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Differential equations were invented by Newton(1642-1727).
Newton considered this invention of his so important that he
encoded it as an anagram whose meaning in mordern terms can be
freely translated as follows: "The laws of nature are expressed by
differential equations."

Vladimir Igorevich Arnold (12 June 1937 — 3 June 2010),
Preface to the third edition of Ordinary differential equations, 1984
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WMR—IMEHFHIE (B PRARMAYEHER—TELEEN—
TR, MHRXMENFHE (H) ARSI HRE (H .

—RRED n Y EMS HIERN
F(vavylv'-'yy(n)) - O,
Hehy(x) = (y1(x), ..., ym(x)) B (—0) KREEH.

izl
y(n) = (X7y7 yl7"‘7y(n71))
MMSFRIAEROMS 512, BURARROMS 5,



A
My =y(x) BHOFRE F(x,y,y,...,y"") =0 HfE, R

F(x,y(x),y'(x),... ,y(”)(x)) =0, Vx.

My = y(x) R8SHRERS

F(X,y,y’,...,y(”)) =0,
y(XO) = C07
Y (x0) = Cy,

y("N(x) = Cp1
BER, INRTHE FRZER.

My =y(x)ZnMEDHFE Fx,y,y,....y"M) =0 BIEMR,
WMREEH n MEEEH.



—MiM i
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y' = f(x).
R F 2ES R, N LR HENBEEA F IAERD
SHET yo # xo, HFIE[D)RR
y' =1f(x), y(x)=yo
HIRREDT y(x) = yo + [, f(t)dt
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y' =f(x,y)
£ (x,y) BRRFEERAEN T —MRIERG F (ZH1ER), s
@7 f ((EEHEE), sEZEENELEE—MRIESL—NG
.

R (x,y) BIRFERANELZ y 275187 F B—FATHLZL, MR
yEREBINRASFRA f(x, y) WEZET.

G, y=y(x) 2EdWoHFENEIS RS (x,y(x)) 276
17 f BIFRITHIZR .



[ slope field of x*2-1
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Input interpretation
slope field ~ y'(x) = x* -

Result
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M FIE Yy = f(x):

> FEg f(x) R5 xBx

> a7 f(x) B y HFEBAE (R
> FRoBhZE y MR Rrihzk

> y(x) 2 = y(x) + C 2%
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WMAFIR Y = f(x,y) ALZE ARSI ER

f(x,y)dx — dy = 0.
BE—RRIERA
P(x,y)dx + Q(x,y)dy = 0.
2 (x,y) LHW—PEE v = (¢,n) BREIZHE, MR
P(x,y)¢ + Q(x,y)n =0.

ZHEEHETER (x,y) N—FEZ%K, NM#HET—1HREE.



BZk (x(t),y(t)) 2FHEFH
P(x,y)dx + Q(x,y)dy =0

H— SIS, W EYRHER ¢, A (x(D), y(t) &, B
Y@ (X (1), y'(t)) BR

P(x(8), y(£))X'(t) + Q(x(t), y(1))y'(t) = 0.
B RMEZ AR EHEHEERNELBY.

AETHEALIRENENA (x,y) &, AE—MNIZEELEIE
2 (P(x,y), Q(x,y)), XHEMET—NMFLEEES (P, Q)

Bhik (x(t), y(t)) B P(x,y)dx + Q(x,y)dy = 0 B9F 7 phk,
YEREZEERMEZ AR 5EES (P, Q) IEXR.
EitEES (P, Q) AE T —MNER FHE1F,



[ directional field {x*2-y*2,x*2+y*2} for x from -50 to 50 and y from -50 to 50
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W5 5SS R BRI, .y TEMRTF AL
2 AHENLR, ROMEHR—ERRNER.
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WA Y = F(y) TRUEBRATEF dx— 2% =0,
BAUBBHRS R & = L.

FERBGLNHASE, TUBITERIKIGER.

MR FEANE-RRH, WENRE y = F1(x) 2RSS
RREMAFIR Y = f(y) 9. 157 (x,y) FEBPHIHL,

x = F(y) My = F1(x) REI—%Kihzk. RARKNME F p9RiL
R, BEREH F ! WRIERADF 5 KIS,

RANFEEREFATT x WAETBAE, FURSTHEEHTT
x WA BB ERERL x = F(y) + C MRS L%,



B2 4n
p(x)dx — q(y)dy =0

B 7=
HP, QAN p, g MIREH, M EXSRER
dP(x) =dQ(y).

HiERS
P(x)— Qy)=C, CRAIEEH.

AL, MBEBSTTH = P(x),n = Qy), M (x,y) %
B P ERHB B p(x ) aly)dy — O BRI () LAF
RIS dE — dn = 0, XEBE BN HIE.



xdx +ydy =0 RN BTEHTE, EAUERK

2 2
dx—+dy—:0,

FTIAERIRSEIZ A x° +y2 = C, C RIEEEH, HRBUE
RATILRIE.

