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��/§XJ3���ÅÁ��·�¼�,�¯�Bu)
§@o¯�Au
)��U5kõ�º
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Nn(AB)

Nn(B)
=

Nn(AB)/n

Nn(B)/n
“−→”

P(AB)

P(B)
, n → ∞.
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����ÅÁ��VÇ�m�(Ω, F, P)§A, B ∈ F§P(B) > 0"K½Â

P(A|B) :=
P(AB)

P(B)
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P(A|B) :=
P(AB)

P(B)

�3®�¯�Bu)�^�e§Au)�^̂̂���VVVÇÇÇ"

~
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P(A|B) =
P(AB)

P(B)
=

2
6
3
6

=
2

3
.

P(A|B) > P(A) (�*)ºº)
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�(Ω, F, P)´VÇ�m§B ∈ F§P(B) > 0"K

1. (Ω, F, P(·|B))�´VÇ�m§

PB(·) = P(·|B) : F → R, A 7→ P(A|B).
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2. XJP(BC) > 0§KPB(A|C) = P(A|BC)"
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��/§XJA1, . . . , An ∈ F÷vP(A1 · · ·An−1) > 0§K

P(A1A2 · · ·An) = P(A1)P(A2|A1)P(A3|A1A2) · · ·P(An|A1 · · ·An−1).

y²µ½Â

P(A1A2 · · ·An) = P(A1 · · ·An−1)·P(An|A1 · · ·An−1).
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P(A1A2 · · ·An) = P(A1)P(A2|A1)P(A3|A1A2) · · ·P(An|A1 · · ·An−1).

y²µ½Â+êÆ8B{

P(A1A2 · · ·An) = P(A1 · · ·An−1)
︸ ︷︷ ︸

P(A1)P(A2|A1) · · ·P(An−1|A1 · · ·An−2)

·P(An|A1 · · ·An−1).
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λ(t) = lim
∆t→+0

P(X ≤ t + ∆t|X > t)

∆t
.

¦P(X > t)§=��3(0, t]�ã�~ó��VÇ"

)µPAt = Alive at time t = {X > t} = {ω : X(ω) > t}"p(t) = P(At)"
Ké?¿t, ∆t > 0§At+∆t ⊂ At"

p(t + ∆t) = P(At+∆t)
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¦P(X > t)§=��3(0, t]�ã�~ó��VÇ"

)µPAt = Alive at time t = {X > t} = {ω : X(ω) > t}"p(t) = P(At)"
Ké?¿t, ∆t > 0§At+∆t ⊂ At"

p(t + ∆t) = P(At+∆t)=P(At)P(At+∆t|At)=p(t)
[
1 − P(At+∆t|At)

]
,



¦¦¦{{{úúúªªª§§§~~~

~

�«���Æ·X��ÅCþ§��Ç¼ê�λ(t)§=
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.
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)µPAt = Alive at time t = {X > t} = {ω : X(ω) > t}"p(t) = P(At)"
Ké?¿t, ∆t > 0§At+∆t ⊂ At"

p(t + ∆t) = P(At+∆t)=P(At)P(At+∆t|At)=p(t)
[
1 − P(At+∆t|At)

]
,

p(t + ∆t) = p(t)
[
1 − λ(t)∆t + o(∆t)

]
, ∆t → 0.
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.
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Ké?¿t, ∆t > 0§At+∆t ⊂ At"

p(t + ∆t) = P(At+∆t)=P(At)P(At+∆t|At)=p(t)
[
1 − P(At+∆t|At)

]
,

p(t + ∆t) = p(t)
[
1 − λ(t)∆t + o(∆t)

]
, ∆t → 0.

Ïdp÷v���5~�©�§

dp(t)

dt
= −λ(t)p(t), p(0) = 1.
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�«���Æ·X��ÅCþ§��Ç¼ê�λ(t)§=

λ(t) = lim
∆t→+0

P(X ≤ t + ∆t|X > t)

∆t
.

¦P(X > t)§=��3(0, t]�ã�~ó��VÇ"

)µPAt = Alive at time t = {X > t} = {ω : X(ω) > t}"p(t) = P(At)"
Ké?¿t, ∆t > 0§At+∆t ⊂ At"

p(t + ∆t) = P(At+∆t)=P(At)P(At+∆t|At)=p(t)
[
1 − P(At+∆t|At)

]
,

p(t + ∆t) = p(t)
[
1 − λ(t)∆t + o(∆t)

]
, ∆t → 0.

