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1. ~�©�§�Vg

(1) ~�©�§9Ù�: ¹gCþ x!��¼ê y 9Ù�� n ���ê��ª

F (x, y, y′, . . . , y(n)) = 0

�¡�~�©�§. �§¥�ê��p��¡��§��, ~X�§ dy
dx

+ y = 0 �

�� 1, d2y
dx2

+ y = 0 ��� 2. e F 'u y, y′, . . . , y(n) ��5¼ê, K¡���5

~�©�§.

(2) ~�©�§|9Ù�: ¹gCþ x!õ���¼ê9Ù�ê��§|�¡�~�©

�§|. Ñy3þã�§|¥���¼ê��ê��p�¡��§|��.

(3) n �~�©�§�): � F (x, y, y′, . . . , y(n)) = 0 � n �~�©�§.

(a) Ï)�A): e¼ê y = y(x) 3«m I þ÷vþã~�©�§, K¡���§

3 I þ���), 
¡ I �)��3«m. �Ø\5²�, I ´¦�§�)k¿Â�

��«m. eT)¹ n �Õá~ê, �= y = f(x,C1, . . . , Cn), K¡��§�Ï).

eØ¹~ê, K¡�A). ~X y = Ce−x ´ dy
dx

+ y = 0 �Ï), 
 y = 0 �A).

(b) Õá~ê: ¤¢~êÕá, oÑ/`, Ò´ØUò�Ü¿¤��~ê. 'X`

y = C1e
−x+C2 ´�§ dy

dx
+ y = 0 �), � C1, C2 ØÕá, ÙÏ)� y = Ce−x.

(c) Û): ��
ó, �Ï)¥�~ê�H¤k�#N��, ���T�§�¤k).

��k~	. ~X y = 1
4
(x+ C)2 �~�©�§ y′ =

√
y �Ï), 
 y ≡ 0 �þã

�§���A), �ù�A)¿vk��¹3þãÏ)¥, T)�¡�/Û)0.

(d) ¦)~�©�§: ¦�§�Ï)±9@
ØU^Ï)L«�/Û)0(e�3).

(e) ½)^� (Ð©^�): ^5(½Ï)�¥�~ê�N\^�. n ��~�©�§

��I�k n �^�. ùa^����¡�½)^�, k
��¡�Ð©^�.

(f) Ð�¯K (Cauchy ¯K):

F (x, y, y′, y′′, . . . , y(n)) = 0,

y(x0) = y0,

...

y(n−1)(x0) = yn−1.

2. ~�©�§�¦)

(1) ��~�©�§: �§ dy
dx

+ P (x)y = Q(x) �Ï)�

y = e−
∫
P (x) dx

(
C +

∫
Q(x)e

∫
P (x) dx dx

)
.
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(2) ©lCþ{: ~�©�§ dy
dx

= f(x)g(y) �)÷v∫
dy

g(y)
=

∫
f(x) dx+ C.

e g(y0) = 0, K y ≡ y0 ���~�©�§�).

(3) �=z¤���5�§����§:

(a) dy
dx

= f(ax+ by + c) (b 6= 0): �C� u = ax+ by + c, 2|^©lCþ{.

(b) àg.~�© dy
dx

= F ( y
x

): �C� u = y
x

, 2^©lCþ{.

(c) ·Ü. dy
dx

= f(a1x+b1y+c1
a2x+b2y+c2

): �=z�þãü«�/.

(4) Bernoulli �§: dy
dx

+ p(x)y = q(x)yα, Ù¥ α �~ê�Ø�u 0 ½ 1.

�C� z = y1−α ������5~�©�§ dz
dx

+ (1− α)p(x)z = (1− α)q(x).

e α > 0, K y ≡ 0 ���§�).

(5) �ü�p�~�©�§:

(a) y(n) = f(x): ¦ n g�¼ê.

(b) �§¥Øw¹��� y: y(n) = F (x, y(k), . . . , y(n−1)) (k > 1). - p(x) = y(k),

d p(n−k) = F (x, p, . . . , p(n−k−1)) )Ñ p = p(x), 2é y(k) = p(x) ¦ k g�¼ê.

(c) �§¥Øw¹gCþ x: F (y, dy
dx
, d2y
dx2

) = 0. ò y w¤gCþ, - p = dy
dx

. u´

��§C� F (y, p, p dp
dy

) = 0, )Ñ p = p(y), 2é dy
dx

= p(y) A^©lCþ{.

(6) n ��5�àg~�©�§: y(n) +an−1(x)y(n−1) + · · ·+a1(x)y′+a0(x)y = f(x).

(a) )��35: Ð�¯K�)�3���.

(b) àg�§)�(�: àg�§�)8� n ��5�m. � y1, y2, . . . , yn �àg

�§��5Ã') (¡�Ä�)|). Kàg�§�Ï)�

y(x) = C1y1(x) + · · ·+ Cnyn(x),

Ù¥ C1, . . . , Cn �?¿�~ê.

