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VVVÇÇÇØØØ���êêênnnÚÚÚOOO111���gggSSSKKK���KKK888)))���

KKK1 l�1�¬¥?�n�§±¯�AiL«/1i����¬0§^§�L«e�¯�µ

1. vk��´g¬(�´�¬)

�µ
n⋂

i=1

Ai"

XJ^«5¼êL�§KT¯��

IA1 + · · ·+ IAn = n

½�d/§

IA1 · · · IAn = 1.

2. ��k��´g¬

�µ���L«�
n⋃

i=1

Ai§½^éóÆ§L«�
n⋂

i=1

Ai"

XJ^«5¼êL�§KT¯��

IA1 + · · ·+ IAn < n.

3. ==�k��´g¬

�µ
n⋃

i=1

(
Ai ·

⋂
1≤j≤n,j 6=i

Aj

)
§½ö

(
A1 · · ·An

)
∪

⋃
1≤i<j≤n

Ai · Aj§ùü�/ªØÓ�L�

\U�=�ºXJ^«5¼êL�§KT¯��

IA1 + · · ·+ IAn = n− 1.

4. ��kü�Ø´g¬
�µ��L��

⋃
1≤i,j≤n;i6=j

(
AiAj

)
§��±m�L��

(
A1 · · ·An

)
∪
⋃

1≤i≤n

(
Ai

⋂
1≤j≤n;j 6=i

Aj

)
.

1��L�/ª{ü���§�¦Ú�¯��Ø´pØ�N�§O�VÇ�¬�æ
�¶1��L��/ªE,§�L«éá�î�e®L��pØ�N��
¯�§Bu
VÇO�"L�¯��8�´����VÇO�Jø�B§Ïd�fÑw�%��ö'
�f{ü�cö�Ð"XJ^«5¼êL�§KT¯��

IA1 + · · ·+ IAn ≥ 2.

KKK2 �k5g3�/«�10¶!15¶Ú25¶�)��¶L§Ù¥å)��¶L©O�3°!7°
Ú5°§�Å/���/«��¶L§l¥k�Ä�ü°,¦µ
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1. kÄ���°´å)L�VÇ"

)µPDi�¯�/Ä�1i�/«0§Gj�¯�/1jgÄ�å)0§Bj�¯�/1jg
Ä�I)0£Äk���¦^�ÎÒ�¹Â¤"
U�)�5?1©a§^�VÇúª

P (G1) = P (D1)P (G1|D1) + P (D2)P (G1|D2) + P (D3)P (G1|D3)

£k^¯�ÎÒ`²êþ�m�'X¤

=
1

3
× 3

10
+

1

3
× 7

15
+

1

3
× 5

25
£2�\äNê�?1O�¤

=
29

90
.

2. ®��Ä���°´I)L§¦kÄ���°´å)L�VÇ

))){{{1µµµ

P (G1|B2) =
P (G1B2)

P (B2)

=

3∑
i=1

P (DiG1B2)

P (B2)

=

3∑
i=1

P (Di)P (G1|Di)P (B2|DiG1)

1− P (G2)

=
1
3
× 3

10
× 7

9
+ 1

3
× 7

15
× 8

14
+ 1

3
× 5

25
× 20

24

1− 29
90

=
20

61
,

Ù¥P (G2)|^
Ä\�.�gSÃ'�5�§¤±P (G2) = P (G1)"�[��±
^�VÇúªO�P (G2)§¬��Ó��(J"þ¡1n��Òmà©fÜ©�O
�¥§·�¦^
V^���VÇúª"

))){{{2µµµ

P (G1|B2) =
3∑

i=1

P (Di|B2)P (G1|DiB2)

= P (D1|B2)
3

10− 1
+ P (D2|B2)

7

15− 1
+ P (D3|B2)

5

25− 1

Ù¥

P (D1|B2) =
P (D1)P (B2|D1)
3∑

i=1

P (Di)P (B2|Di)

=
1
3
× 7

10
1
3
× 10−3

10
+ 1

3
× 15−7

15
+ 1

3
× 25−5

25

=
21

61
,

Ón��

P (D2|B2) =
16

61
, P (D3|B2) =

24

61
.
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�\1���ª§��

P (G1|B2) =
20

61
.

