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KKK1 ��ÅCþX�YÕá§þÑlëê�1��ê©Ù§¦U = X + Y§V = X
X+Y
�éÜVÇ�

Ý¼ê§¿�äÕá5"��/§�ÄX, Y�ÕáGamma©Ù£ëê©O´(α, λ)Ú(β, λ)¤
�ÅCþ��/"

)))µëê�1��ê©Ù��uëê�(1, 1)�Gamma©Ù"¤±·����Ä���/"d{
u = x + y,
v = x

x+y
,

)� {
x = uv,
y = u− uv

.

u´U, V�éÜVÇ�Ý¼ê�

fU,V (u, v) = fX,Y (x, y)

∣∣∣∣det

(
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

)∣∣∣∣
= fX(uv)fY (u− uv)

∣∣∣∣det

(
v u

1− v −u

)∣∣∣∣
=

λα(uv)α−1

Γ(α)
e−λuvIuv>0 ·

λβ(u− uv)β−1

Γ(β)
e−λ(u−uv)Iu−uv>0 · |u|

=
λα+βuα+β−1

Γ(α + β)
e−λuIu>0 ·

Γ(α + β)

Γ(α)Γ(β)
vα−1(1− v)β−1I0<v<1.

(*)

5¿�þª¥§
λα+βuα+β−1

Γ(α + β)
e−λuIu>0

´ëê�(α + β, λ)�Gamma©Ù�VÇ�Ý¼ê§(*)ªüà'uu3(−∞, +∞)þÈ©§�
�

fV (v) =

∫ +∞

−∞
fU,V (u, v)du =

Γ(α + β)

Γ(α)Γ(β)
vα−1(1− v)β−1I0<v<1,

ÏdVÑlëê�(α, β)�Beta©Ù"2é(*)üà'uv3(−∞, +∞)þÈ©§��

fU(u) =

∫ +∞

−∞
fU,V (u, v)dv =

λα+βuα+β−1

Γ(α + β)
e−λuIu>0,

ÏdUÑlëê�(α + β, λ)�Gamma©Ù§¿�U, VÕá"

555µ�ÅCþ¼ê�VÇ�Ýúªkü��d�L�ª

fU,V (u, v) = fX,Y (x, y)
1∣∣∣∣∂(u, v)

∂(x, y)

∣∣∣∣ = fX,Y (x, y)

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ ,
Ù¥

∂(u, v)

∂(x, y)
´��¼êu(x, y)Úv(x, y)��ê£=JacobiÝ
¤�1�ª£�¡Jacobian¤"

1���Ò´Ï��¼ê��¼ê��ê´p_��5C�§ü�p_��5C��
1�ªp��ê"3¢S¯K¥�ÀC��/ªÀJÙ¥�«�ª(½VÇ�Ý¼ê"

3·�ù�~fp§·�ÀJ
_C�x = uv, y = u − uv§Ï�é§¦��'é�C
�u = x + y, v = x/(x + y)¦�{ü"
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KKK2 ��ÅCþX, Y�éÜVÇ�Ý¼ê�

fX,Y (x, y) =
1 + xy(x2 − y2)

4
, |x| ≤ 1, |y| ≤ 1.

¦X + Y�VÇ©Ù¼êFX+Y"

))){{{1µ

fX+Y (u) =

∫ +∞

−∞
fX,Y (u− v, v)dv

=

∫ +∞

−∞

1 + (u− v)v[(u− v)2 − v2]

4
I|u−v|≤1,|v|≤1dv

=

∫ +∞

−∞

1 + (u− v)v[u2 − 2uv]

4
Iu−1≤v≤1+u,−1≤v≤1dv

= Imax{u−1,−1}≤max{u+1,1}

∫ min{u+1,1}

max{u−1,−1}

1 + (u− v)v[u2 − 2uv]

4
dv

= I−2≤u≤2

∫ u
2
+1−|u2 |

u
2
−1+|u2 |

1 + (u− v)v[u2 − 2uv]

