogggSSSKKK���KKK888)))���

KKK1 �ÅCþZÑl«m[0, 2�]þ�þ!©Ù"¦X = sinZ, Y = cosZ��'XêCorr(X, Y )§¿
�äX�Y�Õá5"
)µ

EX = E(sinZ) =

∫ 2�

0

sin z ⋅ 1

2�
dz = 0,

VarX = EX2 − (EX)2 = EX2 = E(sin2 Z) =

∫ 2�

0

sin2 z ⋅ 1

2�
dz =

∫ 2�

0

1− cos 2z

2
⋅ 1

2�
dz =

1

2
,

Ón��

EY = 0, VarY =
1

2
.

2d

E(XY ) = E(sinZ cosZ) =

∫ 2�

0

sin z cos z ⋅ 1

2�
dz = 0

�Cov(X, Y ) = 0§l

Corr(X, Y ) =
Cov(X, Y )√
VarXVarY

= 0,

ÏdX, YØ�'"

�´X, YØÕá§ù´Ï�

P (∣X∣ < 0.5, ∣Y ∣ < 0.5) ≤ P (X2 + Y 2 < 0.5) = 0 < P (∣X∣ < 0.5) ⋅ P (∣Y ∣ < 0.5).

3ù�¯K¥§�,X, Y�gkVÇ�Ý§�du(X, Y )�UÑy3ü �±

S1 = {(x, y)∣x2 + y2 = 1}

þ§¤±§�vkéÜVÇ�Ý"XJX, YÕá§KpX(x)pY (y)Ò´(X, Y )�éÜVÇ�
Ý¼ê§ù�(X, Y )ÃéÜVÇ�Ý�¯¢gñ§¤±X, YØÕá"

u´§·���Ø�'�ØÕá���¢~"

KKK2 �(X1, X2, . . . , Xr)Ñlõ�©ÙM(n, p1, p2, . . . , pr)£pi > 0, i = 1, . . . , r�p1 + ⋅ ⋅ ⋅+pr = 1¤"
¦Xi�Xj��'Xê§i, j = 1, . . . , r"
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))){{{1µµµ d�'Xê�½ÂØJ�yCorr(Xi, Xi) = 1"e¡�Äi ∕= j��/"

dõ�©Ù�5��§Xi ∼ B(n, pi)§(Xi, Xj, n−Xi −Xj) ∼M(n, pi, pj, 1− pi − pj)§
¤±

EXi = npi, VarXi = npi(1− pi).

E(XiXj) =
∑

k≥0,l≥0,k+l≤n

kl ⋅ P (Xi = k,Xj = l)

=
∑

k≥0,l≥0,k+l≤n

kl ⋅ n!

k!l!(n− k − l)!
pki p

l
j(1− pi − pj)n−k−l

= n(n− 1)pipj
∑

k≥1,l≥1,k+l≤n

(n− 2)!

(k − 1)!(l − 1)!(n− k − l)!
pk−1
i p−1−1

j (1− pi − pj)n−k−l

£5¿ù�¦Ú�VÇ¹Â¤

= n(n− 1)pipj.

¤±§

Cov(Xi, Xj) = E(XiXj)− EXi ⋅ EXj = n(n− 1)pipj − npi ⋅ npj = −npipj.

l

Corr(Xi, Xj) =
Cov(Xi, Xj)√
VarXiVarXj

= −
√

pipj
(1− pi)(1− pj)

.

))){{{2µµµ d�'Xê�½ÂØJ�yCorr(Xi, Xi) = 1"e¡�Äi ∕= j��/"

dõ�©Ù�5��§Xi ∼ B(n, pi)§Xi +Xj ∼ B(n, pi + pj)§¤±

EXi = npi, VarXi = npi(1− pi).

d
Var(Xi +Xj) = VarXi + VarXj + 2Cov(Xi, Xj)

�

Cov(Xi, Xj) =
n(pi + pj)(1− pi − pj)− npi(1− pi)− npj(1− pj)

2
= −npipj.

