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1. nÈ© ∫∫∫
x2+y2+z2≤1

√
x2 + y2 sin

(
x2y2z

)
dxdydz = .

�: È©�� 0.

5P: Ï��È¼ê'u�I z ´Û¼ê, �ü ¥¡'u Oxy ²¡é¡, �n

È©�".

2. ��?ê
∞∑
n=0

anx
n 3 x = −4 ?^�Âñ, P

∞∑
n=0

a2nx
n �Âñ�»� R, K R �

���´ .

�: Âñ�» R ����� 16.

5P: du�?ê
∞∑
n=0

anx
n 3 x = −4 ?^�Âñ, �ù��?ê�Âñ�»� 4,

=

4 =
1

limn→+∞
n
√
|an|

½ lim
n→+∞

n
√
|an| =

1

4
.

Ïd

limn→+∞
n
√
|a2n| = lim

n→+∞

(
2n
√
|a2n|

)2

≤ lim
n→+∞

(
n
√
|an|
)2

=
(1

4

)2

=
1

16
.

dd���?ê
∞∑
n=0

a2nx
n �Âñ�» R ÷v

R =
1

limn→+∞
n
√
|a2n|

≥ 1
1
16

= 16.

±e`², �3�?ê
∞∑
n=0

anx
n, ¦� (i) �?ê

∞∑
n=0

anx
n 3 x = −4 ?^�Â

ñ; (ii) �?ê
∞∑
n=0

a2nx
n �Âñ�»� 16. ~X� an = 1

n4n
, KØJ�y�?ê

∞∑
n=0

anx
n ÷v^� (i) Ú (ii). ÏdÂñ�»� R ����� 16.



3. �½�� L+ : x = t, y = t2, z = t4, 0 ≤ t ≤ 1, ëê t O\��������,

K ∫
L+

9ydx− 3xdy + 4zdz = .

�: �È©�� 3.

): ∫ 1

0

9t2dt− 3tdt2 + 4t4dt4 =

∫ 1

0

(3t2 + 16t7)dt = 3.

4. ®��È©
∫
L+ (2x2 + axy) dx + (x2 + 3y2) dy �È©´»Ã'(����å

:Úª:k'), K¢ê a = .

�: a = 2.

5P: du²¡�þ| F (x, y) = (2x2 + axy, x2 + 3y2) 3�²¡þëY��, �|

F È©�´»Ã', ��=�| F Ã^, = rotF = 0, ½= 2x− ax = 0. � a = 2.

5. � ~F(x, y, z) = (yz, zx, x2), K div(rot ~F(x, y, z)) = .

�: div(rot ~F(x, y, z)) = 0.

5P: ¢Sþ, é?¿ C2 �þ| ~F, div(rot ~F) = 0. ù�¯¢�Lã�, ^Ý|´

Ã|.

6. VÝ� (x2 + y2)2 = 2(x2 − y2) mýÜ©�µ4� (= x ≥ 0) ¤�ã/�¡È�

.

�: ¤¦¡È� 1.

): �Ä� (x2 + y2)2 = 2(x2 − y2) 34�I x = r cos θ, y = r sin θ e��§�

r2 = 2 cos 2θ. du r ≥ 0 � x > 0, � |θ| ≤ π
4
. u´¤¦ã/�¡È�∫ ∫

D

dxdy =

∫ π
4

−π
4

dθ

∫ √2 cos 2θ

0

rdr =

∫ π
4

−π
4

cos 2θdθ = 2

∫ π
4

0

cos 2θdθ = 1.

7. �Î¡ x2 + y2 = 2x Y3I¡ z =
√
x2 + y2 Ú²¡ z = 0 �mÜ©�¡È�

.



�: ¤¦¡È� 8.

): d1�.�È©�AÛ¿Â�, ¤¦�Î¡Ü©�¡È�∮
x2+y2=2x

√
x2 + y2d` =

∫ 2π

0

√
(1 + cos θ)2 + (sin θ)2dθ =

√
2

∫ 2π

0

√
1 + cos θdθ

= 2

∫ 2π

0

sin(θ/2)dθ = 4

∫ π

0

sinudu = 8.

8. �m� L+ �Î¡ |x| + |y| = 1 �²¡ x + y + z = 0 ���, Ù����7 z

¶����_��^=, K∮
L+

(z − y)dx+ (x− z)dy + (y − x)dz = .

�: È©�� 12.