4
dv

= I−2≤u≤2

∫ 1−|u2 |

−1+|u2 |

1− 2u
[

u2

4
− w2

]
w

4
dw

(
5¿È©�é¡5§-w = v − u

2

)
= I−2≤u≤2

∫ 1−|u2 |

−1+|u2 |
1

4
dw

= I−2≤u≤2
2− |u|

4
.

u´

FX+Y (z) =

∫ z

−∞
fX+Y (u)du =

∫ min{2,z}

−2

2− |u|
4

du

= Iz≥2 + I−2≤z<2

(
1

2
+

∫ z

0

2− u · sgn(z)

4
du

)
= Iz≥2 + I−2≤z<2

(
1

2
+

z

2
− z2 · sgn(z)

8

)
= Iz≥2 + I−2≤z<2

(
1

2
+

z

2
− z|z|

8

)
.

))){{{2µduX,YéÜVÇ�Ý¼ê'ugCþ(x, y)äk�½é¡5§¤±�Äé¡�Cþ
O� {

u = x + y,
v = x− y,

dd)� {
x = (u + v)/2,
y = (u− v)/2,
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u´��U = X + YÚV = X − Y�éÜVÇ�Ý¼ê

fU,V (u, v) = fX,Y

(
u + v

2
,
u− v

2

)
1∣∣∣∣det

(
1 1
1 −1

)∣∣∣∣
=

1 + u2−v2

4
uv

8
I|u+v

2 |≤1,|u−v
2 |≤1.

¤±§

fX+Y (u) = fU(u) =

∫ +∞

−∞
fU,V (u, v)dv

=

∫ +∞

−∞

1 + u2−v2

4
uv

8
I|u+v|≤2,|u−v|≤2dv

=

∫ +∞

−∞

1

8
I|u+v|≤2,|u−v|≤2dv (|^
È©�é¡5)

=
1

8

∫ +∞

−∞
I−2+|u|≤v≤2−|u|dv

=
2− |u|

4
I|u|≤2.

,�§2�){1¥@�¦ÑFX+Y"

))){{{3µ��O�X + Y�VÇ©Ù¼ê

FX+Y (z) = P (X + Y ≤ z)

=

∫∫
x+y≤z

fX,Y (x, y)dxdy

=

∫∫
R2

1 + xy(x2 − y2)

4
I|x|≤1,|y|≤1,x+y≤zdxdy

=
1

4

∫∫
R2

I|x|≤1,|y|≤1,x+y≤zdxdy +

∫∫
R2

xy(x2 − y2)

4
I|x|≤1,|y|≤1,x+y≤zdxdy

=
1

4

∫∫
R2

I|x|≤1,|y|≤1,x+y≤zdxdy (þª12�È©'u(x, y) 7→ (y, x)äké¡5)

= I−2≤z<0
(z + 2)2

8
+ I0≤z<2

(
1− (2− z)2

8

)
+ Iz≥2.

ù�cü�){¦��FX+Y´�Ó�"

KKK3 �X, YkéÜVÇ�Ý¼êf(x, y) = cxy£0 ≤ x ≤ y ≤ 2¤"

1. O�~êc��¶

2. ©O¦ÑX, Y�>�VÇ�Ý¼ê¶

3. �äX, Y´ÄÕá¶

4. é0 < y < 2§¦3®�Y = y�^�e§X�^�VÇ�Ý¼ê§±9^�êÆÏ
"E(X|Y = y)¶
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5. ¦EX, EY, Var(X), E(XY )"

)))µk¦Y�>�VÇ�Ý¼ê

fY (y) =

∫ +∞

−∞
fX,Y (x, y)dx =

∫ +∞

−∞
cxyI0≤x≤y≤xdx = I0≤y≤2

∫ y

0

cxydx =
cy3

2
I0≤y≤2.

2d

1 =

∫ +∞

−∞
fY (y)dy =

∫ 2

0

cy3

2
dy =

c× 24

8

��c = 1/2§Ïd

fX,Y =
xy

2
I0≤x≤y≤2, fY (y) =

y3

4
I0≤y≤2.

X�>�VÇ�Ý¼ê�

fX(x) =

∫ +∞

−∞
fX,Y (x, y)dy

=

∫ +∞

−∞

xy

2
I0≤x≤y≤2dy

=
x

2
I0≤x≤2

∫ 2

x

ydy

=
x

2

(
2− x2

2

)
I0≤x≤2

=
x(4− x2)