NLABEE, ZHEET (x,y) BALESNELZ, AR
(x,y) HEB—PEE. ERERSXNEESHLLIER, FTX
X LB E R M A HFIENRA T L.



[ vector field {x,y}
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Input interpretation

vector field plot  (x, y)

Plot

P A

H O eee---

[&: A Wolframalpha EiEI£15 (x,y), BS5FE xdx + ydy = 0 IEX
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MR NIRRT AER AN R %, /GRS EE XS
AR Na, EAEREENREEESEF. KENNE3HIE.
.

BREARPLEETEES, 2(t) = p(t)?t) RHB—R/NAE
A%l t BE AR LRI E, v(t) AIZETRINRBRER
BXFRMYE, BEERARR DML T iz(t). T2

1) = () 220 —2() _ v()(E 1) o)
W= =0~ v
B—AME, Z(t) = [p/(t) + p(t)i0'(t)]e?D), T
P = —V(;), pd = V(;)
FRLIY =L =1, BOBEERSE p(0) = Ce™’ O



[ B E L



INRIBRRY R EE

= df—/ \/,0 ))2dt
= + (p(t)0'(t))2dt

2 p2d9

\

= ( Ce )2 + (Ce=?)2d0
= V2Ce™ = v/29(0).
Bl & B IE AR ENIAAK

REEXS EIREERG— D EIEMRRD?



HHEFRATTIRTT 2.
XFRRME: AR R A RS HLERT, STIRGENG EREREFR
baicy

Blp=! (5IEMR%E) HETE, Mlz=inlx] GHEHRE
THEB) HEHE, N

f(p)xdz =|f(p)dx = dy | = xdp + pdx = xdp + pxdz,
NMBEIRE NI HIE
dz = dp .
f(p)—p
EERSBETERRE, HBMA

Z:/ﬂsih




PRl
dy _ ¢ <81X+bly+61>
dx ax + by + o '

R
aix+biy+ca =0,
ax+by+c=0

’ﬁﬁg(Xo,YO), /?\fzx—xo, n=Yy—Yo, Il
dn_f<a1§+b1n>_f 31+b1g _g(n)
d¢ aé + bon as + bzg I3

=R, E—LAUEATSBLEENHIEEITKE.



R
aix+biy+c =0,
ax+by+c=0
%ﬁg, mJJ (317 bl) 5 (327 b2) :/H\:g£; 1E (ala bl? Cl) 5 (327 b27 C2) Z:
ek, et
aix + by +c c — ko
ax + by + & ax + by + &’

lid:3)

c1 — ke # 0.

d
¥ (a2x + by + ).
dx

S p=ax+hy+oRBTE, N
dp = axdx + bady = apdx + bpg(p)dx
MBI R E NS HE
dp

——— —dx =0.
a2 + bag(p)
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y' +a(x)y = f(x)
METE. Hf(x) =08, BMAFREESIE;, BN AIEST
WM FIE, BT F #RAIESTFIRIA.

FR&MHTE

y' +a(x)y =0
THELE ;

y

— = —a(x)dx,

" (x)
s

inly| = = [ a(x)dx.

MR I2BRE R

y = ce b % (c armum)
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FHESERLEBEN S RENREENGE.

AR R
Y +a(x)y = f(x),
y = C(x)e fxz a(t)dt
= RERE

(€)= a(x)C()) + alx) ()] e~ o (),
B C/(x) = F(x)eo "’“"“, Lzeﬂ‘f?-‘iiﬁ’]rﬁlﬁﬁﬁz, GO
C0+/ Fu a(t dt

TREIRFIZEMR
*effxo t)dt{C +/ Oty



BRTFAEESHE—
EIB (—MEE MR TR — 1)

W a(x), f(x) BEXIE (o, 3) LEIZELERE, NWXTEE
xo € (a, B) LARIEE yo, F1z

Y+ a(x)y = F(x)
HEW—REHEVERYE y(x0) = yoo BEX L,

y(x) = o fxo a(t)dtyo teo on a(t)dt/ f(u)efxo a(t)dtdu.
X0

EERELIEELANEER!

i
—M M SR SRR A — N —HEZ M =18 Vo,
BISTRIERE = — N TRIETM x E—8BH;

—Mr Mt IESTRF RN S AR — N ET Vo —4% 5 =(E
V =y*+ Vo, BIEHESFRIBRE=FFRBMIETTRETE.
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¥ a(x), f(x), g(x) EH. & u,v a2
+

/
u

a(x)u = f(x)

F0

BIRE, W au(x) + Bv(x) B
y' + a(x)y = af(x) + Bg(x)
)38
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fR71E
y =3y =e* +x2

3

FRFIRE Y —3y—07§5||55§ﬁ¢y—e , HiBfEA y = Ce¥.
SHEFFR AR Y — 3y = e , By =A>RN\, 5 A=—1,
W?klux7iiz¥§¢%ﬁ¢_y-—
SFIEFFR AR Y — 3y = X2, Tb(/% — N B IN G

HEAEERE R, FEHEERA

LS5 R AR B R E S EKRS
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FAFEREL:

> MoRERBRIMEN (AASREIMEER) HFRENE
ETH.