ùp3O�P (G1|B2)�§·�¦^
^�VÇ/ª��VÇúª"
´́́wwwJJJ«««µµµk
ÓÆ¬�Ø/@�P (Di|B2) = P (Di)§�À
®²u)�¯�é
ÀJ/«�VÇ�K�"

3. b�Øk(½��/«§´l¤k�¶L¥�ÅÄ�ü°"XJ®��Ä���°´
��I)��¶L§@o¯kÄ���°´Ó/«��å)��¶L��U5kõ�º
)µduØýÀ/«§¤±

P (B2) = P (B1) = 1− 3 + 7 + 5

10 + 15 + 25
=

7

10
.

PCi�¯�/ü°L�Ñ5g1i�/«0"K¯�/ü°L�5gÓ�/«0�C1 ∪
C2 ∪ C3§

P ((C1 ∪ C2 ∪ C3)G1|B2) =
P ((C1 ∪ C2 ∪ C3)G1B2)

P (B2)

=

3∑
i=1

P (CiG1B2)

P (B2)

=
3×7

50×49
+ 7×8

50×49
+ 5×20

50×49
7
10

=
177

1715
.

KKK3 �¥ka�ç¥§b�x¥§r¥�Å/���¹Ñ5§¦1kg¹Ñç¥�VÇ"(1 ≤ k ≤
a + b)

))){{{1µµµ ra�ç¥Úb�x¥Ñw�ØÓ�§XJr¹Ñ�¥�g�3ü�¤���
�a+b� �þ������:§K���m�a+b�¥��ü�§�k|Ω| = (a+b)!�
ù��ü�§�¤k�ü�´��U�"k|¯���:êµ31k� �þ���
�ç¥ka«�ª§,	� �ü��{�¥k(a + b− 1)!«�ª"�¤¦VÇ�:

a(a + b− 1)!

(a + b)!
=

a

a + b
.

))){{{2µµµ ra�ç¥w¤vk«O§b�x¥�w¤vk«O§ù�����m´la + b�Ø
Ó �¥]Ña� ��ØÓ|Ü§�k|Ω| = Ca

a+b�ù��|Ü§¤k�|Ü´��U
�£��oº¤"k|¯���:êµdu1k� �®²ÀÑ§�3{e�a+ b−1�
 �¥ÀJa− 1�kCa−1

a+b−1«"�¤¦VÇ�:

Ca−1
a+b−1

Ca
a+b

=
a

a + b
.

))){{{3µµµ òa + b�¥Å�?Ò§���m�1kg¹¥��Ü�U(J§ù����k|Ω| =
a + b�§z���´��U�£��oº¤"k|��:�a�§¤¦VÇ� a

a+b
"
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))){{{4µµµ PAk(a, b)L«/l�Ðka�ç¥Úb�x¥��¥Ø�£�¥1kg��ç¥0"
KP (A1(a, b)) = a

a+b
§�k > 1�§^/ÄÚ©Û{0£=^L§�1�Ú�ØÓ(J�

y©§¦^�VÇúª¤��4í'X:

P (Ak(a, b)) =
a

a + b
P (Ak(a, b)|A1(a, b)) +

b

a + b
P (Ak(a, b)|A1(a, b))

=
a

a + b
P (Ak−1(a− 1, b)) +

b

a + b
P (Ak−1(a, b− 1)).

ùp�'��{´µòòò®®®���uuu)))���¯̄̄���EEE¤¤¤���KKK���§§§������uuuØØØÓÓÓÐÐÐ©©©^̂̂���eee###������¥¥¥
LLL§§§§§§lll���AAA���^̂̂���VVVÇÇÇ���uuu###LLL§§§¥¥¥���£££ÃÃÃ^̂̂���¤¤¤VVVÇÇÇ"""

|^ù�£n�ëê�¤4í'X±9>.^�

P (Ak(0, b)) = 0, P (Ak(a, 0)) = 1, ∀k, a, b

ÚÐ©^�

P (A1(a, b)) =
a

a + b
, ∀a, b

¦^êÆ8B{§��

P (Ak(a, b)) =
a

a + b
.