4
I0≤x≤2.

dufX,Y (x, y), fX(x), fY (y)3«�

{(x, y) : 0 < y < x < 2}
þëY§3d«�þ

fX,Y (x, y) = 0 < fX(x)fY (y),

¤±X, YØÕá"

,	§·���±ÏL

P (X ∈ (1, 2), Y ∈ (0, 1)) = 0 < P (X ∈ (1, 2))P (Y ∈ (0, 1))

5`²X, YØÕá"

������������
������������
������������
������������

������������
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y

x

1 < X < 2

{1 < X < 2}
∩{0 < Y < 1}0 < Y < 1
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�â½Â§3®�Y = y£0 < y < 2¤�^�e§Y�^�VÇ�Ý¼ê�

fX|Y (x|y) =
fX,Y (x, y)

fY (y)
=

xy
2
I0≤x≤y≤2

y3

4

=
2x

y2
I0≤x≤y, 0 < y < 2.

dd��^�êÆÏ"

E(X|Y = y) =

∫ +∞

−∞
xfX|Y (x|y)dy =

∫ y

0

2x2

y2
dx =

2y

3
, 0 < y < 2.

^½Â�¦�

EX =
16

15
, EY =

8

5
.



EX2 =

∫ 2

0

x2

(
x− x3

4

)
dx =

4

3
,

¤±

VarX = EX2 − (EX)2 =
44

225
.



E(XY ) =

∫∫
0≤x≤y≤2

xy
xy

2
dxdy =

∫ 2

0

(∫ y

0

x2y2

2
dx

)
dy =

16

9
.

·���±|^�Ï"úªO�EX!EX2ÚE(XY )"

EX = E(E(X|Y )) =

∫ +∞

−∞
E(X|Y = y)fY (y)dy =

∫ 2

0

2y

3
· y3

4
dy =

∫ 2

0

y4

6
dy =

25

30
=

16

15
,

EX2 = E(E(X2|Y )) =

∫ +∞

−∞
E(X2|Y = y)fY (y)dy =

∫ 2

0

y2

2
· y3

4
dy =

∫ 2

0

y5

8
dy =

26

48
=

4

3
,

E(XY ) = E(E(XY |Y )) = E(Y · E(X|Y )) =

∫ +∞

−∞
yE(X|Y = y)fY (y)dy

=

∫ 2

0

2y2

3
· y3

4
dy =

∫ 2

0

y5

6
dy =

16

9
.

5µù´�éÄ��K8§�v�õCz"�NõÓÆ�þ5Òk^éÜVÇ�Ý¼ê3
�²¡��È©�1(½c��§2©OO�ü�>�©Ù"[%�ÓÆ¬uyù�Ò�O
�ogÈ©§Ù¥kügA�´E�"·�þ¡�Ñ��{���ngÈ©"ù�Ø´
�o��¯K§��ÐÚÊ5yJpO��Ç�´��5¿�"

KKK4 ��ÅCþX�YkéÜVÇ�Ý¼êf(x, y) = (1 + xy)/4£|x| < 1, |y| < 1¤"

1. ©O¦X, Y�>�VÇ�Ý¼ê¶

2. �äX, Y´ÄÕá¶

3. ¦X2, Y 2�éÜVÇ�Ý¼ê¶

4. �äX2, Y 2´ÄÕá¶
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)))µk¦X�>�VÇ�Ý¼ê

fX(x) =

∫ +∞

−∞
fX,Y (x, y)dy

=

∫ +∞

−∞

1 + xy

4
I|x|<1,|y|<1dy

= I|x|<1

∫ +∞

−∞

1

4
I|y|<1dy

=
1

2
I|x|<1.

déÜVÇ�Ý¼ê�é¡5§Y�>�VÇ�Ý¼ê�

fY (y) =
1

2
I|y|<1.

du
fX,Y (x, y) 6= fX(x)fY (y),

¤±X,YØÕá"