(c) �àg�§)�(�: � z0 ��àg�§�A). K�àg�§�Ï)�

y(x) = z0(x) + C1y1(x) + · · ·+ Cnyn(x),

Ù¥ C1, . . . , Cn �?¿�~ê.

(d) Wronsky 1�ª�5�: � I �«m, 
 y1, y2 . . . , yn ∈ C (n−1)(I). ½Â

W (x) = W (y1, y2, . . . , yn)(x) =

∣∣∣∣∣∣∣∣∣∣∣

y1(x) y2(x) · · · yn(x)

y′1(x) y′2(x) · · · y′n(x)

...
...

...
...

y
(n−1)
1 (x) y

(n−1)
2 (x) · · · y

(n−1)
n (x)

∣∣∣∣∣∣∣∣∣∣∣
,

¿¡� y1, y2, . . . , yn � Wronsky 1�ª.

1) )��5Ã'5: � y1, y2, . . . , yn �àg�§�). K§���5Ã'��

=� Wronsky 1�ª W (x) 6= 0.
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2) Wronsky 1�ª�O�:� y1, y2, . . . , yn �àg�§�). KÙWronsky

1�ª÷v: W ′(x) = −an−1(x)W (x). u´

W (x) = W (x0)e
−

∫ x
x0
an−1(t) dt.

(e) �5Ã'¼ê7�~�©�§�Ä�)|: �5Ã'� C (n) a¼ê y1, . . . , yn

� n ��5~�©�§∣∣∣∣∣∣∣∣∣∣∣∣∣∣

y1 · · · yn y

y′1 · · · y′n y′

... · · ·
...

...

y
(n−1)
1 · · · y

(n−1)
n y(n−1)

y
(n)
1 · · · y

(n)
n y(n)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

�Ä�)|.

(7) ���5~Xêàg�§: y′′+py′+qy = 0,Ù¥ p, q �¢~ê. ¡ λ2+pλ+q = 0

�A��§, Ù)�A��. - ∆ = p2 − 4q.

(a) e ∆ > 0, Kkü�ØÓ�¢A�� λ1, λ2, �§Ï)� y = C1e
λ1x + C2e

λ2x.

(b) e ∆ = 0, �§Ï)� y = (C1 + C2x)e−
p
2
x.

(c)e∆ < 0,�A��� λ = α±iβ,K�§Ï)� y = eαx(C1 cosβx+C2 sinβx).

(8) n ��5~Xêàg~�©�§: y(n) + an−1y
(n−1) + · · · + a1y

′ + a0y = 0, Ù¥

a0, . . . , an−1 ∈ R �~ê. ÙA�õ�ª�½Â�

P (λ) = λn + an−1λ
n−1 + · · ·+ a1λ+ a0.

�ÙØÓ��� λ1, . . . , λk, �A�­ê� n1, . . . , nk, Kàg�§�E�Ï)�

y(x) =

k∑
j=1

nj−1∑
l=0

Cj,lx
leλjx,

Ù¥ Cj,l �?¿�E�~ê. ���¢�Ï), �I�éE�A�� λj , 3þª¥

ò eλjx 9Ù�ÝO�¤ eλjx �¢ÜÚJÜ, ¿4 Cj,l �?¿�¢~ê.

(9) ���5~Xê�àg�§�¦):

(a) ���{: làg�§��5Ã') y1, y2 Ñu, dúª

z0(x) =

∫ x

x0

y1(t)y2(x)− y1(x)y2(t)

W (y1, y2)(t)
f(t) dt

����àg�§���A), ?
���àg�§�Ï) y = z0 + C1y1 + C2y2.

�Ï~éJO� z0. =3,
AÏ��/, ·�âU��Ï)�wªL�ª.

(b) AÏ����5~Xê�§�¦): y′′ + py′ + qy = Pn(x)eµx, Ù¥ p, q �

¢~ê, 
 Pn � n gõ�ª, µ �E~ê. �^�½Xê{¦�àg�§�A).

1) e µ Ø�àg�§�A��, KkA)/X z0(x) = Qn(x)eµx, Ù¥ Qn �

gêØ�u n ��½õ�ª.

2) e µ �àg�§��­A��, KkA)/X z0(x) = Qn(x)xeµx, Ù¥ Qn

�gêØ�u n ��½õ�ª.
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3)e µ�àg�§��­A��,KkA)/X z0(x) = Qn(x)x2eµx,Ù¥ Qn

�gêØ�u n ��½õ�ª.

5: ÏLò z0 �\�àg�§5(½ Qn.

