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1. (.

(1) ��¢ê8 A ���þ. (e�3) �� A �þ(., P� supA; §���e.

(e�3) �� A �e(., P� inf A.

(2) þ(.��x: ξ = supA��=� ξ� A�þ.� ∀ε > 0, ∃x ∈ A¦� x > ξ−ε.
Ä½/ª: ξ 6= supA ��=� ξ Ø´ A �þ.½ ∃ε > 0 ¦� ∀x ∈ A, x 6 ξ− ε.

(3) þ(.�e(.�'X: supA = − inf(−A).

(4) (.½n: kþ.���ê87kþ(.; ke.���ê87ke(..

2. ê�4��½Â

(1) 4��½Â: ¡ê� {an} k4� A ∈ R, XJ ∀ε > 0, ∃N > 0 ¦� ∀n > N , ·�

þk |an−A| < ε. �¡Tê�Âñu A,P� an → A (n→∞)½ö lim
n→∞

an = A.

ê�k4��¡�Âñ, ÄK¡�uÑ.

(2) Ä½/ª: ê� {an} ØÂñ� A ∈ R ��=� ∃ε0 > 0 ¦� ∀N > 0, ∃nN > N

÷v |anN −A| > ε0.

3. ê�4��5�

(1) lim
n→∞

an = A ��=� lim
n→∞

|an −A| = 0.

(2) l,�m©�~ê�ê�Âñ�T~ê, ��Øé.

(3) e lim
n→∞

an = 0 
ê� {bn} k., K lim
n→∞

anbn = 0.

(4) ��5: eê�Âñ, KÙ4���.

(5) k�>5: UCê��k��ØUCÙñÑ5.

(6) þ!5: ê�Âñ��=�§�?¿f�þÂñ�Ó��¢ê. T(Ø~^5y²

ê�ØÂñ.

(7) k.5: Âñ�ê�k..

(8) ÛÜ�S: � lim
n→∞

an = A, lim
n→∞

bn = B.

(a) e A > B, K ∃N > 0 ¦� ∀n > N , þk an > bn.

(b) e ∃N > 0 ¦� ∀n > N , þk an > bn, K A > B.

(9) ÛÜ�Ò: � lim
n→∞

an = A.

(a) e A > 0, K ∃N > 0 ¦� ∀n > N , þk an > 0.

(b) e ∃N > 0 ¦� ∀n > N , þk an > 0, K A > 0.

(c) e A 6= 0, K ∃N > 0 ¦� ∀n > N , þk an 6= 0.
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(10) oK$�{K: e lim
n→∞

an = A, lim
n→∞

bn = B, K

(a) ∀α, β ∈ R, lim
n→∞

(αan + βbn) = αA+ βB;

(b) lim
n→∞

anbn = ( lim
n→∞

an)( lim
n→∞

bn) = AB;

(c) lim
n→∞

an
bn

=
lim
n→∞

an

lim
n→∞

bn
= A

B
(e B 6= 0).

(11) Y%�n: b�ê� {an}, {bn}, {xn} ÷ve�^�:

(a) ∃n0 > 0 ¦� ∀n > n0, þk an 6 xn 6 bn;

(b) lim
n→∞

an = lim
n→∞

bn = A.

Kê� {xn} Âñ� lim
n→∞

xn = A.

(12) eê� {an} �K�Âñu A, K lim
n→∞

√
an =

√
A.

4. ;.~K

(1) lim
n→∞

1
n
= 0;

(2) lim
n→∞

qn = 0 (0 < |q| < 1);

(3) lim
n→∞

n
√
n = 1;

(3) lim
n→∞

n
√
a = 1 (a > 0);

(4) lim
n→∞

( m∑
k=1

ank
) 1
n = max

16k6m
ak, Ù¥ ak > 0;

(5) e = lim
n→∞

(1 + 1
n
)n = lim

n→∞
(1 + 1

n
)n+1.