·���±|^

P (X ∈ (−1, 0), Y ∈ (0, 1))− P (X ∈ (−1, 0))P (Y ∈ (0, 1)) =

∫∫
−1<x<0<y<1

xy

4
dxdy < 0

5`²X, YØÕá"

-
U = X2, V = Y 2.

du
{(u, v) : uv = 0}

´(x, y)²¡¥�ü^��§¤±·��I3«�

{(u, v) : u > 0, v > 0}
¥5(½(U, V )�éÜVÇ�Ý¼ê§3ù�«�¥§z�(u, v)ko���

{(x, y) : x2 = u, y2 = v} = {(
√

u,
√

v), (
√

u,−
√

v), (−
√

u,
√

v), (−
√

u,−
√

v)}.
3z���NC§N�(x, y) 7→ (x2, y2)k����¼ê£L�ªdþªmà�Ñ¤"3?Û
����? ∣∣∣∣ ∂u, v

∂(x, y)

∣∣∣∣ =

∣∣∣∣det

(
2x 0
0 2y

)∣∣∣∣ = 4|xy| = 4
√

uv > 0,

u´

fU,V (u, v) =
∑

x2=u,y2=v

fX,Y (x, y)
1∣∣∣ ∂u,v

∂(x,y)

∣∣∣
= fX,Y (

√
u,
√

v)
1

4
√

uv
+ fX,Y (

√
u,−

√
v)

1

4
√

uv

+ fX,Y (−
√

u,
√

v)
1

4
√

uv
+ fX,Y (−

√
u,−

√
v)

1

4
√

uv

=
1

4
√

uv
I0<u<1,0<v<1

=
1

2
√

u
I0<u<1 ·

1

2
√

v
I0<v<1.
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dU, V�éÜVÇ�Ý¼ê��

fU(u) =
1

2
√

u
I0<u<1C,

Ù¥

C =

∫ 1

0

1

2
√

v
dv.

2òfU(u)éuÈ©§��
1 = C2,

¤±C = 1§u´

fU(u) =
1

2
√

u
I0<u<1.

Ón��

fV (v) =
1

2
√

v
I0<v<1.

¤±U, VÕá"

O�(U, V )�éÜVÇ�Ý¼ê�,���{´kO�§��éÜVÇ©Ù¼ê

FU,V (u, v) = P (U ≤ u, V ≤ v) = P (X2 ≤ u, Y 2 ≤ v)

= Iu≥0,v≥0P (−
√

u ≤ X ≤
√

u,−
√

v ≤ Y ≤
√

v)

= Iu≥0,v≥0

∫ √
u

−
√

u

∫ √
v

−
√

v

1 + xy

4
I|x|<1,|y|<1dydx

= Iu≥0,v≥0

∫ min{1,
√

u}

max{−1,−
√

u}

∫ min{1,
√

v}

max{−1,−
√

v}

1 + xy

4
dydx

= Iu≥0,v≥0

∫ min{1,
√

u}

max{−1,−
√

u}

∫ min{1,
√

v}

max{−1,−
√

v}

1

4
dydx (5¿È©«�Ú�È¼ê�é¡5)

= Iu≥0,v≥0

∫ min{1,
√

u}

0

∫ min{1,
√

v}

0

dydx (5¿È©«�Ú�È¼ê�é¡5)

= min{1,
√

u}Iu≥0 ·min{1,
√

v}Iv≥0

=



1, eu ≥ 1�v ≥ 1¶
√

u, e0 ≤ u < 1�v ≥ 1¶
√

v, eu ≥ 1�0 ≤ v < 1¶
√

uv, e0 ≤ u < 1�0 ≤ v < 1¶

0, eu < 0½v < 0"

dd��U, V�>�VÇ©Ù¼ê

FU(u) = FU,V (u, +∞) = lim
v→+∞

min{1,
√

u}Iu≥0 ·min{1,
√

v}Iv≥0 = min{1,
√

u}Iu≥0,

FV (v) = FU,V (+∞, v) = lim
u→+∞

min{1,
√

u}Iu≥0 ·min{1,
√

v}Iv≥0 = min{1,
√

v}Iv≥0.