(d) ��/, d�½Xê{9�55, �?nXe/ª��àg� f(x) 9Ù~Xê

�5|Ü (Ù¥ Pn � n gõ�ª, a, b �¢~ê):

Pn(x), Pn(x)eax,

Pn(x) sin bx = Im (Pn(x)eibx),

Pn(x) cos bx = Re (Pn(x)eibx),

Pn(x)eax sin bx = Im (Pn(x)e(a+ib)x),

Pn(x)eax cos bx = Re (Pn(x)e(a+ib)x).

(10) Euler�§: xny(n)+an−1x
n−1y(n−1)+· · ·+a1xy′+a0y = 0,Ù¥ a0, a1, . . . , an−1

�¢�~ê.

(a) �§�A:: CXê�5�§, Xê��¼ê��g��A��¦��ê��.

(b) ��){: �CþO� t = log |x| ò�§z¤± t �gCþ�~Xê�§.

3. ���5~�©�§|�¦)

(1) ���5~�©�§|: ���5~�©�§|/X
dy1
dx

= a11(x)y1 + a12(x)y2 + · · ·+ a1n(x)yn + f1(x),

...
dyn
dx

= an1(x)y1 + an2(x)y2 + · · ·+ ann(x)yn + fn(x),

Ù¥ ajl(x), fj(x) ∈ C (I) (1 6 j, l 6 n), 
 I �«m.

(2) ���5~�©�§|��þL«: - A(x) = (ajl(x))16j,l6n, P

Y =


y1
...

yn

 , ~ξ =


ξ1
...

ξn

 , F(x) =


f1(x)

...

fn(x)

 ,

KÐ�¯K�±Lã¤: {
dY
dx

= A(x)Y + F(x),

Y(x0) = ~ξ,

Ù)� Y(x) = P xx0(A)~ξ +
∫ x
x0
P xt (A)F(t) dt, ùp P xx0(A) L« Volterra È©.

(3) ���5~�©�§|�):

(a) )��35: Ð�¯K�)�3���.

(b) àg�§|)�(�: n ��§, n ���¼ê����5àg~�©�§|�

)8� n ��5�m. � Y1, Y2, . . . ,Yn �Tàg�§|� n ��5Ã'�).

- Φ = (Y1,Y2, · · · ,Yn), ¿¡��àg�§|�Ä)Ý
, Kàg�§|Ï)�

Y = C1Y1 + C2Y2 + · · ·+ CnYn = ΦC,
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Ù¥ C = (C1, C2, · · · , Cn)T �~ê��þ. Ä)Ý
÷v dΦ
dx

= A(x)Φ.

(c) �àg�§|)�(�: �àg~�©�§|�Ï)�T�§|���A)�

�A�àg�§|�Ï)�Ú.

(4) Wronsky 1�ª�5�: � Y1, Y2, . . . ,Yn �àg�§|� n �). -

W (x) = W (Y1,Y2, · · · ,Yn)(x) = det(Y1(x),Y2(x), · · · ,Yn(x)),

¿¡� Y1,Y2, . . . ,Yn � Wronsky 1�ª.

(a) )��5Ã'5: n �) Y1,Y2, . . . ,Yn �5�'��=� W (x) ≡ 0.

(b) Wronsky 1�ª�O�: W ′(x) = (a11(x) + · · ·+ ann(x))W (x), u´

W (x) = W (x0)e
∫ x
x0

(a11(t)+···+ann(t)) dt
.

l
 W (x) ½öð�", ½öðØ�".

(4) �5~�©�§����5~�©�§|�'X: �ö�±�p=�.

(5) ���5~Xê~�©�§|�¦) dY
dx

= AY + F(x), Ù¥ A �~XêÝ
.

(a) ��){:

1) Ð�¯K�): ÷vÐ�^� Y(x0) = ~ξ �)�

Y(x) = e(x−x0)A~ξ +

∫ x

x0

e(x−t)AF(t) dt. eAn×n = In×n +

+∞∑
k=1

Ak

k!
.

2) Ï): � Φ �àg�§|�Ä)Ý
, K�àg�§|�Ï)�

Y(x) = Φ(x)C + Φ(x)

∫ x

x0

(Φ(t))−1F(t) dt.

(b) ü���¼ê��/:

1) e A kü�Ø���¢A�� λ1, λ2, @o�AA��þ r1, r2 �¢�þ

��5Ã', K¤¦Ï)�Y=C1e
λ1xr1+C2e

λ2xr2, Ù¥ C1, C2 �?¿~ê.

2) e A kü���� (¢) A�� λ, K¤¦Ï)/X eλxP(x), Ù¥ P(x) �

�½��þ, §�z���þ�gê 6 1 �õ�ª, �= P(x) = C0 + C1x, Ù¥

C0,C1 �����þ. ò��\�§|5(½Xê C0,C1, ?
�� P(x).