¤±§

Corr(Xi, Xj) =
Cov(Xi, Xj)√
VarXiVarXj

= −
√

pipj
(1− pi)(1− pj)

.
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))){{{3µµµ d�'Xê�½ÂØJ�yCorr(Xi, Xi) = 1"e¡�Äi ∕= j��/"

P

Y
(i)
k =

{
1, e1kgÁ���1i«(J¶

0, ÄK
, 1 ≤ i ≤ r, 1 ≤ k ≤ n.

u´

Xi =
n∑
k=1

Y
(i)
k .

'uY (i)
k §·�k±e(Øµ

∙ ?Û�gÁ�Ø¬kü«ØÓ�(JÓ�u)§¤±é?Ûi ∕= j§Y (i)
k ÚY

(j)
k ¥�

�k���"§lY (i)
k Y

(j)
k = 0"

∙ �gÁ�´Õá?1�§¤±é?Ûi1, . . . , in ∈ {1, . . . , r}§Y (i1)
1 , . . . , Y

(in)
n Õá"

∙ é?ÛiÚk§EY (i)
k = pi§VarY

(i)
k = P (Y

(i)
k = 1)P (Y

(i)
k = 0) = pi(1− pi)"

l|^ÕáÚ���5�§

VarXi = Var

(
n∑
k=1

Y
(i)
k

)
=

n∑
k=1

Var(Y
(i)
k ) = npi(1− pi).

|^����V�5!é¡5§Õá5%¹Ø�'5�5�§·�k

Cov(Xi, Xj) = Cov

(
n∑
k=1

Y
(i)
k ,

n∑
l=1

Y
(j)
l

)

=
n∑
k=1

Cov(Y
(i)
k , Y

(j)
k ) + 2

∑
1≤k<l≤n

Cov(Y
(i)
k , Y

(j)
l )

=
n∑
k=1

Cov(Y
(i)
k , Y

(j)
k )

=
n∑
k=1

[
E(Y

(i)
k , Y

(j)
k )− E(Y

(i)
k )E(Y

(j)
k )
]

=
n∑
k=1

[
E(Y

(i)
k , Y

(j)
k )− E(Y

(i)
k )E(Y

(j)
k )
]

=
n∑
k=1

[
− pipj

]
= −npipj.
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¤±§

Corr(Xi, Xj) =
Cov(Xi, Xj)√
VarXiVarXj

= −
√

pipj
(1− pi)(1− pj)

.

))){{{4µµµ Äk§Xi ∼ B(n, pi)§Xj ∼ B(n, pj)"

3®�Xj = k�^�e§Xi ∼ B
(
n− k, pi

1−pj

)
"¤±

E(Xi∣Xj = k) =
(n− k)pi

1− pj
.

¤±§

E(Xi∣Xj) =
(n−Xj)pi

1− pj
,

l

E(XiXj) = E[E(XiXj∣Xj)] = E[XjE(Xi∣Xj)]

= E

[
Xj(n−Xj)pi

1− pj

]
=

npi
1− pj

EXj −
pi

1− pj
EX2

j

=
n2pipj
1− pj

−
pi(npj − np2

j + n2p2
j)

1− pj
= n2pipj + npipj.

Ïd§

Cov(Xi, Xj) = E(XiXj)− EXi ⋅ EXj = npipj,

Corr(Xi, Xj) =
Cov(Xi, Xj)√
VarXiVarXj

= −
√

pipj
(1− pi)(1− pj)

.

KKK3 �(X,Λ)�VÇ©Ù�µΛ�>�©Ù�Ý� 1
�2
e−�/�§� > 0§Ù¥���~ê¶�½Λ =

��§XÑlÏ"� 1
�
��ê©Ù"¦EX"

))){{{1µµµ dX'uΛ�^�©Ù�§

E(X∣Λ = �) =
1

�
.
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Ïdd�Ï"úª

EX = E(E(X∣Λ)) =

∫ +∞

0

E(X∣Λ = �)fΛ(�)d� =

∫ +∞

0

1

�3
e−

�
�d� =

1

�2
,

���È©O�¥|^
Cþ��t = 1/�"

dΛ�VÇ�Ý�8�z

1 =

∫ +∞

0

1

�2
e−

�
�d�

��� = 1§lEX = 1"

))){{{2µµµ k¦(X,Λ)�éÜVÇ�Ý

fX,Λ(x, �) = fΛ(�)fX∣Λ(x∣�) =
1

�2
e−

�
� I�>0 ⋅ �e−�xIx>0.