): �¡ Σ = {(x, y, z)|x + y + z = 0, |x| + |y| ≤ 1}, Ùü �{�þ�

~n = 1√
3
(1, 1, 1). ½�¡ Σ+ �Ù>. L+ �½��N. Ïd3 Σ+ þ^A^

Stokes úª� ∮
L+

(z − y)dx+ (x− z)dy + (y − x)dz

=

∫ ∫
Σ

rot (z − y, x− z, y − x) · ~ndS

=

∫ ∫
Σ

(2, 2, 2) · ~ndS = 2
√

3

∫ ∫
Σ

dS

= 2
√

3

∫ ∫
|x|+|y|≤1

√
3dxdy = 12.

���. üüüÀÀÀKKK£�7�K, z�K3©, �21©¤

1. ¼ê�?ê
∞∑
n=1

(−1)n

n2+x2
3 R þ .

A. ýéÂñ, ���Âñ;

B. ýéÂñ, �Ø��Âñ;



C. ^�Âñ, ���Âñ;

D. ^�Âñ, �Ø��Âñ.

À A.

): du ∣∣∣∣∣ (−1)n

n2 + x2

∣∣∣∣∣ ≤ 1

n2
,

��â Weierstrass ��Âñ5�O{�, ?ê
∞∑
n=1

(−1)n

n2+x2
3 R þýéÂñ, ���

Âñ.

2. � f(x) � 2π ±Ï¼ê, �3«m (−π, π] þXe½Â

f(x) =


1, 0 < x < π,

0, x = 0, π

−1, −π < x < 0.

|^ f(x) � Fourier ?ê, ��?ê

1 +
1

3
− 1

5
− 1

7
+

1

9
+

1

11
− 1

13
− 1

15
+ · · ·

�Ú� .

A. π
4
√

3
¶

B. π
2
√

3
¶

C. π
4
√

2

D. π
2
√

2
.

À D.

): {üO���¼ê f(x) � Fourier ?ê�

4

π

∞∑
n=1

sin(2n− 1)x

2n− 1
, x ∈ (−π, π).



�â Dirichlet �Âñ5½n�þã Fourier ?ê??Âñ, �

4

π

∞∑
n=1

sin(2n− 1)x

2n− 1
=


1, 0 < x < π,

0, x = 0, π,−π,

−1, −π < x < 0.

- x = π
4
�

4

π
·
√

2

2

(
1 +

1

3
− 1

5
− 1

7
+

1

9
+

1

11
− 1

13
− 1

15
+ · · ·

)
= 1.

Ïd

1 +
1

3
− 1

5
− 1

7
+

1

9
+

1

11
− 1

13
− 1

15
+ · · · = π

2
√

2
.

3. � a �~ê, K?ê
∞∑
n=1

(
sin(na)
n2 + (−1)n

n

)
.

A. ýéÂñ;

B. ^�Âñ;

C. uÑ;

D. Âñ5� a ���k'.

À B.

): w,?ê
∞∑
n=1

sin(na)
n2 ýéÂñ, ?ê

∞∑
n=1

(−1)n

n
^�Âñ, �ùü�?ê�Ú,

=?ê
∞∑
n=1

(
sin(na)
n2 + (−1)n

n

)
^�Âñ.

4. � D = {(x, y)|x2 + y2 ≤ 1}, P

I1 =

∫ ∫
D

(
cos
√
x2 + y2 + 100(x+ y)

)
dxdy,

I2 =

∫ ∫
D

(
cos(x2 + y2) + 10(x+ y)

)
dxdy,

I3 =

∫ ∫
D

(
cos
(
(x2 + y2)

2)
+ x+ y

)
dxdy.

±e(Ø�(�´ .



A. I1 < I2 < I3;

B. I2 < I1 < I3;

C. I3 < I2 < I1;

D. I3 < I1 < I2.

À A.

5: dÈ©� D : x2 + y2 ≤ 1 �é¡5�, ¼ê x Ú y 3 D þ�È©�". 2�

â¼ê cosu �üN5, =���È© I1, I2 Ú I3 ���'X.

5. P
∞∑
n=2

xn

n(n−1)
�Ú¼ê� S(x), K S ′(1

2
) = .

A. ln 2− ln 3

B. ln 3− ln 2

C. − ln 2

D. ln 2

À D.

): w,�?ê
∞∑
n=2

xn

n(n−1)
�Âñ�»� 1. �â�?ê5���, Ú¼ê S(x) �

±3m«m (−1, 1) þÅ�¦�, =

S ′(x) =
∞∑
n=1

xn−1

n− 1
= − ln(1− x).

� S ′(1
2
) = ln 2.

6. È©
∫ 2

0
dy
∫√4−y2

0
(x2 + y2)dx = .

A. 2π

B. 4π

C. 6π

D. 8π

À A.