Ïdp÷v���5~�©�§

dp(t)

dt
= −λ(t)p(t), p(0) = 1.=⇒p(t) = exp

(

−

∫ t

0
λ(s)ds

)

.
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XJ��Ç�~êλ > 0§K

p(t) = e−λt,

u´��3(0, t]�ãS���VÇ�1− e−λt§·�¡�¬Æ·XÑl�ê
©ÙExp(λ)"
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½nµ�VÇúª

�(Ω, F, P)´VÇ�m§B1, . . . , Bn, . . . ∈ F´Ω����y©µ

BiBj = ∅, ∀i 6= j; Ω =
⋃

n≥1

Bn; P(Bn) > 0, ∀n.

Ké?¿A ∈ F§

P(A) =
∑

n

P(Bn)P(A|Bn).

y²µ

P(A) = P(∪n≥1ABn) =
∑

n≥1

P(ABn).
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½nµ�VÇúª

�(Ω, F, P)´VÇ�m§B1, . . . , Bn, . . . ∈ F´Ω����y©µ

BiBj = ∅, ∀i 6= j; Ω =
⋃

n≥1

Bn; P(Bn) > 0, ∀n.

Ké?¿A ∈ F§

P(A) =
∑

n

P(Bn)P(A|Bn).

y²µ

P(A) = P(∪n≥1ABn) =
∑

n≥1

P(ABn)
︸ ︷︷ ︸

P(Bn)P(A|Bn)

.
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¦P(R1R2)§P(R2)§P(R1|R2)"
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���f¥Ckb�ç¥�r�ù¥"zgl�¥�Å/�Ñ��¥§
,�òÙ�£§Ó�2�\c�ÓÚ¥"PRkL«1kg��ù¥"
¦P(R1R2)§P(R2)§P(R1|R2)"

)µPBk = Rc
k"u´

P(R1R2) = P(R1) · P(R2|R1) =
r

b + r
·

r + c

b + r + c
.
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���f¥Ckb�ç¥�r�ù¥"zgl�¥�Å/�Ñ��¥§
,�òÙ�£§Ó�2�\c�ÓÚ¥"PRkL«1kg��ù¥"
¦P(R1R2)§P(R2)§P(R1|R2)"

)µPBk = Rc
k"u´

P(R1R2) = P(R1) · P(R2|R1) =
r

b + r
·

r + c

b + r + c
.

P(R2) = P(B1)P(R2|B1) + P(R1)P(R2|R1)

=
b

b + r
·

r

b + r + c
+

r

b + r
·

r + c

b + r + c

=
r

b + r
.
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���f¥Ckb�ç¥�r�ù¥"zgl�¥�Å/�Ñ��¥§
,�òÙ�£§Ó�2�\c�ÓÚ¥"PRkL«1kg��ù¥"
¦P(R1R2)§P(R2)§P(R1|R2)"

)µPBk = Rc
k"u´

P(R1R2) = P(R1) · P(R2|R1) =
r

b + r
·

r + c

b + r + c
.

P(R2) = P(B1)P(R2|B1) + P(R1)P(R2|R1)

=
b

b + r
·

r

b + r + c
+

r

b + r
·

r + c

b + r + c

=
r

b + r
.

P(R1|R2) =
P(R1R2)

P(R2)
=

r + c

b + r + c
.
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þãO�L²P(R1) = P(R2)"¯¢þ§�±y²

P(Rk) = P(R1) =
r

b + r
, ∀k ≥ 1.

(Øµ



Pólya���fff���...���???ØØØ

þãO�L²P(R1) = P(R2)"¯¢þ§�±y²

P(Rk) = P(R1) =
r

b + r
, ∀k ≥ 1.

(Øµ8I´ú²�"

��y²



Pólya���fff���...���???ØØØ

þãO�L²P(R1) = P(R2)"¯¢þ§�±y²

P(Rk) = P(R1) =
r

b + r
, ∀k ≥ 1.