?��X�>�VÇ�Ý

fX(x) =

∫ +∞

−∞
fX,Λ(x, �)d� =

∫ +∞

0

1

�3
e−

�
��e−�xd�,

��ù�È©�ÃÐ�¼ê�L�ª§�¿Ø�N·�l½ÂO�EX

EX =

∫ +∞

−∞
xfX(xdx =

∫ +∞

0

x

∫ +∞

0

1

�2
e−

�
�
−�xd�dx =

∫ +∞

0

∫ +∞

0

x

�2
e−

�
�
−�xdxd� =

1

�2
,

ùp��\gÈ©�^S´'�"

dΛ�VÇ�Ý�8�z

1 =

∫ +∞

0

1

�2
e−

�
�d�

��� = 1§lEX = 1"

KKK4 �(X, Y )Ñl����©ÙN(0, 0, 1, 1, �)"¦max(X, Y )�êÆÏ"Ú��"
)µ-

U =
X + Y

2
, V =

X − Y
2

,

K
max(X, Y ) = U + ∣V ∣,

 (
U
V

)
=

(
1/2 1/2
1/2 −1/2

)(
X
Y

)
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u´§(U, V )Ñl����§¿�

EU =
EX + EY

2
= 0,

EV =
EX − EY

2
= 0,

VarU =
1

4
[VarX + VarY + 2Cov(X, Y )] =

1 + �

2
,

VarV =
1− �

2
,

Cov(U, V ) = Cov

(
X + Y

2
,
X − Y

2

)
=

1

4
(VarX − VarY ) = 0,

ÏdU, V�pÕá§�U ∼ N(0, (1 + �)/2)§V ∼ N(0, (1− �)/2)"u´

Z =

√
2

1− �
V ∼ N(0, 1),

¤±§

E[max(X, Y )] = EU + E∣V ∣ = 0 +

√
1− �

2
E∣Z∣

=

√
1− �

2

∫ ∞
−∞
∣t∣ 1√

2�
e−

t2

2 dt =

√
1− �
�

,

Var[max(X, Y )] = VarU + Var∣V ∣ = 1 + �

2
+

1− �
2

Var∣Z∣

=
1 + �

2
+

1− �
2

(
1− 2

�

)
=

1

2
− 1− �

�
,

KKK5 ��éÅÓ	ï
��)·c7§|G�ª�µ�ÅÓü<¥k�<��m©|G§�
,�<���Ê�|G"Pc7m©|G�m�X§Ê�|G�m�Y"�ùéÅÓ3	
ïc7���¹c��pÕá§ÑÑl�ê©ÙExp(�)"

1. ¦XéY��5£8£=^X��g¼êéY����¦�Z%C¤¶

)))µµµ �ÅÓ�<��¹c�©O�U, V§KU, V
i.i.d.∼ Exp(�)§X = min{U, V }§Y =

max{U, V }"u´X ∼ Exp(2�)§l

EX =
1

2�
, VarX =

1

4�2
.
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l

EY = E(X + Y )− EX = E(U + V )− EX = EU + EV − EX =
1

�
+

1

�
− 1

2�
=

3

2�
,

E(XY ) = E(UV ) = EU ⋅ EV =
1

�2
,

Cov(X, Y ) = E(XY )− EX ⋅ EY =
1

�2
− 1

2�
⋅ 3

2�
=

1

4�2
,

¤±XéY�5£8�§�

Ŷ =
Cov(X, Y )

VarX
(X − EX) + EY =

(
X − 1

2�

)
+

3

2�
= X +

1

�
.

2. ¦YéX��5£8¶
)))µµµ 31�¯O��Ä:þ§·��I2¦Y���"|^

Var(X + Y ) = Var(U + V ),

·���
VarX + 2Cov(X, Y ) + VarY = VarU + VarV,

l

VarY =
1

�2
+

1

�2
− 1

4�2
− 2

4�2
=

5

4�2
,

¤±YéX�5£8�§�

X̂ =
Cov(X, Y )

VarY
(Y − EY ) + EX =

1

5

(
Y − 3

2�

)
+

1

2�
=
Y

5
+

1

5�
.