5. ;.ê��O��Ý'�

(1) éê¼ê'~êO���¯: lim
n→∞

1
logn

= 0;

(2) �¼ê'éê¼êO���¯: lim
n→∞

logn
nα

= 0 (Ù¥ α > 0);

(3) �ê¼ê'�¼êO���¯: lim
n→∞

nα

an
= 0 (Ù¥ α ∈ R, a > 1);

(4) ë¦È'�ê¼êO���¯: lim
n→∞

an

n!
= 0 (a ∈ R);

(5) lim
n→∞

n!
nn

= 0, lim
n→∞

1
n√

n!
= 0.

(6) ²þ5: e lim
n→∞

an = A, K lim
n→∞

a1+a2+···+an
n

= A.



3

1 2 Ü© SK�K8)�

1. ¦y: äkÂñf��üNê�Âñ.

y²: � {an} �üNê�. Ø���5, ·��b�Tê�4O, ÄK·�

��Ä {−an}. �Ùf� {akn} Âñ� A. K ∀ε > 0, ∃K > 0 ¦� ∀n > K,

þk |akn−A| < ε, �= A−ε < akn < A+ε. - N = kK+1 > K. K ∀n > N ,

du kK+1 6 n 6 kn, KdüN4O5��

A− ε < akK+1
6 an 6 akn < A+ ε,

� |an −A| < ε. Ïdê� {an} �Âñ� A.

2. ∀θ 6∈ Zπ, ¦y: ê� {sinnθ} uÑ.

y²: ^�y{. b� lim
n→∞

sinnθ = a, K lim
n→∞

sin(n+ 2)θ = a, l


0 = lim
n→∞

(sin(n+ 2)θ − sinnθ) = lim
n→∞

2 sin θ · cos(n+ 1)θ.

� θ 6∈ Zπ, � sin θ 6= 0, Ï
 lim
n→∞

cos(n+ 1)θ = 0, ?


lim
n→∞

sin 2(n+ 1)θ = lim
n→∞

2 sin(n+ 1)θ · cos(n+ 1)θ = 0.

qÂñê��?¿f�þÂñ�Ó�4�, K·�k

lim
n→∞

sin(n+ 1)θ = a = lim
n→∞

sinnθ = lim
n→∞

sin 2(n+ 1)θ = 0,

u´ 1 = lim
n→∞

(
sin2(n+ 1)θ + cos2(n+ 1)θ

)
= 0. gñ! �¤y¤á.

3. O�e�4�:

(1) lim
n→∞

(
√
2n2 + 2n− 3−

√
2n2 + n),

(2) lim
n→∞

√
n(
√
n+ 1−

√
n),

(3) lim
n→∞

sin2
(
π
√
n2 +

√
n
)
,

(4) lim
n→∞

(1 + x)(1 + x2)(1 + x4) · · · (1 + x2
n−1

) (|x| < 1),

(5) lim
n→∞

3n+(−2)n
3n+1+(−2)n+1 ,

(6) lim
m→∞

lim
n→∞

(
cos(2πm!x)

)n
(x ∈ R).

): (1) doK$�{K��

lim
n→∞

(
√
2n2 + 2n− 3−

√
2n2 + n) = lim

n→∞

(2n2 + 2n− 3)− (2n2 + n)√
2n2 + 2n− 3 +

√
2n2 + n

= lim
n→∞

1− 3
n√

2 + 2
n −

3
n2 +

√
2 + 1

n

=
1

2
√
2
.
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(2) lim
n→∞

√
n(
√
n+ 1−

√
n) = lim

n→∞

√
n√

n+1+
√
n
= lim
n→∞

1√
1+ 1

n+1
= 1

2 .

(3) ∀n > 1, ·�k

0 6 sin2(π

√
n2 +

√
n) = sin2(π

√
n2 +

√
n− πn)

=
(
sin
( π

√
n√

n2 +
√
n+ n

))2
6

( π
√
n√

n2 +
√
n+ n

)2
6
π2

n
.

u´ ∀ε > 0, e- N = [π
2

ε ] + 1, K ∀N > n, þk∣∣∣ sin2(π√n2 +√n)∣∣∣ 6 π2

n
< ε.

l
·�k lim
n→∞

sin2(π
√
n2 +

√
n) = 0.