ù�){�éudc�«){�`:3u§ÃL�Lõ���Ub�§�ïá48'
X�Ä��{é{ü"�,§¬�5�½Eâþ�(J§'XêÆ8B{�£�´§ê
Æ8B{k§g��`³§Ï�§�±r(Ø±8Bb�/ª=z�®�^�§Ïd(
Ø�r§8Bb�Ò�r§é\�ØyÒ�k|¤"ù�){·^u�����¥�.
£'XPolya�f�.§�á149�SK1.4.26¤"

))){{{5µµµ ^/"Ú©Û{0£=^L§¥�c���þ�g�ØÓ(J�y©§¦^�VÇ
úª¤:

P (Ak) = P (Ak−1)P (Ak|Ak−1) + P (Ak−1)P (Ak|Ak−1),

éP (Ak−1)ÚP (Ak−1)§·��±¦^8Bb�"é^�VÇP (Ak|Ak−1)ÚP (Ak|Ak−1)§
·��±e©Û"

P (Ak|Ak−1) =
[a + b− (k − 2)]P (Ak−1)− 1

a + b− (k − 1)
,

ùp©1a + b − (k − 1)´1kg�¥c£=²Lk − 1g�¥�¤�¥�o¥ê§©f
¥�a + b − (k − 2)´1k − 1g�¥c£=²Lk − 2g�¥�¤�¥�o¥ê§§�
1k − 1g��ç¥�VÇP (Ak−1)�¦È��u1k − 1g�¥c�¥�ç¥ê§du®
�1k − 1g��
��ç¥§¤±©f[a + b− (k − 2)]P (Ak−1)− 1Ò´1kg�¥c�
¥�ç¥ê"aq/§·��±��

P (Ak|Ak−1) =
[a + b− (k − 2)]P (Ak−1)

a + b− (k − 1)
.

òùü�^�VÇ�L�ª�\þ¡��VÇúª§��4íúª

P (Ak) = P (Ak−1)
[a + b− (k − 2)]P (Ak−1)− 1

a + b− (k − 1)
+ (1− P (Ak−1))

[a + b− (k − 2)]P (Ak−1)

a + b− (k − 1)

= P (Ak−1).

u´

P (Ak) = P (A1) =
a

a + b
.
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XJ\kF%§·�£LÞ52"À�eþ¡@ü�^�VÇ§^���(J�\��

P (Ak|Ak−1) =
[a + b− (k − 2)] a

a+b
− 1

a + b− (k − 1)
,

ù�§\ØJuy©fÏ~Ø´�ê§Ïd§Ø´1kg�¥c�¥ç¥��ê§@o
kc@�)º´Ø´k¯KQº

XJ\�k�õ�F%§·�5O��eP (A3|A2)��§

P (A3|A2) =
P (A2A3)

P (A2)
=

P (A1A2A3) + P (A1A2A3)

P (A1A2) + P (A1A2)

=
a

a+b
× a−1

a+b−1
× a−2

a+b−2
+ b

a+b
× a

a+b−1
× a−1

a+b−2
a

a+b
× a−1

a+b−1
+ b

a+b
× a

a+b−1

=
a− 1

a + b− 1
,

dc�)º�Ñ���

(a + b− 1) a
a+b

− 1

a + b− 2
=

(a + b)(a− 1)− a

(a + b)(a + b− 2)
.

ù`²'u^�VÇ�@�wqÜn�)º¢Sþ´ÕØ4��"

))){{{6µµµ

P (A2) = P (A1)P (A2|A1) + P (A1)P (A2|A1)

=
a

a + b
× a− 1

a + b− 1
+

b

a + b
× a

a + b− 1
=

a

a + b
.

ék > 2§P
m = max(0, k − 2− b), M = min(a, k − 2),

ém ≤ j ≤ M§PBjL«/ck − 2g��j�ç¥0"K

P (Ak−1) =
M∑

j=m

P (Bj)P (Ak−1|Bj) =
M∑

j=m

P (Bj)
a− j

a + b− (k − 2)
.

,	§

P (Ak−1|Bj)P (Ak|Ak−1Bj) + P (Ak−1|Bj)P (Ak|Ak−1Bj)

=
a− j

a + b− (k − 2)
× a− j − 1

a + b− (k − 1)
+

b− (k − 2− j)

a + b− (k − 2)
× a− j

a + b− (k − 1)

=
a− j

a + b− (k − 2)
,

Ïd

P (Ak) =
M∑

j=m

P (Bj)
[
P (Ak−1|Bj)P (Ak|Ak−1Bj) + P (Ak−1|Bj)P (Ak|Ak−1Bj)

]
=

M∑
j=m

P (Bj)
a− j

a + b− (k − 2)

= P (Ak−1).