): ∫ 2

0

dy

∫ √4−y2

0

(x2 + y2)dx =

∫ ∫
x2+y2≤4,x,y≥0

(x2 + y2)dxdy

=

∫ ∫
0≤r≤2,0≤θ≤π

2

r2rdrdθ =

∫ 2

0

r3dr

∫ π
2

0

dθ = 2π.

7. � Ω �ü ¥N x2 + y2 + z2 ≤ 1, K6�| ~F(x, y, z) = (x+ yz, y+ zx, z+ xy) 3

ü �m¥6Ñ Ω �6þ∫ ∫
∂Ω+

~F · ~n dS = .

A. π;

B. 2π;

C. 4π;

D. 0.

À C.

): ∫∫
∂Ω+(x+ yz, y + zx, z + xy) · (x, y, z)dS

=
∫∫

∂Ω+(x2 + y2 + z2 + 3xyz)dS

=
∫∫

∂Ω+(1 + 3xyz) dS

=
∫∫

∂Ω+ dS

= 4π

nnn!!!)))���KKK£�5K, zK11©, �55©¤

1. � D = {(x, y)|x ≥ 0, y ≥ 0, 0 ≤ x+ y ≤ 2}, O��È©
∫∫

D
e
y−x
y+xdxdy.

): ��5C� φ: (x, y) 7→ (u, v) = (y − x, y + x), KC� φ � Jacobi 1�ª�

det
∂(u, v)

∂(x, y)
= det

[
−1 1

1 1

]
= −2.



u´_C� φ−1 � Jacobi 1�ª� −1
2

. w,�5C� φ ò�� x+ y = 2 C��

� v = 2;ò y ¶= x = 0C¤�� v−u = 0;ò x¶= y = 0C¤�� v+u = 0.

dd���5C� φ ò xy ²¡þ�n�4� D N�¡ uv ²¡þ�n�4�

D′ = {(u, v), 0 ≤ v ≤ 2, −v ≤ u ≤ v}. Ïd∫∫
D

e
y−x
y+xdxdy =

∫∫
−v≤u≤v,0≤v≤2

e
u
v

∣∣∣ det ∂(x,y)
∂(u,v)

∣∣∣dudv

=
∫∫
−v≤u≤v,0≤v≤2

e
u
v

∣∣∣ det ∂(u,v)
∂(x,y)

∣∣∣−1

dudv

= 1
2

∫ 2

0
dv
∫ v
−v e

u
v du

= 1
2

∫ 2

0
vdv

∫ v
−v e

u
v du

v

= 1
2
(e− e−1)

∫ 2

0
vdv

= e− e−1.

5P: éuþã�È©, �k�±�Ù¦�5C�, ~X u = x, v = x + y; ½ö

���5C�, ~X u = x+ y, v = y−x
y+x

. 3À½�«Cþ���, ����¯�

´(½C�ò xy ²¡þ�n�4� D C¤ uv ²¡þ�o��4� D′? 3ù�

¯�þÓÆ~~Ñy�Ø.

2. O�¡È©

I =

∫ ∫
S+

xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy√
(x2 + y2 + z2)3

,

Ù¥ S+ �¡ 1− z
7

= (x−2)2

25
+ (y−1)2

16
(z ≥ 0) �þý.

): 5¿�þ|

F (x, y, z) =
(x, y, z)√

(x2 + y2 + z2)3

´Ã|, = div F = 0, ���ÄA^ Gauss ½nz{È©. ±�:�¥%, ±¿

©���ê r > 0 ��»���þ�¥¡ Γr, ¦� Γr  u¡ S �e�, Γ+
r �

Γr 	ý. P Σr � z = 0 ²¡þ÷v x2 + y2 ≥ r2, (x−2)2

25
+ (y−1)2

16
≤ 1 �Ü©, P

Σ+
r � Σr �þý, Vr � S � Σr Ú Γr �¤��mk.4«�, Kd Gauss úª�

I −
∫ ∫

Γ+
r ∪Σ+

r

xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy√
(x2 + y2 + z2)3



=

∫ ∫
S+∪Γ−

r ∪Σ−
r

xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy√
(x2 + y2 + z2)3

=

∫∫∫
Vr

(div F)dxdydz = 0

Ï� Σr 3 z = 0 l dz = 0, ¤±∫ ∫
Σ+
r

xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy√
(x2 + y2 + z2)3

= 0

u´·���

I =

∫ ∫
Γ+
r

xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy√
(x2 + y2 + z2)3

=

∫ ∫
Γ+
r

(x, y, z)

r3
· ndS =

∫ ∫
Γ+
r

(x, y, z)

r3
· (x, y, z)

r
dS

=

∫ ∫
Γr

1

r2
dS =

1

r2
|S| = 1

r2
· 2πr2 = 2π.

)��..