(4) du |x| < 1, K lim
n→∞

xn = 0, �

lim
n→∞

(1 + x)(1 + x2)(1 + x4) · · · (1 + x2
n−1

)

= lim
n→∞

n−1∏
k=0

1− x2k+1

1− x2k
= lim
n→∞

1− x2n

1− x
=

1

1− x
.

(5) lim
n→∞

3n+(−2)n
3n+1+(−2)n+1 = lim

n→∞
1
3 ·

1+(− 2
3 )
n

1+(− 2
3 )
n+1 = 1

3 .

(6) e x ∈ Q, K ∃p, q ∈ Z (q > 1) ¦� p, q p�� x = p
q . � ∀m > q,

m!x ∈ Z, l
 cos(2πm!x) = 1, u´ ∀m > q, þk lim
n→∞

(
cos(2πm!x)

)n
= 1,

l
·�k lim
m→∞

lim
n→∞

(
cos(2πm!x)

)n
= 1.

e x 6∈ Q, K ∀m > 1, | cos(2πm!x)| < 1, u´ lim
n→∞

(
cos(2πm!x)

)n
= 0,

?
�� lim
m→∞

lim
n→∞

(
cos(2πm!x)

)n
= 0.

nþ¤ã��

lim
m→∞

lim
n→∞

(
cos(2πm!x)

)n
=

{
1 e x ∈ Q,
0 e x 6∈ Q.

4. O�e�4�:

(1) lim
n→∞

(( m∑
k=1

ank
) 1
n +

( m∑
k=1

a−nk
) 1
n

)
, Ù¥ ak > 0 (1 6 k 6 m).

(2) lim
n→∞

n∑
k=1

(
(nk + 1)−

1
k + (nk − 1)−

1
k

)
.

(3) lim
n→∞

(
√
2 4
√
2 8
√
2 · · · 2n

√
2).

(4) lim
n→∞

(1− 1
n )
n.

(5) lim
n→∞

(1− 1
n√2

) cos(n10!).

(6) lim
n→∞

(
(sinn!)( n−1n2+1 )

10 −
(

1
1·2 + 1

2·3 + · · ·+ 1
(n−1)·n

)
2n2+1
n2−1

)
.
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): (1) - a = min
16k6m

ak, A = max
16k6m

ak, K ∀n > 1, ·�k

A+
1

a
6
( m∑
k=1

ank
) 1
n +

( m∑
k=1

a−nk
) 1
n 6 (A+

1

a
) n
√
m.

q lim
n→∞

n
√
m = 1, KdY%�n� lim

n→∞

(( m∑
k=1

ank
) 1
n +

( m∑
k=1

a−nk
) 1
n

)
= A+ 1

a .

(2) ∀n > 1, nk 6 nk + 1 6 (n+ 1)k, � 1
n+1 6 (nk + 1)−

1
k 6 1

n , u´

1

1 + 1
n

=
n

n+ 1
6

n∑
k=1

(nk + 1)−
1
k 6 1,

?
dY%�n�� lim
n→∞

n∑
k=1

(nk + 1)−
1
k = 1.

Ó�/, ∀n > 2, (n− 1)k 6 nk − 1 6 nk, � 1
n 6 (nk − 1)−

1
k 6 1

n−1 , u´

1 6
n∑
k=1

(nk − 1)−
1
k 6

n

n− 1
=

1

1− 1
n

l
dY%�n�� lim
n→∞

n∑
k=1

(nk − 1)−
1
k = 1.

��doK$�{K�� lim
n→∞

n∑
k=1

(
(nk + 1)−

1
k + (nk − 1)−

1
k

)
= 2.

(3) ∀n > 1, ·�k
√
2 4
√
2 8
√
2 · · · 2n

√
2 = 2

n∑
k=1

1

2k = 21−
1

2n+1 . 5¿�

lim
n→∞

2
1

2n+1 = lim
n→∞

2
1
n = 1,

u´ lim
n→∞

√
2 4
√
2 8
√
2 · · · 2n

√
2 = 2.