(Øµ8I´ú²�"

��y²�¥(J�^SÃ'µ



Pólya���fff���...���???ØØØ

þãO�L²P(R1) = P(R2)"¯¢þ§�±y²

P(Rk) = P(R1) =
r

b + r
, ∀k ≥ 1.

(Øµ8I´ú²�"

��y²�¥(J�^SÃ'µé?Û1 ≤ i1 < i2 < · · · < ik ≤ n§

P(�ng¥§31i1, i2, . . . , ikg��ù¥§Ù¦g��ç¥)

= P(R1 · · ·RkBk+1 · · ·Bn).



Pólya���fff���...���???ØØØ

þãO�L²P(R1) = P(R2)"¯¢þ§�±y²

P(Rk) = P(R1) =
r

b + r
, ∀k ≥ 1.

(Øµ8I´ú²�"

��y²�¥(J�^SÃ'µé?Û1 ≤ i1 < i2 < · · · < ik ≤ n§

P(�ng¥§31i1, i2, . . . , ikg��ù¥§Ù¦g��ç¥)

= P(R1 · · ·RkBk+1 · · ·Bn).

é?¿i < j§

P(Ri|Rj) = P(Rj |Ri) =
r + c

b + r + c
.

¿�

P(Ri|Rj) ≥ P(Ri),

�Ò��=�b = 0½c = 0"£�*)º¤



���VVVÇÇÇúúúªªª§§§~~~µµµÙÙÙäääÑÑÑ111������ÅÅÅþþþ}}}

~

`¯�<Ùa§�kÙ]i�!a − i�"zÙ�g7L©Ñ�K§��l
K��Ù]¥I�1�§�k<Ñ1�(å"®�zgÙ§`��VÇ
�0 < p < 1§¯��VÇ�q = 1 − p"¦`�ª»��VÇ"



���VVVÇÇÇúúúªªª§§§~~~µµµÙÙÙäääÑÑÑ111������ÅÅÅþþþ}}}

~

`¯�<Ùa§�kÙ]i�!a − i�"zÙ�g7L©Ñ�K§��l
K��Ù]¥I�1�§�k<Ñ1�(å"®�zgÙ§`��VÇ
�0 < p < 1§¯��VÇ�q = 1 − p"¦`�ª»��VÇ"

)µAi =`kÙ]i���ª»�§pi = P(Ai)"ÄÚ©Û{µ�Ä���
m�y©B =`�ÄÛ!Bc =¯�ÄÛ§d�VÇúª§
�1 ≤ i < a + b�§

P(Ai) = P(B)P(Ai|B) + P(Bc)P(Ai|B
c) = pP(Ai+1) + qP(Ai−1),

ù�·�ïá
'uê�{pi}�����~Xê�5�©�§

pi = ppi+1 + qpi−1, (0.1)

òpi = zi�\��A��§

pz2 − z + q = 0



���VVVÇÇÇúúúªªª§§§~~~µµµÙÙÙäääÑÑÑ111������ÅÅÅþþþ}}}

~

`¯�<Ùa§�kÙ]i�!a − i�"zÙ�g7L©Ñ�K§��l
K��Ù]¥I�1�§�k<Ñ1�(å"®�zgÙ§`��VÇ
�0 < p < 1§¯��VÇ�q = 1 − p"¦`�ª»��VÇ"

)µAi =`kÙ]i���ª»�§pi = P(Ai)"ÄÚ©Û{µ�Ä���
m�y©B =`�ÄÛ!Bc =¯�ÄÛ§d�VÇúª§
�1 ≤ i < a + b�§

P(Ai) = P(B)P(Ai|B) + P(Bc)P(Ai|B
c) = pP(Ai+1) + qP(Ai−1),

ù�·�ïá
'uê�{pi}�����~Xê�5�©�§

pi = ppi+1 + qpi−1, (0.1)

òpi = zi�\��A��§

pz2 − z + q = 0 =⇒ z = 1, ½ z =
q

p
.



���VVVÇÇÇúúúªªª§§§~~~µµµÙÙÙäääÑÑÑ111������ÅÅÅþþþ}}}

�p 6= q�§þã�©�§�Ï)�

pi = A · 1i + B

(
q

p

)i

,

é>�^�p0 = 1, pa = 0�)�

A = 1 − B, B = 1/

(

1 −

(
q

p

)a)

.