3. ¦X�¼êéY����¦�Z%C"
)))µµµ ·���E(Y ∣X)Ò´���¦�Z%C"·�kO�X, Y�éÜVÇ©Ù¼ê

fX,Y (x, y) =

⎛⎝fU,V (x, y)
1∣∣∣det ∂(x,y)
∂(x,y)

∣∣∣ + fU,V (y, x)
1∣∣∣det ∂(x,y)
∂(y,x)

∣∣∣
⎞⎠ Ix≤y

= 2�2e−�(x+y)I0<x≤y,

l��X�>�VÇ�Ý

fX(x) = Ix>0

∫ +∞

x

2�2e−�(x+y)dy = 2�e−2�xIx>0,
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9^�VÇ�Ý¼ê

fY ∣X(y∣x) =
fX,Y (x, y)

fX(x)
= �e−�(y−x)Iy≥x>0

Ïd

E(Y ∣X = x) = Ix>0

∫ +∞

x

y�e−�(y−x)dy =

(
x+

1

�

)
Ix>0,

Ïd

E(Y ∣X) = X +
1

�
.

NNN555µµµaqO���

E(X∣Y ) =
−e−�Y

1− e−�Y
Y +

1

�
.

ù`²¤¢/��5���¦£80k�U´ý���5�§�k�U´�5�"

KKK6 ��[x1n�I5f�kXn�<§X0 = 1"b�ù�[x¥z�I5¤
��f��ê´
ÕáÓ©Ù��ÅCþ§¦ lim

n→+∞
P (Xn = 0)"

)))µµµ PY (n)
i �1n�¥1i�<��f�ê§¤±

Xn+1 =
Xn∑
i=1

Y
(n)
i ,

ld�VÇúª§

P (Xn+1 = 0) =
∑
j≥0

P (Xn = j)P (Xn+1 = 0∣Xn = j)

=
∑
j≥0

P (Xn = j)P (Y
(n)

1 + ⋅ ⋅ ⋅+ Y
(n)
j = 0∣Xn = j)

=
∑
j≥0

P (Xn = j)P (Y
(n)

1 = ⋅ ⋅ ⋅ = Y
(n)
j = 0∣Xn = j)

=
∑
j≥0

P (Xn = j)P (Y
(n)

1 = 0) ⋅ ⋅ ⋅P (Y
(n)
j = 0)

=
∑
j≥0

P (Xn = j)
[
P (X1 = 0)

]j
= gXn

(
P (X1 = 0)

)
.
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Ù¥gXn(z)´Xn�VÇ1¼ê§¤±P (Xn+1 = 0)�9Xn���VÇ©Ù"Ïd·��
ÄXn�VÇ1¼ê�48'X§|^�Ï"úª

gXn+1(z) = E
(
zXn+1

)
= E

[
E
(
zXn+1∣Xn

)]
=
∑
j≥0

P (Xn = j)E
(
zXn+1∣Xn = j

)
=
∑
j≥0

P (Xn = j)E
(
zY

(n)
1 +⋅⋅⋅+Y (n)

j ∣Xn = j
)

=
∑
j≥0

P (Xn = j)E
(
zY

(n)
1 +⋅⋅⋅+Y (n)

j

)
=
∑
j≥0

P (Xn = j)E
(
zY

(n)
1

)
⋅ ⋅ ⋅E

(
zY

(n)
j

)
=
∑
j≥0

P (Xn = j)
[
E
(
zX1
)]n

= gXn
(
gX1(z)

)
,

Ïd

gXn(z) = gnX1
(z), gnX1

= gX1 ∘ ⋅ ⋅ ⋅ ∘ gX1︸ ︷︷ ︸
n

,

�

P (Xn = 0) = gXn(0) = gnX1
(0).
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0 1

1

gX1(0)

g2
X1

(0)

gX1(z)