(4) doK$�{K��

lim
n→∞

(1− 1

n
)n = lim

n→∞

1

(1 + 1
n−1 )

n
= lim
n→∞

1

(1 + 1
n )
n+1

=
1

e
.

(5) ∀n > 1, ·�k |(1 − 1
n√2

) cos(n10!)| 6 |1 − 1
n√2
|. du lim

n→∞
n
√
2 = 1,

u´dY%�n�� lim
n→∞

(1− 1
n√2

) cos(n10!) = 0.

(6) ∀n > 1, ·�k |(sinn!)( n−1n2+1 )
10| 6 1

n10 . u´dY%�n��

lim
n→∞

(
(sinn!)

( n− 1

n2 + 1

)10
−
( 1

1 · 2
+

1

2 · 3
+ · · ·+ 1

(n− 1) · n

)2n2 + 1

n2 − 1

)
= lim

n→∞
−
( n−1∑
k=1

1

k(k + 1)

)
·
2 + 1

n2

1− 1
n2

= lim
n→∞

−
( n−1∑
k=1

(1
k
− 1

k + 1

))
·
2 + 1

n2

1− 1
n2

= lim
n→∞

−
(
1− 1

n

)2 + 1
n2

1− 1
n2

= −2.
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5. �äe�ê� {xn} �Âñ5:

(1) xn = (−1)nn
n+1 , (2) xn = n(−1)

n

.

): (1) du lim
n→∞

x2n = lim
n→∞

2n
2n+1 = 1, � lim

n→∞
x2n+1 = − lim

n→∞
2n+1
2n+2 = −1,

�ê� {xn} uÑ.

(2) ∀n > 1, ·�k x2n = 2n, dd��ê� {xn} Ã., ÏduÑ.

6. � F1 = 1, F2 = 2, 
 ∀n > 2, þk Fn+1 = Fn + Fn−1. ¦ lim
n→∞

Fn
Fn+1

.

): dK���, ∀n > 1, ·�k Fn = 1√
5

(
( 1+
√
5

2 )n+1 − ( 1−
√
5

2 )n+1
)
, ?
d

oK$�{K��

lim
n→∞

Fn
Fn+1

= lim
n→∞

1√
5

(
( 1+
√
5

2 )n+1 − ( 1−
√
5

2 )n+1
)

1√
5

(
( 1+
√
5

2 )n+2 − ( 1−
√
5

2 )n+2
)

= lim
n→∞

1
1+
√
5

2

·
1−

( 1−
√

5
2

1+
√

5
2

)n+1

1−
( 1−

√
5

2
1+
√

5
2

)n+2

=
2

1 +
√
5
.

7. � ∀n > 1, þk (2 +
√
2)n = An +Bn

√
2, Ù¥ An, Bn ∈ Z, ¦ lim

n→∞
An
Bn

.

): dK���, ∀n > 1, þk (2 +
√
2)n = An +Bn

√
2, �=

An =

[n2 ]∑
j=0

(
n

j

)
2n−2j(

√
2)2j ,

Bn =

[n−1
2 ]∑
j=0

(
n

j

)
2n−2j−1(

√
2)2j ,

ddá��� An −Bn
√
2 = (2−

√
2)n. l


An =
1

2

(
(2 +

√
2)n + (2−

√
2)n
)
, Bn =

1

2
√
2

(
(2 +

√
2)n − (2−

√
2)n
)
.

dd|^oK$�{Ká���

lim
n→∞

An
Bn

= lim
n→∞

1
2

(
(2 +

√
2)n + (2−

√
2)n
)

1
2
√
2

(
(2 +

√
2)n − (2−

√
2)n
)

= lim
n→∞

√
2
(
1 + ( 2−

√
2

2+
√
2
)n
)

1− ( 2−
√
2

2+
√
2
)n

=
√
2.