ÏdP (Ak) = P (A2) = P (A1) = a
a+b
"
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555µµµ �K(J2g`²µÄ\éë�ö´ú²�§¥\�VÇ�Ä\�^SÃ'"

KKK4 ��¥ka�ç¥Úb�x¥§zgl��¥�Å/¹Ñ�¥§¿�¤��ç¥§¯1kg¹¥
�§¹�ç¥�VÇ´õ�º

))){{{1µµµ PAk(a, b)L«/l�Ðka�ç¥Úb�x¥��¥Uþã5K�¥§1kg��ç
¥0§^ÄÚ©Û{µ

P (Ak(a, b))

=P (A1(a, b))P (Ak(a, b)|A1(a, b)) + P (A1(a, b))P (Ak(a, b)|A1(a, b))

=
a

a + b
P (Ak−1(a, b)) +

b

a + b
P (Ak−1(a + 1, b− 1)) (��oº)

Ï�o¥êN = a + b�½ØC§·��±Pp(k, b) = P (Ak(a, b))"Kþã4í�¤

p(k, b) =

(
1− b

N

)
p(k − 1, b) +

b

N
p(k − 1, b− 1).

ù´��V�I�S�§3(k, b)�I²¡þØJwÑþãS�3�I�m��6'
X"

1 2 3

黑

白

黑

白

黑

白

（a,b）

(a,b)

(a+1,b-1)

(a+1,b-1)

(a,b)

(a+2,b-2)

黑

白

黑

白

黑

白

k
1 2 k-1

黑

白

黑

白

黑

白

|^>.^�p(k, 0) = 0ÚÐ©^�p(1, b) = b
a+b
/Ïþã4í'X�±��

p(2, b) =
b

a + b
· a + b− 1

a + b
, p(3, b) =

b

a + b
·
(

a + b− 1

a + b

)2

.
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lß�p(k, b) = b
a+b

· (a+b−1
a+b

)k−1§,�^êÆ8B{y²ß�¤á"¤±§

P (Ak(a, b)) = 1− p(k, b) = 1− b

a + b
·
(

1− 1

a + b

)k−1

.

))){{{2: ^/"Ú©Û{0£=^dcL§����Ú�ØÓ(J�y©§¦^�VÇú
ª¤

P (Ak) = P (Ak−1)P (Ak|Ak−1) + P (Ak−1)P (Ak|Ak−1)

XJ1k − 1g��ç¥§@o1kg�¥c�¥��¹�1k − 1g�¥c�¥�¹��
�Ó§u´

P (Ak|Ak−1) = P (Ak−1);

XJ1k − 1g��x¥§@o#�\�@�ç¥��1kg��ç¥�Å¬'þ�g�
�ç¥�Å¬O\
1/(a + b)§u´

P (Ak|Ak−1) = P (Ak−1) +
1

a + b
.

Ïd

P (Ak) = P (Ak−1)
2 + P (Ak−1)

(
P (Ak−1) +

1

a + b

)
.

,�2dÄ:þ^êÆ8B{�±y²

P (Ak) = 1− p(k, b) = 1− b

a + b
·
(

1− 1

a + b

)k−1

.

3ù�){¥§ü�^�VÇ��(½´�'��"�
`²þã�*`{�Ün
5§kÆ)�Ñ
Xey²µ

Äk§

P (A2|A1) =
a

a + b
= P (A1), P (A2|Ac

1) =
a + 1

a + b
=

a

a + b
+

1

a + b
= P (A1) +

1

a + b
.

ék > 2§Ppm�ck − 2g��Ñm�x¥�VÇ§0 ≤ m ≤ min(b, k − 2)"u´

P (Ak−1) =

min(b,k−2)∑
m=0

pm ×
a + m

a + b
.