0 1

1
gX1(z)

gX1(0)

g2
X1

(0)

dugX1(z) =
∑
k≥0

P (X1 = k)zk3«m[0, 1]þ´üNØ~¼ê�zn��KXê�5|Ü§¤±

§�´üNØ~¼ê§u´é?Ûz ∈ [0, 1]§

0 ≤ P (X1 = 0) = gX1(0) ≤ gX1(z) ≤ gX1(1) = 1,
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¤±{gnX1
(0)}´üNØ~kþ.�¢ê�§§ÂñugX13«m[0, 1]¥��>�@�ØÄ:"

qdugX1(z) =
∑
k≥0

P (X1 = k)zk´à¼êS�zn�à|Ü§¤±gX1(z)´à¼ê§§3«

m[0, 1]þk�=k±en«�U

∙ [0, 1]þ�?Ñ´gX1�ØÄ:§=gX1(z) ≡ z"ù��=�P (X1 = 1) = 1"3ù«�/
e§P (Xn = 0) = 0§¤±ù�[x?Û��¥Ñ¬kI5¤
"

∙ TÐkü�ØÄ:x∗£0 ≤ x∗ < 1¤Ú1"ù��=�P (X1 = 1) < 1�EX1 >
1£EX1´gX13z = 1?����Ç¤"3ù«�/e§ lim

n→+∞
P (Xn = 0) = x∗§ù

�ù�[xk1− x∗�VÇ�±�y?Û��¥ÑkI5¤
"
∙ 1´��ØÄ:"ù��=�P (X1 = 1) < 1�EX1 ≤ 1"3ù«�/e§ lim

n→+∞
P (Xn =

0) = 1§=ù�[xA�5½¬ä
�»"

KKK7 ò?Ò� 1 � n � n �¥�ÅÝ\?Ò� 1 � n � n �Ýf¥§¿��z��Ýf¥�U
�\��¥§�¥�Ýf�Òè����ê� Sn §¦yµ

Sn − ESn
n

P−→ 0, n→∞

y{1. P

Xk =

{
1, XJ?Ò�k�¥��\?Ò�k�Ýf

0, ÄK

K
Sn = X1 + ⋅ ⋅ ⋅+Xn,

u´é?¿" > 0

P

(∣∣∣∣Sn − ESnn

∣∣∣∣ > "

)
≤ VarSn

n2"2
=

1

n2"2

(
n∑
i=1

Var(Xi) +
∑

1≤i ∕=j≤n

Cov(Xi, Xj)

)
.



P (Xk = 1) =
1

n
, P (Xi = 1, Xj = 1) =

1

n(n− 1)
, ∀1 ≤ k ≤ n, ∀1 ≤ i ∕= j ≤ n,

�

EXk =
1

n
, VarXk =

n− 1

n2
, Cov(Xk, Xl) =

1

n(n− 1)
− 1

n2
=

1

n2(n− 1)
.
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¤±§

1

n2"2

(
n∑
i=1

Var(Xi) +
∑

1≤i ∕=j≤n

Cov(Xi, Xj)

)
=

1

n2"2

(
n− 1

n
+

1

n

)
→ 0, n→∞.

ÏdSn−ESn
n

P−→ 0, n→∞"

y{2. ÎÒÓþ§Ï�

Cov(Xk, Xl) ≤
√

VarXk ⋅
√

VarXl =
n− 1

n2

dy{1

P

(∣∣∣∣Sn − ESnn

∣∣∣∣ > "

)
≤ 1

n2"2

(
n∑
i=1

Var(Xi) +
∑

1≤i ∕=j≤n

Cov(Xi, Xj)

)

≤ 1

n2"2

(
n ⋅ n− 1

n2
+ n(n− 1) ⋅ n− 1

n2

)
=
n− 1

n2"2
→ 0, n→∞.