�p = q = 1/2�§z = 1´A��§���§ù��©�§�Ï)´

pi = (A + Bi) × 1i,

é>�^�p0 = 1, pa = 0�)�A = 1§B = − 1
a"



���VVVÇÇÇúúúªªª§§§~~~µµµÙÙÙäääÑÑÑ111������ÅÅÅþþþ}}}

l

pi =







1 − 1−(q/p)i

1−(q/p)a , ep 6= 1/2;

1 − i
a , ep = 1/2.

ØJuyµ

1. �ak��§�ª`Ñ1½¯Ñ1�VÇ�1§�Ò´ÙÆA�5½
£±VÇ1¤�3k��mS(å"

2. �a → ∞�£¯äkÃ�ãL§'XÙ|¤§`�ªÑ1�VÇ�

P(Ai) =

{

(q/p)i, ep > q;

1, ep ≤ q.



Bayesúúúªªª

½nµBayesúª

�(Ω, F, P)´VÇ�m§B1, . . . , Bn, . . . ∈ F´Ω����y©µ

BiBj = ∅, ∀i 6= j; Ω =
⋃

n≥1

Bn; P(Bn) > 0, ∀n.

�A ∈ F÷vP(A) > 0"K

P(Bk|A) =
P(Bk)P(A|Bk)
∑

n
P(Bn)P(A|Bn)

.

5P

Bk�“Ï0§A�“J0¶Bayesµâ“J0&“Ï0"
P(Bk)k�VÇ§P(Bk|A)��VÇ"Bayesµ²�?�



Bayesúúúªªª

½nµBayesúª

�(Ω, F, P)´VÇ�m§B1, . . . , Bn, . . . ∈ F´Ω����y©µ

BiBj = ∅, ∀i 6= j; Ω =
⋃

n≥1

Bn; P(Bn) > 0, ∀n.

�A ∈ F÷vP(A) > 0"K

P(Bk|A) =
P(Bk)P(A|Bk)
∑

n
P(Bn)P(A|Bn)

.

y²µ^�VÇ½Â

P(Bk|A) =
P(ABk)

P(A)



Bayesúúúªªª

½nµBayesúª

�(Ω, F, P)´VÇ�m§B1, . . . , Bn, . . . ∈ F´Ω����y©µ

BiBj = ∅, ∀i 6= j; Ω =
⋃

n≥1

Bn; P(Bn) > 0, ∀n.

�A ∈ F÷vP(A) > 0"K

P(Bk|A) =
P(Bk)P(A|Bk)
∑

n
P(Bn)P(A|Bn)

.

y²µ^�VÇ½Â+�VÇúª+¦{úª

P(Bk|A) =
P(ABk)

P(A)
=

P(Bk)P(A|Bk)
∑

n
P(Bn)P(A|Bn)

.
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~

ßøiZ§n÷�§Ù¥�÷��kð�§,	ü÷�põXì�"*¯

kß�÷�§Ì±<k�mÙ{ü÷�¥��÷§\w�
ì�"ù�*

¯UØUÌ¿º



Bayesúúúªªª§§§~~~µµµMonty Hall §§§ððð���ºººììì���ººº

~

ßøiZ§n÷�§Ù¥�÷��kð�§,	ü÷�põXì�"*¯

kß�÷�§Ì±<k�mÙ{ü÷�¥��÷§\w�
ì�"ù�*

¯UØUÌ¿º

)µ\w�
�m��pÕX�ì�§u´ð�Ò3�eü÷�¥�,�

÷�¡§�k1/2�U§u´UØUÌ¿Ã¤¢"
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~

ßøiZ§n÷�§Ù¥�÷��kð�§,	ü÷�põXì�"*¯

kß�÷�§Ì±<k�mÙ{ü÷�¥��÷§\w�
ì�"ù�*

¯UØUÌ¿º

)µ\w�
�m��pÕX�ì�§u´ð�Ò3�eü÷�¥�,�

÷�¡§�k1/2�U§u´UØUÌ¿Ã¤¢"

Ù¢Ø,�Ï�\�À
Ì±<��°§¦´��@÷�pkð��"