,��¡§

P (Ak|Ak−1) =

min(b,k−2)∑
m=0

pm ×
a + m

a + b
= P (Ak−1),

P (Ak|Ac
k−1) =

min(b,k−2)∑
m=0

pm ×
a + m + 1

a + b

=

min(b,k−2)∑
m=0

pm ×
a + m

a + b
+

1

a + b

min(b,k−2)∑
m=0

pm

= P (Ak−1) +
1

a + b
.
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Ø�ÓÆØ4/:Þ�µ/ù�){Ú)ºATé"0�¢Sþ§ùùù���))){{{ýýýØØØ
ééé���������������oooQQQººº

¯¢þ§

P (A2) = P (A1A2) + P (Ac
1A2) =

a

a + b
× a

a + b
+

b

a + b
× a + 1

a + b
=

a2 + b(a + 1)

(a + b)2
,

P (A2A3) = P (A1A2A3) + P (Ac
1A2A3) =

a

a + b
× a

a + b
× a

a + b
+

b

a + b
× a + 1

a + b
× a + 1

a + b

=
a3 + b(a + 1)2

(a + b)3
,

¤±

P (A3|A2) =
a3 + b(a + 1)2

[a2 + b(a + 1)] (a + b)
6= P (A2).

@oþ¡@�y²=pk¯KQº4·�c[©Û�e§PBmL«¯�/ck − 2g�
�Ñm�x¥0"u´

P (Ak|Ak−1) =

min(b,k−2)∑
m=0

P (Bm|Ak−1)P (Ak|BmAk−1),

þ¡�y²�Ø@�P (Bm|Ak−1) = P (Bm)§ù´Øé�"3=kb�x¥��¹e§
XJ1k − 1g��
x¥§@odc��m�x¥�VÇÒ¬ü$§��½,§��4
à�/´§XJck − 2g®²�1
¤kx¥§@o1k − 1gÒ7,�U��ç¥"
ÏdAk−1ÚBm´ØÕá�"

�,�ú²~�Ï·��Ñuy§�ÙÛ¹�a�ªg�L§¥k
[!  ´�
ØU�À�§ù�~f`²§3VÇ¯K�?Ø¥=��ú´��Ø¤�§$�·�¬
��
mqÜn��ú¤Ø�",	§��ù��Ø����ÏÒ´ÐÆVÇØ�Æ)
ÿ��¤ûÐ�Ö�S.Úg�S.§¦�  3ÿ�n�¯��m�'XÚK��c
Ò:ulê���Ý¦¯��¯K��Y"2k§Ò´ÐÆöé^�VÇ�@£��Ê
33®�u)�¯�éÁ�(J£��¤E¤�K�§�Ñ
é�U5����^"

µµµØØØ ÄÚ©Û{Ú"Ú©Û{��3Ü6þÑvk¯K§��éäN¯K§Ø´�öÑ·
^§�ÀäN¯K�AÏ5§@^�é@{/�r�VÇúª�ÊHýn�äN¯K�
¢S�¹�(Ü0"

))){{{3 ±x¥���\:£��oQº¤§rb�x¥©O?Ò�1, 2, · · · , b§½Â

Bk,iµ1kg¹¥�¹��´?Ò�i�x¥£i = 1, 2, · · · , b¤

·��´kl¯�'X\Ãµ

Ak = Bk,1 ∪Bk,2 ∪Bk,3 ∪ · · · ∪Bk,b, ¹�x¥§=¹�,�x¥

Bk,iBk,j = ∅, ∀i 6= j, �gØ¬¹�ü�x¥

Bk,i = B1,i ·B2,i ·B3,i · · ·Bk−1,i ·Bk,i 1kg¹��x¥§dc�½l��¹�.
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u´§

P (Ak) =
b∑

i=1

P (Bk,i)

P (Bk,i) = P
(
B1,i ·B2,i ·B3,i · · ·Bk−1,i ·Bk,i

)
= P

(
B1,i

)
P
(
B2,i|B1,i

)
P (B3,i|B1,i ·B2,i) · · ·P

(
Bk,i|B1,i ·B2,i ·B3,i · · ·Bk−1,i

)
=

(
a + b− 1

a + b

)k−1
1

a + b

P (Ak) =

(
a + b− 1

a + b

)k−1
b

a + b

P (Ak) = 1− P (Ak) = 1−
(

a + b− 1

a + b

)k−1
b

a + b

KKK5 ��¥kN�¥§©OIkÒè1 ∼ N§yl¥?�m�(m < N)§P����X§���
�Y"

1. �¥Ø�£�§�ÑX!Y�©Ù�"

)))µµµ

P (X = k) = P (X > k − 1)− P (X > k) £é���ùHè~k�¤

=
Cm

N−(k−1)

Cm
N

−
Cm

N−k

Cm
N

=
Cm−1

N−k

Cm
N

, k = 1, · · · , N −m + 1.