(Ø¤á"

y{3. E,´éSn^ChebyshevØ�ª"du0 ≤ Sn ≤ nð¤á§¤±

Var(Sn) ≤ ES2
n ≤ nE(Sn) = n,

Ïd
Var(Sn)

n2
≤ 1

n
→ 0, n→ +∞.

y{4. duESn = 1§¤±
ESn
n

=
1

n
→ 0, n→∞.

duSn ≥ 0§¤±é?Û" > 0§dMarkovØ�ª

P

(∣∣∣∣Snn
∣∣∣∣ > "

)
= P

(
Sn
n
> "

)
≤ 1

"
E

(
Sn
n

)
=

1

n"
→ 0, n→∞.
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¤±
Sn − ESn

n

P→ 0, n→ +∞.

KKK8 ���uyz�´L¦����1<�¦ï��VÇ� 1
3
"¦3¦ÑÈ
 100 °����L

´<�ê83 280 <� 320 <�m�VÇ"£^ü«ØÓ��O�{§¿'�§��`�¤

){1. P

Yn =

{
1, e1n�<ï��,

0, ÄK

u´Y1, Y2, . . . , Yn, . . .ÕáÓ©Ù§ÑlBernoulli©ÙB(1, 1/3)"

XJ1n�1<ï
1100°��§K

Y1 + Y2 + ⋅ ⋅ ⋅+ Yn = 100.

w,n ≥ 100£Ï�z�1<�ï�°��¤"�â¥%4�½n§

Y1 + ⋅ ⋅ ⋅+ Yn − n
3√

n ⋅ 1
3

(
1− 1

3

) =
3(Y1 + ⋅ ⋅ ⋅+ Yn)− n√

2n

CqÑlIO��©ÙN(0, 1)"

·�'%280 ≤ n ≤ 320�VÇ"´�300−n√
2n
'un´î�~¼ê§¤±

P

(
300− 320√

640
≤ 3(Y1 + ⋅ ⋅ ⋅+ Yn)− n√

2n
=

300− n√
2n

≤ 300− 280√
560

)
≈ Φ

(
5√
35

)
− Φ

(
− 5√

40

)
≈ Φ (0.845) + Φ (0.791)− 1

= 0.8009 + 0.7852− 1

= 0.5930

QQQkkkØØØ���ÆÆÆ)))´́́ùùù���)))������§§§���´́́§§§´́́kkk"""���������

¯K3=pQº

Äk§

Y1 + ⋅ ⋅ ⋅+ Yn = 100
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¿ØU`²1n�<ï
1100°��§Ï�n�±´lñÑ1100°��m©�ñÑ1101°
���c?Û��1<�SÒ"¢Sþ§ï�1100°���1<�SÒAT´

N = min{n : Y1 + ⋅ ⋅ ⋅+ Yn = 100},

§´��ÅCþ"

Ùg§¥%4�½n`é?Û¿©��´(½��ên§Y1+⋅⋅⋅+Yn−nEY√
nVarY

CqÑlIO��©

Ù"��N´�ÅCþ�§=¦·���N ≥ 100§�´·�¿ØU��k¥%4�½n�
�Y1+⋅⋅⋅+YN−N ⋅EY√

NVarY
´ÄCqÑl��©ÙN(0, 1)"

Ð§·�5ww�(�)�"dN�½Â§·���§¯�{N > m}Ò´/cm�<Ñvk
ï�1100°��0§�Ò´

Y1 + ⋅ ⋅ ⋅+ Ym < 100.

d¥%4�½n§

Un =
Y1 + ⋅ ⋅ ⋅+ Yn − n

3√
2n
9

=
3(Y1 + . . .+ Yn)− n√

2n

⋅∼ N(0, 1),

5¿�
{280 ≤ N ≤ 320} = {N > 279} − {N > 320},

¤±

P (280 ≤ N ≤ 320)

=P (Y1 + Y2 + ⋅ ⋅ ⋅+ Y279 < 100)− P (Y1 + ⋅ ⋅ ⋅+ Y320 < 100)

=P

(
U279 <

99.5− 93√
62

)
− P

(
U320 < −

3× 99.5− 320

8
√

10

)
ùp��o�0.5?�º

≈Φ (0.826)− Φ (−0.850)

≈0.5981.

g�Kµ�0 < p < 1§r´��ê§NrÑlK��©ÙNB(r, p)"¯µ�r → +∞�§�ÅC
þ

r −Nrp√
Nrp(1− p)