> (ERBE R E R T LRI R AL IR, FHIE
BRI XK 6 H A IERERE

> HURDMEHERFENS, TMomtEAERENELRS
E:0B

> EHMARRRAIUEREET MR, BhamkiE.



f5 (Ernest Rutherford)
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dm _ —Am
dt

Higx

X TE (half-life)



f5) (Malthus, 1766-1834)
ERERFRBNERT, MEREEURMUTHS 52

dy _

—\y.
ac Y

HigR
y(t) = y(to)e %),

BHFFEATHRE, XMERHFAFFE KRR,



Bl ( “BBEERELE, —5—tR" )
WRIBKRBEFTIRE, AILEERA TS HIE

d
d)t/ (Ao + asin(wt))y.
XRTRABEMTRARSFE, ENER
5 Ao+ asin(ws)ds Aol tg)— s cosrg))

w

y(t) = yoe'®o = ype



{5l (FEARBIZ M FIE)

WA(t) 2EE B, BEA T > 0.
dy
i A(t)y

B y(t) BRE /BT T-BRARE? Xt — +oo B, y(t) B9
SERE (t) BB REX?



SERR.

Y(t+ T) =y 2% = y(1)eh X9 ()T,
Hep N =1 (7 A(s)ds 2 ) E—NEHRHEFEHE.
HA=00, y(tr) BEEHARE, BHPAT.

12 m A M 2 |y(1) £XI8 [0, T] PR MERZAL.
IR y(to) =0, M y(t) = y(to)effo Als)ds _ 0.

MEE t >0, MIELEY &R nT <t<(n+1)T, TR
‘y(t)‘ ‘ (t— nT n)\T‘ e [ n/\T,MenXT:| .

Eitk
2> 08, lim |y(t)| = +oo;

%\ <0 A, Jim [y(8)] =0

OJ



5l (Newton J&ZNERE, 1701)

flﬁ?]ﬁ%mf" T Bﬁﬂilﬂﬁ’]“’ﬂ:ﬁ 'ﬁ%ﬁ‘/ﬂnr T a"l]fT\ E.umr_ Tﬂi,% E’]
% T — T RRIEEE.

dT
dt
FORFIZIBRRA T(t) = Ce
%é&#%ﬁi; /ﬁ\ T(t) = C(t)e_)\t; )I-IJJ C/( ) At — )‘Tﬂ'ig
ﬁn/a

=MTegs — T).

C(t) =G+ Tﬂ;iﬁe)‘t,

FirlA T(t) = Tz + Coef)‘to (BLET= Tspis —ERAFEN—
NI, XPNELABHRNEEEREZIE) L

T(t) = Tapug + (To — Tapag)e .

lim T(t) = Tepsge

t——+400
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5l (FhBfLogistic’RE!, Pierre Francois Verhulst, 1838)

F= )\ 1y>.
y )/< N

BRI KZRIFEMEIRG]. & y BN, MEHEREIRNS
y RIEEE; BEE y 18K, HEREMER; =y AT VB, it
BREERE; 5y KT NV, #EHEKERRA50.

XR— AN BERENGE

dy _Adx
y(N—y) N’
i
A
N 2 (x—x0)
y _ Yo e%(x—xo)7 y(X) _ yoenN B
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LT/ Logistic FFERLLT Bernoulli FFEAI—MF5
{5 (Bernoulli 75%2, Jacob Bernoulli, 1695)

y' +a(x)y = f(x)y®, a#0,1.

e () a0y = 0,

11—« ya—l ya

ERXTF yl o —1N kM.
Y a(x), f(x) HR2FHER, BernoulliFRER—IMATELTESRE.

EHFNT

ERENZESR, WHE—PERB Bernoulli 512, F=Z Daniel
Bernoulli #E1738FE52IAY. DanielZ Jacob BI{EF, EN JacobHy
56 Johann BYJLF-



{5 (Ricatti 75%2, Jacopo Francesco Riccati, 1724)

y' = ao(x) + a1(x)y + a2(x)y*.
BRI Ricatti FIERA N ELEENHIE.
ISR E A Ricatti FIEA— MR y1(x), MATLUKISHIBERR.
Sy=n+ W

/
u /

— =Y =¥ = a()y + a2(y? - a1l — a2l
1 1 2 2
— al(X)E + ax(x) " +y1)] — ax(x)yi

= [a1(x) + 2a3(x) yl(x)}% n aZ(X)%.

NS B —Mrekit iz

u' = [a1(x) + 2a2(x)y1(x)]u + a2(x).