Ù¥§�����Ò|^
�£¥Iy��ö§Ø�'Ü�@
õ��`f¤uy�
�ªCk

n = Ck−1
n−1 + Ck

n−1"

P (Y = k) = P (Y < k + 1)− P (Y < k) £é���ùHèé+^¤

=
Cm

k

Cm
N

−
Cm

k−1

Cm
N

=
Cm−1

k−1

Cm
N

, k = m, · · · , N.

2. �¥�£�§�ÑX!Y�©Ù�"

)))µµµy3ØL´ÕáEÁ�v
§çê�þ¡��"

P (X = k) = P (X > k − 1)− P (X > k) =
(N − k + 1)m

Nm
− (N − k)m

Nm
,

P (Y = k) = P (Y < k + 1)− P (Y < k) =
km

Nm
− (k − 1)m

Nm
.

ü��ÅCþ�����Ñ´k = 1, · · · , N"

5µé��lÑVÇ©Ù�{(xk, pk)}k§·��y§�(5����{£7�^�¤´
∑

k pk =
1"�é±þ©Ù��yù�^�"

KKK6 Ä���[Ì§�	ü�¯�. A: �õk��å¯; B: IåÑk. �ée¡üa[Ì, ?Ø¯
�´ÄÕá:
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1. 3 �¯f�[;

)))µµµ 3 3 �¯f�[§±�r^S�Ñ¯f5O§Kd (I!I!I), (I!I!å),
(I!å!I), (å!I!I), (I!å!å), (å!I!å), (å!å!I), (å!å!å),
� 8 «�U�¹�����m"eb½IåÑ)Ç��§K���:Ñy�VÇþ� 1

8

A �k||Ü�c 4 ���:, B �k||Ü��¥� 6 ���:§� P (A) =
4
8
, P (B) = 6

8
.  AB k||Ü�1 2, 1 3, 1 4 ���:§� P (AB) = 3

8
. ù�k

P (AB) =
3

8
=

4

8
× 6

8
= P (A)× P (B).

Ïd A � B Õá"

2. 4 �¯f�[.

)))µµµ 3 4 �¯f�[§Ok 24 = 16 ���:§���U"ØJ��

P (A) =
5

16
(I¯1 «§½3 I1 å§1 å�±´?Ûü1§�4 «§Ïd�k5 «)

P (B) =
14

16
(���I½�å���14 «)

P (AB) =
4

16
(3 I1 å�4 «)

ù`² A � B ØÕá"

3. XJ´ n �¯fQº

)))µµµ 3 n �¯f�[§Ok 2n ���:§½���U�."N´��

P (A) =
1

2n
+

n

2n
=

n + 1

2n
(��I¯Úk��å¯)

P (B) = 1− 1

2n
− 1

2n
(1 ~���I¯Ú��å¯��VÇ)

P (AB) =
n

2n
(A, B��Ò´�Ðk��å¯��¹)

u´k

P (AB)− P (A)P (B) =
2n−1 − (n + 1)

22n−1

���	 y = x + 1 � y = 2x−1 ü�¼ê��§ P (AB) = P (A)P (B) ��=� n = 3.
¤± A � B =3k3 �¯f��¹�Õá§Ù{�¹eØÕá"

4. � n 6= 3 �§¯� A, B ´�pr?�´�p³�º|^Ù�'Xê?1`²"

)))µµµ A, B ��'Xê�µ

rA,B =
P (AB)− P (A)P (B)√
P (A)P (Ac)P (B)P (BC)

=
n
2n − n+1

2n (1− 1
2n−1 )√

n+1
2n (1− n+1

2n )(1− 1
2n−1 )

1
2n−1

=
n + 1− 2n−1

22n−1 ·
√

n+1
22n−1 (1− n+1

2n )(1− 1
2n−1 )

� n < 3 �§ rA,B > 0, d� A, B �pr?; � n > 3 �§ r(A, B) < 0, d� A, B �
p³�"
þã~f`²§k�ÿ�*¿Ø����"