dd��U, V�>�VÇ�Ý¼ê

fU(u) =
dFU(u)

du
=

d

du

(
Iu≥1 + I0≤u<1

√
u
)

= I0<u<1
1

2
√

u
,

fV (u) =
dFV (v)

dv
=

d

dv

(
Iv≥1 + I0≤v<1

√
v
)

= I0<v<1
1

2
√

v
,
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dU, V�éÜVÇ©Ù¼ê9>�VÇ©Ù¼ê�

FU,V (u, v) = FU(u)FV (v), ∀u, v,

=U, VÕá§�

fU,V (u, v) = fU(u)fV (v) =
I0<u<1,0<v<1

4
√

uv
.

KKK5 �¥Ckn�ç¥Úm�x¥§zgl�¥�Ñ��¥§Ø�£§2�§����x¥�Ê
�"PXL«�Ñ�ç¥�oê"¦X�êÆÏ""£SK2.4.10´�£��/¤

))){{{1aµk¦X�VÇ©Ù�§ék = 0, 1, 2, . . . , n§X = k=ckg��ç¥�1k + 1g�
�x¥§u´^¦{úª

P (X = k) =
n

m + n
· n− 1

m + n− 1
· · · n− (k − 1)

m + n− (k − 1)
· m

m + n− k
=

m

m + n
·

(
n
k

)(
m+n−1

k

) .
u´

n∑
k=0

m

m + n
·

(
n
k

)(
m+n−1

k

) = 1.

l
n∑

k=0

(
n
k

)(
m+n−1

k

) =
m + n

m
. (*)

·�O�n−X�êÆÏ"

E(n−X) =
n∑

k=0

(n− k)P (X ≥ k) =
n−1∑
k=0

(n− k)
m

m + n
·

(
n
k

)(
m+n−1

k

)
=

n−1∑
k=0

mn

m + n
×

(
n−1

k

)(
m+n−1

k

)
=

mn

m + n

n−1∑
k=0

(
n−1

k

)(
(m+1)+(n−1)−1

k

)
=

mn

m + n
× (m + 1) + (n− 1)

m + 1
=

mn

m + 1
. (ùp|^
(*).�ª)

¤±§EX = n− E(n−X) = n
m+1
"

))){{{1bµaq){1a¦�X�©Ù�±9ð�ª(*)"

,	§X ≥ k=ckg��ç¥§u´^¦{úª

P (X ≥ k) =
n

m + n
· n− 1

m + n− 1
· · · n− (k − 1)

m + n− (k − 1)
=

(
n
k

)(
m+n

k

) , k = 0, 1, . . . , n.

�k > n�§P (X ≥ k) = 0"

duX´��K�ê���ÅCþ§¤±

EX =
∞∑

k=1

P (X ≥ k) =
n∑

k=1

(
n
k

)(
m+n

k

)
=

n∑
k=0

(
n
k

)(
m+n

k

) − 1 =
m + n + 1

m + 1
− 1 =

n

m + 1
. (ùp|^
(*).�ª)
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))){{{1c[d4Ur!�!!0R!Ü�1�ÓÆJø]µ�){1aq¦�

P (X ≥ k) =
n

m + n
· n− 1

m + n− 1
· · · n− (k − 1)

m + n− (k − 1)
=

(
m+n−k

m

)(
m+n

m

) , k = 0, 1, . . . , n.

�k > n�§P (X ≥ k) = 0"duX´��K�ê���ÅCþ§¤±

EX =
∞∑

k=1

P (X ≥ k) =
1(

m+n
m

) n∑
k=1

(
m + n− k

m

)
=

1(
m+n

m

) [(m + 1

m + 1

)
+

(
m + 1

m

)
+

(
m + 2

m

)
+ · · ·+

(
m + n− 1

m

)]
=

1(
m+n

m

) [(m + 2

m + 1

)
+

(
m + 2

m

)
+ · · ·+

(
m + n− 1

m

)]
...

