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KKK1 �ëY.�ÅCþX�©Ù¼ê�:

F (x) =

⎧⎨⎩
Aex, x < 0;

B, 0 ≤ x < 1;

1− Ae−(x−1), x ≥ 1.

¦µ(a) A!B��"(b) X��Ý¼ê"(c) P (X > 1/3)��"(d) X�êÆÏ"Ú��"

)µ(a) Ï�X´ëY.�ÅCþ§¤±§�VÇ©Ù¼ê??ëY§AO´3x = 0Úx =
1ü?§ëY5¿�X

A = lim
x↗0

F (x) = lim
x↘0

F (x) = B, B = lim
x↗1

F (x) = lim
x↘1

F (x) = 1− A,

dd)�A = B = 1/2"

(b) X�VÇ�Ý¼ê�

f(x) = F ′(x) = AexIx<0 + Ae−(x−1)Ix>1 =
exIx<0 + e−(x−1)Ix>1

2

(c) ��|^VÇ©Ù¼ê

P (X > 1/3) = 1− F (1/3) = 1−B = 0.5.

½ö|^VÇ�Ý¼ê

P (X > 1/3) =

∫ +∞

1/3

f(x)dx =

∫ +∞

−∞

[
exIx<0 + e−(x−1)Ix>1

2

]
× Ix>1/3dx

=
1

2

∫ +∞

1

e−(x−1)dx =
1

2

∫ +∞

0

e−ydy = 0.5.
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(d)

EX =

∫ +∞

−∞
xf(x)dx

=

∫ +∞

−∞
x

[
exIx<0 + e−(x−1)Ix>1

2

]
dx

=
1

2

∫ 0

−∞
xexdx+

1

2

∫ +∞

1

xe−(x−1)dx

= −1

2

∫ +∞

0

ye−ydy +
1

2

∫ +∞

0

(y + 1)e−ydy

= −1

2
+

1

2
× 2 =

1

2
.

aq/§�±O�EX2§�´·�5¿�X�VÇ�Ý¼ê'ux = 0.5é¡§=

f(0.5− x) = f(0.5 + x), ∀x,

¤±

EX2 =

∫ +∞

−∞
x2f(x)dx

=

∫ +∞

−∞
(y + 0.5)2f(y + 0.5)dy

=

∫ +∞

−∞

[
y2 + y +

1

4

]
f(y + 0.5)dy

= 2

∫ +∞

0

[
y2 +

1

4

]
ey+0.5Iy<−0.5 + e0.5−yIy>0.5

2
dy

=

∫ +∞

0.5

[
y2 +

1

4

]
e0.5−ydy

=

∫ +∞

0

[
(u+ 0.5)2 +

1

4

]
e−udu

=

∫ +∞

0

[
u2 + u+

1

2

]
e−udu

= −u2e−u
∣∣+∞
0

+ 2

∫ +∞

0

ue−udu+ 1 + 0.5

= 2 + 1 + 0.5 =
7

2
.
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l


VarX = EX2 − (EX)2 =
7

2
− 1

4
=

13

4
.

(d)�,�«){

EX =

∫ +∞

0

P (X > x))dx−
∫ 0

−∞
P (X < x)dx

=

∫ +∞

1

1

2
e−(x−1)dx+

∫ 1

0

1

2
dx−

∫ 0

−∞

1

2
exdx

=

∫ 0

−∞

1

2
eudu+

1

2
−
∫ 0

−∞

1

2
exdx

=
1

2
.

,	§

EX2 =

∫ +∞

0

P (X2 > x)dx

=

∫ +∞

0

P (X2 > u2)du2

= 2

∫ +∞

0

u [P (X > u) + P (X < −u)] du

= 2

∫ +∞

0

u

[
e−(u−1)Iu>1

2
+
I0<u<1

2
+
e−u

2

]
du

=

∫ +∞

1

ue−(u−1)du+

∫ 1

0

udu+

∫ +∞

0

ue−udu

=

∫ +∞

0

(v + 1)e−vdv +

∫ 1

0

udu+

∫ +∞

0

ue−udu

= 2 +
1

2
+ 1 =

7

2

l


VarX = EX2 − (EX)2 =
7

2
− 1

4
=

13

4
.