3. ¦Xe�?ê�Âñ�»9ÙÚ¼ê

S(x) =
+∞∑
n=1

(−1)nn

(2n+ 1)!
x2n−1. (∗)

): P

an =
(−1)nn

(2n+ 1)!
,

K
|an+1|
|an|

=
n+ 1

(2n+ 3)!
· (2n+ 1)!

n
=
n+ 1

n
· 1

2n+ 3
→ 0.

Ïd n
√
|an| → 0. ��?ê(*)�Âñ�»� +∞. �â�?ê5�·�k∫ x

0

S(t)dt =
1

2

+∞∑
n=1

(−1)n

(2n+ 1)!
x2n =

sinx

2x
− 1

2
.

2éþªü>¦��

S(x) =

(
sinx

2x
− 1

2

)′
=
x cosx− sinx

2x2
.



4. ®���?ê
∞∑
n=1

an Âñ, ê� {bn}n≥1 d±e�ª(½

bn = ln (ean − an) , ∀n ≥ 1.

y²?ê
∞∑
n=1

bn
an
Âñ.

y²: Ï�
∞∑
n=1

an Âñ, ¤± lim
n→+∞

an = 0.

bn = ln (ean − an) = ln

(
1 +

a2
n

2
(1 + o(1))

)
=
a2
n

2
(1 + o(1)), n→ +∞.

¤±
bn
an

=
an
2

(1 + o(1)), n→ +∞.

Ïd?ê
∞∑
n=1

bn
an
Âñ.

5. P S �ü ¥¡ x2
1 + x2

2 + x2
3 = 1, x = (x1, x2, x3)T ∈ IR3, A = [aij] �n�¢é¡

Ý
. y² ∫ ∫
S

xTAxdS =
4π

3
tr(A),

Ù¥ tr(A) L«Ý
 A �,, = tr(A) = a11 + a22 + a33.

y{�: |^ Gauss ½ny². ò�È¼ê xTAx L«� xTAx = ~F (x) · x, Ù¥�

þ| ~F (x) ½ÂXe

~F (x) =

(
3∑
j=1

a1jxj,

3∑
j=1

a2jxj,

3∑
j=1

a3jxj

)T

.

5¿ü ¥¡ x2
1 + x2

2 + x2
3 = 1 þ�	�ü {�þ�L� x = (x1, x2, x3)T . Ïd

�â Gauss ½n�∫ ∫
S

xTAxdS =

∫ ∫
S

(~F (x) · x)dS =

∫∫∫
x21+x22+x23≤1

div~F (x)dV

=

∫∫∫
x21+x22+x23≤1

(a11 + a22 + a33)dV = tr(A)|V | = 4π

3
tr(A).



y{�: |^ü ¥¡ x2
1 + x2

2 + x2
3 = 1 �é¡5ØJy²∫ ∫

S

xixj dS = 0, ∀i, j = 1, 2, 3, i 6= j.

~Xy² ∫ ∫
S

x2x3 dS = 0.

¥¡ S w�þeü��¥¡��¿ S = S1 ∪ S2, Ù¥ S1: x3 =
√

1− x2
1 − x2

2, S2:

x3 = −
√

1− x2
1 − x2

2. u´∫ ∫
S1

x2x3 dS =

∫ ∫
x21+x22≤1

x2

√
1− x2

1 − x2
2 ·
√

1 + f 2
x1

+ f 2
x2
dx1dx2,∫ ∫

S2

x2x3 dS = −
∫ ∫

x21+x22≤1

x2

√
1− x2

1 − x2
2 ·
√

1 + f 2
x1

+ f 2
x2
dx1dx2,

Ù¥ f(x1, x2) =
√

1− x2
1 − x2

2. ùÒy²
∫ ∫
S

x2x3 dS = 0.

u´ ∫ ∫
S

xTAxdS =

∫ ∫
S

(
3∑

i,j=1

aijxixj

)
dS =

∫ ∫
S

(
3∑
i=1

aiix
2
i

)
dS.

2g|^ü ¥¡�é¡5´�∫ ∫
S

x2
1dS =

∫ ∫
S

x2
2dS =

∫ ∫
S

x2
3dS

=
1

3

∫ ∫
S

(x2
1 + x2

2 + x2
3)dS =

1

3

∫ ∫
S

dS =
4π

3
.

u´ ∫ ∫
S

xTAxdS =

∫ ∫
S

(
3∑
i=1

aiix
2
i

)
dS

= a11

∫ ∫
S

x2
1dS + a22

∫ ∫
S

x2
2dS + a33

∫ ∫
S

x2
3dS

= (a11 + a22 + a33)
4π

3
=

4π

3
tr(A).

·K�y.