Bayesúúúªªª§§§~~~µµµMonty Hall §§§ððð���ºººììì���ººº

~

ßøiZ§n÷�§Ù¥�÷��kð�§,	ü÷�põXì�"*¯

kß�÷�§Ì±<k�mÙ{ü÷�¥��÷§\w�
ì�"ù�*

¯UØUÌ¿º

)µ�*¯kß�@÷´1Ò�"Ù{ü÷�©O´2Ò�Ú3Ò�"
PAiL«ð�3iÒ��§BiL«Ì±<miÒ�"A1, A2, A3�¤���m

�y©§

P(Ai) =
1

3
, i = 1, 2, 3; P(B2|A1) =

1

2
, P(B2|A2) = 0, P(B2|A3) = 1,

P(A1|B2) =
P(A1)P(B2|A1)
3∑

i=1
P(Ai)P(B2|Ai)

=
1
3 × 1

2
1
3 × 1

2 + 1
3 × 0 + 1

3 × 1
=

1

3
,

P(A3|B2) = 1 − P(A1|B2) − P(A2|B2) = 1 −
1

3
=

2

3
.

UCÐ©¬k��¼�Å¬�
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~

ßøiZ§n÷�§Ù¥�÷��kð�§,	ü÷�põXì�"*¯

kß�÷�§Ì±<k�mÙ{ü÷�¥��÷§\w�
ì�"ù�*

¯UØUÌ¿º

)µ�*¯kß�@÷´1Ò�"Ù{ü÷�©O´2Ò�Ú3Ò�"
PAiL«ð�3iÒ��§BiL«Ì±<miÒ�"A1, A2, A3�¤���m

�y©§

P(Ai) =
1

3
, i = 1, 2, 3; P(B2|A1) =

1

2
, P(B2|A2) = 0, P(B2|A3) = 1,

P(A1|B2) =
P(A1)P(B2|A1)
3∑

i=1
P(Ai)P(B2|Ai)

=
1
3 × 1

2
1
3 × 1

2 + 1
3 × 0 + 1

3 × 1
=

1

3
,

P(A3|B2) = 1 − P(A1|B2) − P(A2|B2) = 1 −
1

3
=

2

3
.

UCÐ©¬k��¼�Å¬��£UõÅ��
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�(Ω, F, P)´VÇ�m"¡ü�¯�A, B ∈ F´Õá�§´�§�3VÇ�

¿Âþ�pØK�"



¯̄̄������ÕÕÕááá555§§§���***¹¹¹ÂÂÂ

�(Ω, F, P)´VÇ�m"¡ü�¯�A, B ∈ F´Õá�§´�§�3VÇ�

¿Âþ�pØK�"

Bu)�ÄØUC·�éAu)��U5����äµ

P(A|B) = P(A|Bc) = P(A),

�§Au)�ÄØUC·�éBu)��U5����äµ

P(B|A) = P(B|Ac) = P(B).



¯̄̄������ÕÕÕááá555§§§���***¹¹¹ÂÂÂ

�(Ω, F, P)´VÇ�m"¡ü�¯�A, B ∈ F´Õá�§´�§�3VÇ�

¿Âþ�pØK�"

Bu)�ÄØUC·�éAu)��U5����äµ

P(A|B) = P(A|Bc) = P(A),

�§Au)�ÄØUC·�éBu)��U5����äµ

P(B|A) = P(B|Ac) = P(B).

du

P(A) = P(B)P(A|B) + P(Bc)P(A|Bc),

¤±�0 < P(B) < 1�§1�|�ª¥?Ûü�þ��Ñ¿�Xn�þ�
�"�P(B) > 0�§P(A|B) = P(A)�duP(AB) = P(A)P(B)"¤±
�0 < P(A), P(B) < 1�§þãü|�ªÑ�du

P(AB) = P(A)P(B).



¯̄̄������ÕÕÕááá555§§§êêêÆÆÆ¹¹¹ÂÂÂ

½Â

�(Ω, F, P)´VÇ�m"¡ü�¯�A, B ∈ F´ÕÕÕááá���§XJ§�÷v

P(AB) = P(A)P(B).