KKK2 ��ÅCþXÑl(−�/2, �/2)þ�þ!©Ù"
¦µ(a) �ÅCþY = cosX�VÇ�Ý¼ê"(b) Y�êÆÏ"Ú��"
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)µ(a) k¦Y�VÇ©Ù¼ê§

FY (y) = P (Y ≤ y) = P (cosX ≤ y)

= Iy≥1 + I0≤y<1

[
P
(
−�

2
< X ≤ − arccos y

)
+ P

(
arccos y ≤ X <

�

2

)]
= Iy≥1 + I0≤y<1

[
− arccos y + �

2
+ �

2
− arccos y

]
�

= Iy≥1 + I0≤y<1
� − 2 arccos y

�
.

dd)�Y�VÇ�Ý¼ê

fY (y) = F ′Y (y) =
2

�
√

1− y2
I0≤y<1.

(a)�,)"��|^�ÅCþ¼ê�VÇ�Ýúª

fY (y) =
∑

x:cosx=y

fX(x)
1

∣ dy
dx
∣

= fX(− arccos y)
1

∣(cosx)′∣x=− arccos y

+ fX(arccos y)
1

∣(cosx)′∣x=arccos y

= 2
1

�
I−�

2
<arccos y<�

2

1√
1− cos2 x

∣∣
x=− arccos y

=
2

�
√

1− y2
I0<y<1.

(b)

EY =

∫ +∞

−∞
yfY (y) =

∫ 1

0

y
2

�
√

1− y2
dy = − 2

�

∫ 1

0

d
√

1− y2 =
2

�
.

½ö|^�ÅCþ¼ê�êÆÏ"úª

EY =

∫ +∞

−∞
cosx ⋅ fX(x)dx =

∫ �
2

−�
2

d sinx

�
=

2

�
.

EY 2 =

∫ +∞

−∞
cos2 x ⋅ fX(x)dx =

∫ �
2

−�
2

cos(2x) + 1

2�
dx =

∫ �
2

−�
2

1

2�
dx =

1

2
.
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l


VarY = EY 2 − (EY )2 =
1

2
− 4

�2
=
�2 − 8

2�2
≈ 0.095.

5µÐÆöAT�¤��ûÐ�S.§Ò´3O�VÇ©Ù¼ê½VÇ�Ý¼ê�§5¿
ÏL«5¼ê½Ù¦/ªrNgCþ�����"'Xù�¯K¥§Y�VÇ�Ý¼ê�
L�ª 2

�
√

1−y2
�g,½Â��−1 < y < 1§
¢Sþ��VÇ�Ý¼ê§§�·^���

´0 < y < 1"XJØ5¿ù�«O§@o3|^Y��ÝO�EY½Y��«Ý�§Ò¬u
)�Ø"

KKK3 ��ÅCþUÑl[0, 1]þ�þ!©Ù§¼êF : ℝ→ ℝ ÷v±en�^�

1. é?Ûx ∈ ℝ§F (−∞) = 0 ≤ F (x) ≤ 1 = F (+∞)¶

2. FüNØ~¶

3. F3¤kx ∈ ℝ?Ñ´mëY�"

y²µ

1. XJFëY�î�üNO§K�ÅCþX = F−1(U)�VÇ©Ù¼êÒ´F¶

2. ���¹e§=FØî�üNO½3,
x?ØëY�§�ÅCþ

X = inf{x ∈ ℝ∣F (x) ≥ U}

�VÇ©Ù¼êÒ´F "

y²µ1!ÏFî�üNO�ëY§�F−13(0, 1)þ??k½Â�î�üNO§u´éX =
F−1(U)§

FX(x) = P (X ≤ x) = P (F−1(U) ≤ x) = P (U ≤ F (x)) = F (x), ∀x ∈ ℝ.
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1

0

U

F (x)

X x

2!4·�k£��eþ¡ù�y²"¢Sþ§·�lX = F−1(U)��

{! ∈ Ω : X(!) ≤ x} = {! ∈ Ω : U(!) ≤ F (x)}, ∀x ∈ ℝ.


ù�du

{(x, !)∣X(!) ≤ x} = {(x, !)∣U(!) ≤ F (x)},

ù�du

{x ∈ ℝ : X(!) ≤ x} = {x ∈ ℝ : U(!) ≤ F (x)}, ∀! ∈ Ω.


þª�à´«m[X(!),+∞)§Ïddþª��

X(!) = min{x ∈ ℝ : X(!) ≤ x} = min{x ∈ ℝ : U(!) ≤ F (x)}.