´Ä�©ÙÂñ���©ÙN(0, 1)º
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){2. /ïïï§�´ØØØïïï§ù�(´�¯K"0z�´L���1<Ñ3���pppÕÕÕááá///
EEEXXXù��öJ§��3��w5��´ù��"ÏdÚz�@þ��§¦¡�Xù�
�BernoulliÁ�"

¦8Uâ,k
ä,§�
)1kÜ���.´ñ�
1A�´²���1<§Pascalk
)�b/w�¦§@�1<�SÒXkÑl��´^gC�¶i·¶�VÇ©Ù§@

Newton��%w��§K��©Ù"����§3ù��BernoulliÁ�¥�UñÑ?Û
ü°���m§´L�1<êZ1, Z2, . . . , Zk, . . .�pÕá§ÑÑlëê�1/3�AÛ©Ù§¿

�Xk =
k∑
j=1

Zj"u´X100Ñlëê�100!1/3�Pascal©Ù£�Ò´Newton��¡��K�

�©Ù¤"

auìw)¿���w,vk�m�O�P (280 ≤ Z1 + ⋅ ⋅ ⋅+ Z100 ≤ 320)¤�9�Pascal©Ù
¥41�VÇ��Ú£�Û¹¦Ø��Ò#P
Pascal��¦�@Ü�^��3=
¤"u´
¦��
þ£ï��Chebyshevk)é¦ù�@�Ø�ª§â`Ø��©Ù��±�OVÇ
���"du

E(Z1 + ⋅ ⋅ ⋅+ Z100) = 100× 3 = 300, Var(Z1 + ⋅ ⋅ ⋅+ Z100) = 100× 32 × 2

3
= 600,

¤±^ChebyshevØ�ª�OþãVÇ§@o

P (280 ≤ Z1 + Z2 + ⋅ ⋅ ⋅+ Z100 ≤ 320)

=1− P (∣Z1 + ⋅ ⋅ ⋅+ Z100 − E(Z1 + ⋅ ⋅ ⋅+ Z100)∣ ≥ 20)

≥1− Var(Z1 + ⋅ ⋅ ⋅+ Z100)

202
= 1− 6

4
= −1

2
,

ù�(�4<�"
µ=¦Ø�?ÛO��Ø�u�Ñùo<s��Oj"��k
%�¿
e"â,§¦�å
þ±��þ�Þ^#ª/Laplaceù¬uy
¥%4�½n0§gC
���¯KfÐÎÜ
ù¬@�½n��¦§u´

P (280 ≤ Z1 + Z2 + ⋅ ⋅ ⋅+ Z100 ≤ 320)

=P

(
280− 300√

600
≤ Z1 + ⋅ ⋅ ⋅+ Z100 − E(Z1 + ⋅ ⋅ ⋅+ Z100)√

Var(X1 + ⋅ ⋅ ⋅+X100)
≤ 320− 300√

600

)

=2Φ

(
20.5√

600

)
− 1 = 2Φ(0.837)− 1 = 0.5973.

£¢Sþ§�¦�n��U�)¿§%3"a�pw�
Pascal3�¦�@Üi^§¦·e
%5<XgCz5�@�O�ì^Pascal©Ù?1
O�§¤
�U�§âuyþãVÇ�
�0.59786§éù¬���3S%ph,)"¤
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))){{{1ÚÚÚ))){{{2���'''XXXµµµ eã´¼ê

n 7→
n∑
j=1

Yj

�ã�§Ù¥î�I´´L<ê§p�I´ñÑ��°ê"

1

0

2

k

n

99

100

101

98

102

103

3

X1 X2 X100

ù´��Å�!üNØ~��F¼ê§§�¼ê�3Xk?lk − 1a��k"u´

Xk = min

{
n

∣∣∣∣ n∑
j=1

Yj = k

}

ÏdX100 ≥ 280£�Ò´X100 > 279¤�du
279∑
j=1

Yj < 100"éX100 ≤ 320§·��ÄÙéá

¯�X100 > 320§§�du
320∑
j=1

Yj < 100"

duYj��K5§
320∑
j=1

Yj < 100´
279∑
j=1

Yj < 100���f¯�"