¯̄̄������ÕÕÕááá555§§§êêêÆÆÆ¹¹¹ÂÂÂ

½Â

�(Ω, F, P)´VÇ�m"¡ü�¯�A, B ∈ F´ÕÕÕááá���§XJ§�÷v

P(AB) = P(A)P(B).

~

���þ!�f"AiL«���:ê´i��ê"KA2, A3´Õá�"

y²µP(A2) = 1
2§P(A3) = 1

3§P(A2A3) = P(A6) = 1
6"

~

3Pólya�f�.¥§XJb, r > 0§KR1, R2Õá��=�c = 0"



¯̄̄������ÕÕÕááá555§§§êêêÆÆÆ¹¹¹ÂÂÂ

½Â

�(Ω, F, P)´VÇ�m"¡ü�¯�A, B ∈ F´ÕÕÕááá���§XJ§�÷v

P(AB) = P(A)P(B).

·K

A, BÕá =⇒ A, BcÕá"

y²µ

P(ABc) − P(A)P(Bc) =
[
P(A) − P(AB)

]
− P(A)

[
1 − P(B)

]

= P(A)P(B) − P(AB).

·K

P(A) = 0 =⇒ A�?Û¯�BÕá" AO/§∅�?Û¯�BÕá"
P(A) = 1 =⇒ A�?Û¯�BÕá" AO/§Ω�?Û¯�BÕá"



¯̄̄������ÕÕÕááá555§§§êêêÆÆÆ¹¹¹ÂÂÂ

½Â

�(Ω, F, P)´VÇ�m"¡ü�¯�A, B ∈ F´ÕÕÕááá���§XJ§�÷v

P(AB) = P(A)P(B).

o(±þ(Ø§

·K

A, BÕá⇐⇒ ∀C ∈ FA := {Ω, ∅, A, Ac}�∀D ∈ FB := {Ω, ∅, B, Bc}Õá"



õõõ���¯̄̄������ÕÕÕááá555

·�`n�¯�A, B, C´Õá�§´�§�¥?Û�
¯�ÃØXÛu)
ÑØUCÙ¦¯�u)��U5���"=

A�FB,C¥?�¯�Õá§Ù¥

FB,C = {Ω, ∅, B, C, Bc, Cc, BC, BCc, BcC, BcCc,

B ∪ C, B ∪ Cc, Bc ∪ C, Bc ∪ Cc, B∆C, B∆Cc, }.

Ó�§B�FA,C¥?�¯�Õá§C�FA,B¥?�¯�Õá"

XJn�¯�Õá§@o§�7,üüÕá"�´e¡�~fL²§üü

ÕáØv±�yn�¯�Õá"

~

Ω = {1, 2, 3, 4}þ��;V.§A = {1, 4}§B = {2, 4}§C = {3, 4}§§�
üüÕá§�´XJB, CÓ�u)§KA7,u)§¤±A, BCØÕá"



õõõ���¯̄̄������ÕÕÕááá555

·�`n�¯�A, B, C´Õá�§´�§�¥?Û�
¯�ÃØXÛu)
ÑØUCÙ¦¯�u)��U5���"=

A�FB,C¥?�¯�Õá§Ù¥

FB,C = {Ω, ∅, B, C, Bc, Cc, BC, BCc, BcC, BcCc,

B ∪ C, B ∪ Cc, Bc ∪ C, Bc ∪ Cc, B∆C, B∆Cc, }.

Ó�§B�FA,C¥?�¯�Õá§C�FA,B¥?�¯�Õá"

XJn�¯�Õá§@o§�7,üüÕá"�´e¡�~fL²§üü

ÕáØv±�yn�¯�Õá"

~

Ω = {1, 2, 3, 4}þ��;V.§A = {1, 4}§B = {2, 4}§C = {3, 4}§§�
üüÕá§�´XJB, CÓ�u)§KA7,u)§¤±A, BCØÕá"

?

@o3üüÕá�Ä:þ§XÛÖ¿¦�U��^�Ò�±�yn�¯�

�Õá5Qº



õõõ���¯̄̄������ÕÕÕááá555

½Â

�(Ω, F, P)´VÇ�m"¡¯�A1, A2, A3 ∈ F´ÕÕÕááá���§XJ§�÷v

P(AiAj) = P(Ai)P(Aj), 1 ≤ i < j ≤ 3.