�·�¯k¿Ø��{x ∈ ℝ : U(!) ≤ F (x)}´Äk���§¤±·�½Â

X(!) = inf{x ∈ ℝ : U(!) ≤ F (x)}.

ùpinfL«/e(.0§=��¢ê8Ü�¤ke.¥���e."

y3·�®²��
X�L�ª�5{§4·�5y²é?¿! ∈ Ω§8Ü{x ∈ ℝ : U(!) ≤
F (x)} Ò´«m[X(!),+∞)§ù�ÒkFX = F"
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1

0 x

U

X

F (x)

1

0

U

xX

F (x)

P

A = {! ∈ Ω∣0 < U(!) < 1}.

KP (Ac) = P (U = 1) + P (U = 0) = 0§¤±P (A) = 1"

é! ∈ A£=0 < U(!) < 1¤§duF (+∞) = 1§¤±{x ∈ ℝ : U(!) ≤ F (x)}��¶q
ÏF (−∞) = 0§�{x ∈ ℝ : U(!) ≤ F (x)}ke."
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Ïd·��±½Â

X(!) =

{
inf{x ∈ ℝ : U(!) ≤ F (x)}, ! ∈ A;

0, ! ∈ Ac.

±e�! ∈ A"dX�½Â§·���

{x ∈ ℝ : U(!) ≤ F (x)} ⊂ [X(!),+∞).

¤±§·��Iy²
[X(!),+∞) ⊂ {x ∈ ℝ : U(!) ≤ F (x)}.

Äk§XJt > X(!)§@otØ´{x ∈ ℝ : U(!) ≤ F (x)}�e.£Ï�X(!)®²´���e
.¤§¤±�3x ∈ ℝ÷v

X(!) ≤ x < t, U(!) ≤ F (x).

u´§dFüNØ~§·���

U(!) ≤ F (x) ≤ F (t).

Ïdt ∈ {x ∈ ℝ : U(!) ≤ F (x)}§u´·�y²


(X(!),+∞) ⊂ {x ∈ ℝ : U(!) ≤ F (x)}.

Ï�FmëY§¤±
U(!) ≤ lim

x↘X(!)
F (x) = F (X(!)),

ÏdX(!) ∈ {x ∈ ℝ : U(!) ≤ F (x)}"¤±

[X(!),+∞) = {x ∈ ℝ : U(!) ≤ F (x)}.

Ïd§é?Ûx ∈ ℝ§

FX(x) = P (X ≤ x) = P (A ∩ {X ≤ x}) + P (Ac ∩ {X ≤ x})
= P (A ∩ {X ≤ x})
= P (A ∩ {U ≤ F (x)})
= P (A ∩ {U ≤ F (x)}) + P (Ac ∩ {U ≤ F (x)})
= P (U ≤ F (x)) = F (x).

y."
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5µù�K8��µ´�Å�[¥�EA½©Ù��Åê�_ã��{"~��O�Å^�
¥Ï~Ñ¬�Ñ3�½��pCqþ!©Ù�/��Åê0§ÏL·��5�z§·�@�
O�Å�Ñ���Åê´Ñl(0, 1)þ�þ!©Ù�§XÛ|^ù����Åê�ÑÑl�½
VÇ©Ù��Åê§Ò´�Å�[¥���Ä�¯K"�âþã¯K��Y§·��±|^
þ!©Ù��ÅêU��§�éù�A½VÇ©Ù�eýU -© êX§ù�X=Ñl�½�
©Ù"

Þ~
ó§·����ê©ÙExp(�)�©Ù¼ê�

F (x) = (1− e−�x)Ix≥0,

u´é0 < p < 1§d
F (x) = p

)�eýp-© ê�

x =
− ln(1− p)

�
,

u´

X =
− ln(1− U)

�

Ò´Ñlù��ê©Ù��ÅCþ"

2Þ�~"·���AÛ©ÙGeo(p)�©Ù¼ê�

F (x) = Ix≥1

[x]∑
k=1

p(1− p)k−1 = Ix≥1

(
1− (1− p)[x]

)
,

ù�©Ù¼êØ´î�O�§é0 < u < 1§ù�AÛ©Ù�eýu-© ê´÷vØ�ª

Ix≥1

(
1− (1− p)[x]

)
≥ u,

����x�§Ïdx ≥ 1�
[x] ln(1− p) ≤ ln(1− u),

=

[x] ≥ ln(1− u)

ln(1− p)
.