=
1(

m+n
m

) [(m + n− 1

m + 1

)
+

(
m + n− 1

m

)]
=

1(
m+n

m

)(m + n

m + 1

)
=

n

m + 1
.

4UrÓÆ�Ñ��{��þ´��|^êÆ8B{y²±e|Üð�ª
n∑

k=0

(
m + k

m

)
=

(
m + n + 1

m + 1

)
, n = 0, 1, 2, . . . . (*)

�!ÓÆ/�/�Ñ
ù�|Üð�ª3��ªXê��n�/£Ü�©z¡�Pascaln
�/¤¥��*¿Â§|^ù�|Üð�ª§¦�O�
EX2§l��
X���"é�
K�ê����ÅCþX§

EX2 =
∞∑

k=0

P (X2 > k)

=
∞∑
i=0

(i+1)2−1∑
k=i2

P (X >
√

k) =
∞∑
i=0

(i+1)2−1∑
k=i2

P (X > i)

=
∞∑
i=0

[(i + 1)2 − i2]P (X > i)

=
∞∑

k=1

[(2i− 1]P (X ≥ k) = 2
∞∑

k=1

kP (X ≥ k)− EX,

3·��c�¯K¥

n∑
k=1

kP (X ≥ k) =
n∑

k=1

k∑
j=1

P (X ≥ k) =
n∑

j=1

n∑
k=j

P (X ≥ k)

=
n∑

j=1

n∑
k=j

(
m+n−k

m

)(
m+n

m

) =
1(

m+n
m

) n∑
j=1

(
m + n− j + 1

m + 1

)

=

(
m+n+1

m+2

)(
m+n

m

) =
n(m + n + 1)

(m + 1)(m + 2)
.
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dd����

VarX =
mn(m + n + 1)

(m + 1)2(m + 2)
.

))){{{1d[dÓÆJø]µÄk¦�X�VÇ©Ù�

P (X = k) =
n

m + n
· n− 1

m + n− 1
· · · n− (k − 1)

m + n− (k − 1)
· m

m + n− k

=

(
m+n−k−1

m−1

)(
m+n

m

) , k = 0, 1, . . . , n.

£5µ·�lþãVÇ©Ù���ð�ª

n∑
k=0

(
m + n− k − 1

m− 1

)
=

(
m + n

m

)
,

=
n∑

k=0

(
m− 1 + k

m− 1

)
=

(
m + n

m

)
,

�Ò´){1c¥��ª(*)"¤

·�F"U½ÂO�EX"

EX =
n∑

k=0

kP (X = k) =
n∑

k=0

kP (X = k)

=
1(

m+n
m

) n∑
k=0

k

(
m + n− k − 1

m− 1

)
.

�
O�

S =
n∑

k=1

k

(
m + n− k − 1

m− 1

)
��§·��Äx�õ�ª

A =
n∑

k=0

k(1 + x)m+n−k−1.

òù�õ�ª¥�z��Ñ^Newton��ªÐm§2Ü¿Óa�§·�uyxm−1�Xê�
´

S =
n∑

k=1

k

(
m + n− k − 1

m− 1

)
.

e¡·�òAU�¤Ù¦/ª§25wxm−1�Xê"·��Ä

Ax2 = x [A(1 + x)− A]

= x

[
n∑

k=0

k(1 + x)m+n−k −
n∑

j=0

j(1 + x)m+n−j−1

]

= x

[
n∑

k=1

(1 + x)m+n−k − n(1 + x)m−1

]
= (1 + x)m+n − (1 + x)m − nx(1 + x)m−1.
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lS´õ�ªAx2Ðmª¥xm+1�Xê§=

S =

(
m + n

m + 1

)
.

Ïd

EX =

(
m+n
m+1

)(
m+n

m

) =
n

m + 1
.