£=üüÕá¤§¿�

P(A1A2A3) = P(A1)P(A2)P(A3).



õõõ���¯̄̄������ÕÕÕááá555

·K

A, B, CÕá =⇒ A, ∀D ∈ FB,CÕá"



õõõ���¯̄̄������ÕÕÕááá555

·K

A, B, CÕá =⇒ A, ∀D ∈ FB,CÕá"

Ún1

D1, . . . , DnpØ�N§A�z�DiÕá=⇒ A�D1 ∪ · · · ∪ DnÕá"



õõõ���¯̄̄������ÕÕÕááá555

·K

A, B, CÕá =⇒ A, ∀D ∈ FB,CÕá"

Ún1

D1, . . . , DnpØ�N§A�z�DiÕá=⇒ A�D1 ∪ · · · ∪ DnÕá"

y²µ

P

(

A ·
⋃

i

Di

)

= P

(
⋃

i

ADi

)

=
∑

i

P(ADi)

=
∑

i

P(A)P(Di) = P(A)P

(
⋃

i

Di

)

.



õõõ���¯̄̄������ÕÕÕááá555

·K

A, B, CÕá =⇒ A, ∀D ∈ FB,CÕá"

Ún1

D1, . . . , DnpØ�N§A�z�DiÕá=⇒ A�D1 ∪ · · · ∪ DnÕá"

Ún2

A, B, CÕá =⇒ A, B, CcÕá"



õõõ���¯̄̄������ÕÕÕááá555

·K

A, B, CÕá =⇒ A, ∀D ∈ FB,CÕá"

Ún1

D1, . . . , DnpØ�N§A�z�DiÕá=⇒ A�D1 ∪ · · · ∪ DnÕá"

Ún2

A, B, CÕá =⇒ A, B, CcÕá"

y²µ

P(ABCc) = P(AB)−P(ABC) = P(A)P(B)−P(A)P(B)P(C) = P(A)P(B)P(Cc).



õõõ���¯̄̄������ÕÕÕááá555

·K

A, B, CÕá =⇒ A, ∀D ∈ FB,CÕá"

Ún1

D1, . . . , DnpØ�N§A�z�DiÕá=⇒ A�D1 ∪ · · · ∪ DnÕá"

Ún2

A, B, CÕá =⇒ A, B, CcÕá"

Ún3

A, B, CÕá =⇒ A, BCÕá"



õõõ���¯̄̄������ÕÕÕááá555

·K

A, B, CÕá =⇒ A, ∀D ∈ FB,CÕá"

Ún1

D1, . . . , DnpØ�N§A�z�DiÕá=⇒ A�D1 ∪ · · · ∪ DnÕá"

Ún2

A, B, CÕá =⇒ A, B, CcÕá"

Ún3

A, B, CÕá =⇒ A, BCÕá"

·K�y²µ

Ún2+Ún3=⇒A�BC, BCc, BcC, BcCc¥?Û��¯�´Õá�"

FB,C¥�?Û��¯��±L«�BC, BCc, BcC, BcCc¥,
¯��Ú¯

�§

¤±dÚn1�§A�FB,C¥�?Û��¯�Õá"y."



õõõ���¯̄̄������ÕÕÕááá555

½Â

�(Ω, F, P)´VÇ�m"¡¯�A1, A2, . . . , An ∈ F´ÕÕÕááá���§XJ§�÷

v

P(Ai1 · · ·Aik) = P(Ai1) · · ·P(Aik), 1 ≤ i1 < · · · < ik ≤ n, ∀2 ≤ k ≤ n.

½Â

¡¯�|{Aα} ⊂ F¥�¯�´ÕÕÕááá���§XJ§�¥?¿k��¯�´Õá

�"

½Â

¡�x¯�|A1, . . . , An´ÕÕÕááá���§XJlz�¯�|¥?���¯��

��¯�|´Õá�§=é?¿Ai ∈ Ai§A1, . . . , AnÕá"
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½Â

�(Ω, F, P)´VÇ�m"¡¯�A1, A2, . . . , An ∈ F´ÕÕÕááá���§XJ§�÷

v

P(Ai1 · · ·Aik) = P(Ai1) · · ·P(Aik), 1 ≤ i1 < · · · < ik ≤ n, ∀2 ≤ k ≤ n.