éu ∕∈ {1− (1− p)k : k = 0, 1, 2, . . . , }§ ln(1−u)
ln(1−p)Ø´�ê§¤±

[x] >
ln(1− u)

ln(1− p)
.
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Ïd���x�� [
ln(1− u)

ln(1− p)

]
+ 1.

Ïd

X =

[
ln(1− U)

ln(1− p)

]
+ 1

�Ñ��Ñlù�AÛ©Ù��ÅCþ"

KKK4 �¥CkN�¥§Ù¥x¥ê��ÅCþ§��X§®�EX = n£n�±Ø´�ê¤"y²
lT�¥¹Ñ�¥�x¥�VÇ´n/N"¿^ù�(Ø)û11gSK13K"

y²µPB£�/x0i�Ç�©Ñ�Ä�i1¤�¯�/l�¥�Å�Ñ��¥´x
¥0"3®��¥kk�x¥��¹e§

P (B∣X = k) =
k

N
.

ld�VÇúª§

P (B) =
∑
k≥0

P (X = k)P (B∣X = k) =
∑
k≥0

P (X = k)
k

N
=
EX

N
.

y."

e¡·�¦)11gSK�13K§=lCka�ç¥§b�x¥��¥zg�Ñ��¥§z
gr�Ñ�¥�¤��ç¥¿Ù�£"PHkL«¯�/1kg�Ñ�´ç¥0"·��
¦P (Hk)��"

)µ�Xk�1kg�¥c�¥�ç¥ê"K

P (Hk) =
EXk

a+ b
. (*)




Xk = Xk−1 + IHc
k−1

=

{
Xk, e1kg�Ñ
ç¥¶

Xk + 1, e1kg�Ñ
x¥"

u´

EXk = EXk−1 + EIHk−1
= EXk + P (Hc

k−1) = EXk +

(
1− EXk−1

a+ b

)
.

ù�Ò��
EXk�4í'X§2|^Ð©^�EX1 = a§Ò�±��EXk��§?
|
^(*)��¤¦�VÇ"
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KKK5 e��lÑ.�ÅCþX3,�:þ�VÇ����§K¡T:�/¯ê0(mode)"©O¦
��©Ù!Ñt©ÙÚK��©Ù�¯ê"

)µ�XÑl��©ÙB(n, p)§K

P (X = k) =

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . , n.

·�'���ü��VÇ����§Ï�§�Ñ´¦È�/ª§¤±·�'�§��'�
�1Ø�Ø�§

P (X = k)

P (X = k − 1)
− 1 =

(n− k + 1)p

k(1− p)
− 1 =

(n+ 1)p− k
k(1− p)

.

Ïd��=�

k < (n+ 1)p

�§P (X = k) > P (X = k − 1)"Ón�y§��=�

k > (n+ 1)p− 1

�§P (X = k) > P (X = k + 1)"

XJ(n + 1)pØ´�ê§@o§��êÜ©[(n + 1)p]£=Ø�u(n + 1)p����ê¤´«
m
[
(n+ 1)p− 1, (n+ 1)p

]
¥����ê§§Ò´��©ÙB(n, p)�¯ê"

XJ(n + 1)p´�ê§K©Ù�3��(n + 1)p − 1�Ñ´î�O§l(n + 1)p±�C¤î�
~§


P (X = (n+ 1)p) = P (X = (n+ 1)p− 1),

¤±§ù���©ÙB(n, p)kü�¯êµ(n+ 1)p− 1Ú(n+ 1)p"

5¿§��©Ù�¯ê�§�êÆÏ"np3ê�þØÓ§��´�k«O"

aq?ØPoisson©ÙÚK��©Ù"ù
©ÙÑ´¤¢/ü¸0©Ù§=©Ù�P (X =
k)�XkO�kO��~�"

5µélÑ©Ù
ó§¯êNy
���ÅCþ3¤k�U���¥��U���@��"
��©Ù�±�k��¯ê§��±kõ�¯ê£'XlÑ�þ!©Ù§z�±�VÇ��
��Ñ´¯ê¤"éëY.©Ù
ó§��±aq/^VÇ�Ý¼ê����:5½Â¯
ê§'X����©Ù�¯êÒ´§��Ý¼ê�é¡¶� �§�Ò´§�êÆÏ""�
¯ê�±Ø�uêÆÏ"§'Xé�ê©ÙExp(�)
ó§§�¯ê´x = 0§
�ê©Ù�
Ï"�1/�"
11K¥@�©ÙÒkü�¯êx = 0Úx = 1"
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KKK6 ¦¢êc¦E∣X − c∣����"
)µ·�k�Ä�«éAÏ��/§XkVÇ�Ý¼êf(x)§¿�f(x)??ëY"