))){{{2[dëfÓÆJø]µØJuy

P (X = k) = P (X ≥ k)
m

m + n− k
, k = 1, . . . , n.

�k > n�§P (X ≥ k) = 0"duX´��K�ê���ÅCþ§¤±

EX =
∞∑

k=1

P (X ≥ k) =
n∑

k=1

m + n− k

m
P (X = k)

=
m + n

m

n∑
k=1

P (X ≥ k)− 1

m

∞∑
k=1

kP (X = k)

=
m + n

m

[
1− P (X = 0)

]
− 1

m
EX

=
m + n

m

[
1− m

m + n

]
− 1

m
EX,

¤±§

EX =
n

m
· m

m + 1
=

n

m + 1
.

))){{{3[dG�)!ëf!±{�ÓÆJø]µPXm,n�l�ÐCkm�x¥Ún�ç¥��f
pØ�£�¥���x¥��Ñ�ç¥oê"PAL«¯�/1�g�¥��x¥0"

EXm,n =
∑

k

kP (Xm,n = k)

=
∑

k

k
[
P (A)P (Xm,n = k|A) + P (Ac)P (Xm,n = k|Ac)

]
(�VÇúª)

= P (A)
∑

k

kP (Xm,n = k|A) + P (Ac)
∑

k

kP (Xm,n = k|Ac)

= P (A)E(Xm,n|A) + P (Ac)E(Xm,n|Ac) (ùÒ´�Ï"E(E(Xm,n|IA
)))

=
m

m + n
× 0 +

n

m + n
× [1 + EXm,n−1].

ù´Ï�§3®�Au)£1�gÒ��x¥¤�§��ç¥��êXm,nð�"§¤
±E(Xm,n|A) = 0¶3®�A�u)£1�g����ç¥¤�§Xm,n − 1´Ø
1�
�ç¥±	���Ñ�ç¥�ê§ù��ulm�x¥Ún− 1�ç¥��¥?1Ø�£�¥
����x¥��Ñ�ç¥�ê§ù�Xm,n − 1�^�VÇ©Ù��uXm,n−1�VÇ©Ù§
¤±

E(Xm,n − 1|Ac) = EXm,n−1.

·���§XJ�¥�Ðvkç¥§@o1�g7,°Äx¥§l

EXm,0 = 0.
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ò§�\4í'X

EXm,n =
n

m + n
EXm,n−1 +

n

m + n

��

EXm,1 =
1

m + 1
,

2d4í'X��

EXm,2 =
2

m + 2
· 1

m + 1
+

2

m + 2
=

2

m + 1
.

·��±^êÆ8B{y²§é���K�ên§

EXm,n =
n

m + 1
.

KKK6 �¥kr«ôÚ�¥§1i«ôÚ�¥kNi�§N = N1 + · · ·+ Nr"yl¥�g�Å�Ñn�§
PXi��Ñ�1i«ôÚ�¥��ê"

1. ¦X1, . . . , Xr�éÜVÇ©Ù�"

2. �1 ≤ s < r− 1"¦3®�X1 = x1, . . . , Xs = xs£Ù¥0 ≤ xi ≤ Ni§x1 + · · ·+ xs ≤ n¤
�^�e§Xs+1, . . . , Xr�^�VÇ©Ù�"

P (X1 = x1, . . . , Xr = xr) =

(
N1

x1

)
· · ·
(

Nr

xr

)(
N1+···+Nr

n

) ,

Ù¥x1, . . . , xr´�K�ê§÷vx1 + · · ·+ xr = n"

dd��X1, . . . , Xs�>�VÇ©Ù�

P (X1 = x1, . . . , Xs = xs) =
∑

xs+1,...xr≥0,xs+1+···+xr=n−x1−···−xs

P (X1 = x1, . . . , Xr = xr)

=
∑

xs+1,...xr≥0,xs+1+···+xr=n−x1−···−xs

(
N1

x1

)
· · ·
(

Nr

xr

)(
N1+···+Nr

n

)
=

(
N1

x1

)
· · ·
(

Ns

xs

)(
Ns+1+···+Nr

n−x1−...−xs

)(
N1+···+Nr

n

) ∑
xs+1,...xr≥0,xs+1+···+xr=n−x1−···−xs

(
Ns+1

xs+1

)
· · ·
(

Nr

xr

)(
Ns+1+···+Nr

n−x1−···−xs

)
=

(
N1

x1

)
· · ·
(

Ns

xs

)(
Ns+1+···+Nr

n−x1−...−xs

)(
N1+···+Nr

n

) .