½Â

¡¯�|{Aα} ⊂ F¥�¯�´ÕÕÕááá���§XJ§�¥?¿k��¯�´Õá

�"

½Â

¡�x¯�|A1, . . . , An´ÕÕÕááá���§XJlz�¯�|¥?���¯��

��¯�|´Õá�§=é?¿Ai ∈ Ai§A1, . . . , AnÕá"

½n

XJA1, A2, . . . , AnÕá§¿�òA1, . . . , An?¿y©¤�|A1, . . . , Ak§K

¯��F(A1), . . . , F(Ak)Õá"
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GéXÚ

���XÚdn�fXÚ|¤§�XÚ�~$1I�¤kfXÚÓ��~$
1"�AkL«1k�fXÚ�~$1§pk = P(Ak)§k = 1, . . . , n"K�X
Ú$1�~Ò´¯�

A1 · · ·An.

b��fXÚÕá$1"u´�XÚ�~$1�VÇ�

P(A1 · · ·An) = P(A1) · · ·P(An) = p1 · · · pn.
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¿éXÚ

���XÚdn�fXÚ|¤§��kfXÚÓ��~$1§�XÚÒ�~
$1"�AkL«1k�fXÚ�~$1§pk = P(Ak)§k = 1, . . . , n"K�
XÚ$1�~Ò´¯�

A1 ∪ · · · ∪ An.

b��fXÚÕá$1"u´�XÚ�~$1�VÇ�

P(A1 ∪ · · · ∪ An) = 1 − P(Ac
1 · · ·A

c
n) = 1 −

n∏

i=1

(1 − pi).
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G¿éEÜXÚ

���XÚdeZ�Ä�fXÚ²L�?Gé½¿é(�|¤"
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äkxª(��XÚ

x



¯̄̄���������'''XXXêêê

A, BÕá⇐⇒ P(AB) − P(A)P(B) = 0.

·�F"^

P(AB) − P(A)P(B)

����xA, B�CÕá�§Ý"
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A, BÕá⇐⇒ P(AB) − P(A)P(B) = 0.

·�F"^

P(AB) − P(A)P(B)

����xA, B�CÕá�§Ý"

�0 < P(A) ≪ 1�§�,

P(AB) − P(A)P(B) ≈ 0,

�A, BEk�U�lÕá§'XA = B"



¯̄̄���������'''XXXêêê

A, BÕá⇐⇒ P(AB) − P(A)P(B) = 0.

·�F"^

P(AB) − P(A)P(B)

����xA, B�CÕá�§Ý"

�0 < P(A) ≪ 1�§�,

P(AB) − P(A)P(B) ≈ 0,

�A, BEk�U�lÕá§'XA = B"

�P(A) ≈ 1�§

P(AB) − P(A)P(B) = P(Ac)P(B) − P(AcB) ≈ 0,

�A, BEk�U�lÕá§'XAc = B"
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A, BÕá⇐⇒ P(AB) − P(A)P(B) = 0.

·�F"^

P(AB) − P(A)P(B)

����xA, B�CÕá�§Ý"

�0 < P(A) ≪ 1�§�,

P(AB) − P(A)P(B) ≈ 0,

�A, BEk�U�lÕá§'XA = B"

�P(A) ≈ 1�§

P(AB) − P(A)P(B) = P(Ac)P(B) − P(AcB) ≈ 0,

�A, BEk�U�lÕá§'XAc = B"

a' �þ��5�'�R�
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½Âµ¯�A, B��'Xê

rA,B =
P(AB) − P(A)P(B)

√

P(A)P(Ac)P(B)P(Bc)
.

·K

�0 < P(A), P(B) < 1"K

1. −1 ≤ rA,B ≤ 1"
2. rA,B = −rA,Bc"

3. A, BÕá⇐⇒ rA,B = 0"
4. rA,A = 1§rA,Ac = 1"rA,B = 1 ⇐⇒?§rA,B = −1 ⇐⇒?
5. rA,B > 0 ⇐⇒ P(A|B) > P(A) > P(A|Bc)"



∃ ∀ ?’s



∃ ∀ ?’s

∃ ∀ ?’s ?
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