ℎ(c) := E∣X − c∣ =
∫ +∞

−∞
∣x− c∣f(x)dx =

∫ +∞

c

(x− c)f(x)dx+

∫ c

−∞
(c− x)f(x)dx.

u´ℎ'uc��§

ℎ′(c) =
d

dc

(∫ +∞

c

(x− c)f(x)dx

)
+

d

dc

(∫ c

−∞
(c− x)f(x)dx

)
= −(c− c)f(c)−

∫ +∞

c

f(x)dx+ (c− c)f(c) +

∫ c

−∞
f(x)dx

= F (c)−
[
1− F (c)

]
= 2F (c)− 1.

¤±§3«mI1 := {c : F (c) < 1/2}þ§ℎ′(c) < 0§ℎî�~§3«mI3 := {c : F (c) >
1/2}þ§ℎ′(c) > 0§ℎî�O§3«m

I2 := {c : F (c) = 1/2}

þ§ℎ�~ê§¤±«mI2¥�:Ñ´ℎ����:"�«mI2´ü:8�§ù����c�T
´X�¥ ê"

e¡·��Ä���/"ù�§

ℎ(c) := E∣X − c∣ =
∫ +∞

0

P (∣X − c∣ > x)dx

=

∫ +∞

0

P (X > c+ x)dx+

∫ +∞

0

P (X < c− x)dx

=

∫ +∞

c

P (X > x)dx+

∫ c

−∞
P (X < x)dx.

¤±§éc1 < c2§

ℎ(c2)− ℎ(c1) =

∫ c2

c1

P (X < x)dx−
∫ c2

c1

P (X > x)dx,

u´[
P (X < c1)− P (X > c1)

]
(c2 − c1) ≤ ℎ(c2)− ℎ(c1) ≤

[
P (X < c2)− P (X > c2)

]
(c2 − c1).
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XJF (c2) < 1
2
§K

P (X < c2)− P (X > c2) ≤ 2F (c2)− 1 < 0.

XJP (X < c1) > 1
2
§K

P (X < c1)− P (X > c1) = P (X < c1)− 1 + P (X ≤ c1) ≥ 2P (X < c1)− 1 > 0.

u´ℎ3«m

I1 :=

{
c ∈ ℝ : F (c) <

1

2

}
þî�~£d©Ù¼ê�5�§·���I1´/X(c∗,+∞)�m«m¤§3«m

I3 :=

{
c ∈ ℝ : P (X < c) >

1

2

}
þî�O£d¼êc 7→ P (X < c)�5�§·���I3´/X(−∞, c∗)�m«m¤"XJc1 <
c2´«m

I2 :=

{
c ∈ ℝ : P (X < c) ≤ 1

2
≤ F (c)

}
= [c∗, c

∗]

¥�ü�:§K
1

2
≤ F (c1) = P (X ≤ c1) ≤ P (X < c2) ≤ 1

2
,

¤±

F (c) = P (X < c) =
1

2
, ∀c ∈ I2,

u´é?¿c1, c2 ∈ I2, c1 < c2§

0 =
[
P (X < c1)−P (X > c1)

]
(c2−c1) ≤ ℎ(c2)−ℎ(c1) ≤

[
P (X < c2)−P (X > c2)

]
(c2−c1) = 0, ∀.

=ℎ3«mI2þ�~�"ù�~�Ò´ℎ����"

�I2´ü:8�§ù����c�T´X�¥ ê"

5µ3©Ù¼ê�ã�¥r

ℎ(c) =

∫ +∞

c

P (X > x)dx+

∫ c

−∞
P (X < x)dx.

)º¤,
A½«�£��x = c�ý!©Ù¼êã�±e!y = 0±þ�«�9��x = cm
ý!©Ù¼êã�±þ!y = 1±e�«�§=eã¥ùÚÒK«�¤�¡È§\�±��
*/n)þã���/�y²£'X4��x = cl��m£Ä§3eã¤«��/¥§�
�x = c��£Ä¬¦¡È~�§
�m£Ä¬¦¡ÈO�¤"
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