3®�X1 = x1, . . . , Xs = xs�§Xs+1, . . . , Xr�^�VÇ©Ù��

P (Xs+1 = xs+1, . . . , Xr = xr) =
P (X1 = x1, . . . , Xr = xr)

P (X1 = x1, . . . , Xs = xs)

=

(
Ns+1

xs+1

)
· · ·
(

Nr

xr

)(
Ns+1+···+Nr

xs+1+···+xr

) .

Ïdõ��AÛ©Ù�>�©ÙÚ^�©ÙÑ´£õ�¤�AÛ©Ù"

KKK7 £Borel�Ø¤�X, YÑl²¡«�

D = {(x, y) : 0 ≤ y ≤ 1, 0 ≤ x + y ≤ 1}

þ�þ!©Ù"
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1. ¦^�êÆÏ"E(Y |X = 0)��"

2. �U = X/Y"¦^�êÆÏ"E(Y |U = 0)��"

1!dX, Y�éÜVÇ�Ý¼ê

fX,Y (x, y) = I0≤y≤1,0≤x+y≤1

��X�>�VÇ�Ý¼ê

fX(x) =

∫ +∞

−∞
I0≤y≤1,−x≤y≤1−xdy = I1≥−x,1−x≥0

∫ min{1,1−x}

max{0,−x}
dy

= I−1≤x≤1 [min{1, 1− x} −max{0,−x}] = I−1≤x≤1 [1 + min{0,−x}+ min{0, x}]
= I−1≤x≤1 [1 + min{0,−x, x}] = I−1≤x≤1(1− |x|).

fX(x)3x = 0ëY§�fX(0) = 1§¤±

fY |X(y|0) =
fX,Y (0, y)

fX(0)
= I0≤y≤1,

Ïd

E(Y |X = 0) =

∫ 1

0

ydy =
1

2
.

2!·�¦U, Y�éÜVÇ�Ý¼ê

fU,Y (u, y) = fX,Y (uy, y)

∣∣∣∣det

(
y u
0 1

)∣∣∣∣ = I0<y≤1,0≤uy+y≤1|y| = yI0<y≤1,0≤uy+y≤1,

dd§O�U�>�VÇ�Ý¼ê

fU(u) = I1+u≥0

∫ +∞

−∞
yI0<y≤1,0≤y≤ 1

1+u
dy = Iu≥−1

∫ min{1, 1
1+u

}

0

ydy

=
1

2
Iu≥−1 min

{
1,

1

(1 + u)2

}
,

fU(u)3u = 0ëY§�fU(0) = 1
2
§¤±

fY |U(y|0) =
fU,Y (0, y)

fU(0)
= 2yI0≤y≤1,

Ïd

E(Y |U = 0) =

∫ 1

0

y · 2ydy =
2

3
.

�,¯�{X = 0}Ú{U = 0}´Ó��¯�§�´Y�þã^�êÆÏ"��%Ø�
�§ù�~f�¡�Borel�Ø"E¤ù�y���Ï{X = 0}Ú{U = 0}Ñ´"VÇ¯
�"é��"VÇ¯�A§·�^���VÇ¯�An%CA§XJ^�VÇ�P (B|An)�4
� lim

n→∞
P (B|An)�3§@o·�rù�4��½Â�P (B|A)"þ¡ù�~fL²§P (B|A)´

�6uAn�À��ª�"eã`²
3E(Y |X = 0)ÚE(Y |U = 0)�O�¥�9�ØÓ��
4��å»"
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������������������

x

y

−ε < u < ε

−ε < x < ε