3) e A kü�Ø����ÝEA�� λ1, λ2, �AA��þ r1, r2 ���Ý

E�þ��5Ã'. d�Ï)� Y = C1Re(eλ1xr1) + C2Im(eλ1xr1), Ù¥ C1, C2

�?¿�¢~ê.

(c) n ���¼ê��/: � A �ØÓA��� λ1, . . . , λk, Ù­ê� n1, . . . , nk.

éu 1 6 j 6 k, �3 nj �/X eλjxPj(x) ��5Ã'�), Ù¥ Pj(x) � n �

��þ, Ù��´gêØ�L nj − 1 �õ�ª, =

Pj(x) =

nj−1∑
l=0

Cjlx
l,

Ù¥ Cjl � n �~���þ. ò§��\�§|(½ Cjl, dd��Ä�)|.
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£SK3–16�Ä�K8¤

1. b�½Â3 R þ�¼ê y = y(x) ÷v

{
y′ = x3 + xy2

y(0) = 0
. ?ØT¼ê�

üN5, 4�:±9à]5.

2. b�½Â3 [0,+∞) þ�¼ê y = y(x) ÷v

{
xy′′ + 3x(y′)2 = 1− ex

y(0) = y′(0) = 0
.

¦y: ∀x > 0, þk y(x) 6 − 1
2x

2.

3. � y = C1e
−x2

+C2 �,�~�©�§�Ï), Ù¥ C1, C2 �?¿~ê,

¦T~�©�§.

4. ¦)e�~�©�§�:

(1) y′ =
√
|y|, (2) xy′ = y(log y − log x),

(3) y′ + 1
xy = sin x

x (x > 0), (4) y′ = 1 + x + y2 + xy2,

(5) y′ + 2xy
x2+4 = 0, y(0) = 1, (6) (x + 2xy − y2)y′ − y2 = 0,

(7) tan y dx− cotxdy = 0, (8) xy′ =
√
x2 − y2 + y.

J«: 3 (6) ¥�ò y w¤gCþ, x w¤ÏCþ.

5. ¦­� y = y(x) ¦�Ùþz�: (x, y) ���²©x¶����:�T

:ë�¤���.

6. ¦­� y = y(x) ¦�é?¿ a ∈ R, T­�þ�­� y = ax3 ��.

7. ¦�5�©�§¦ÙÏ)� y = C1e
x + C2xe

x, Ù¥ C1, C2 �?¿~ê.

8. ®�,��àg�5~�©�§�Ä�)|� 1, x, ¦ÙA) y = y(x)

¦� y(1) = 1, y′(1) = 2.

9. e,���5�àg~�©�§�ü�)� 3 + x2, e−x + 3 + x2, ��A

àg�§���)� x, ¦T�àg�§�Ï).

10. ®� x, x2, x3 ����àg�5~�©�§�n�), ¦ÙÏ).

11. ¦n��5~Xêàg~�©�§¦ÙA)� e−x, 2 cosx, 3 sinx.

12. e f ∈ C [0,+∞) � lim
x→+∞

f(x) = 0, ¦y: ~�©�§ y′ + y = f(x) �

?¿) y = y(x) þ÷v lim
x→+∞

y(x) = 0.

13. e f ∈ C (0,+∞) ¦� ∀x > 0, þk f(x)
∫ x
0
f(t) dt = 1, ¦ f �L�ª.



7

14. ¦ uþ�²¡�à­� Γ1 Ú]­� Γ2 ¦�­�3?¿�:?�­

Ç�»�uY3T:�î¶�m�{���.

15. b�²¡­� Γ L: (1, 0) �Ùþ?¿: P (x, y) (x 6= 0) ?����

�Ç~��� OP ��Ç�u ax, Ù¥ a > 0 �~ê.

(1) ¦­� Γ ��§.

(2) e­� Γ ��� y = ax ¤�¤�²¡«��¡È�u 8
3 , ¦ a.

16. ¦)e�~�©�§:

(1) y′′ = 1+(y′)2

2y ,

(2) y′′ cos y + (y′)2 sin y = y′, Ù¥ y(−1) = π
6 , y

′(−1) = 1
2 ,

(3) y′ = e
xy′
y ,

(4) (y′)2 − xy′ + y = 0,

(5) x2 + (y′)2 = 1,

(6) y′′′ − 5y′′ + 8y′ − 4y = 0,

(7) y(7) − 2y(5) + y(3) = 0,

(8) y′′′ + y′′ − 2y = 0,

(9) y′′ − 4y′ + 4y = 3e2x,

(10) y′′ + 3y′ + 2y = 3 sinx,

(11) y′′ − 4y′ + 4y = ex + e2x + 1,

(12) y′′ + x
1−xy

′ − 1
1−xy = 0,

(13) y′′ − 3y′ + 2y = sin(e−x),

(14) x2y′′ − 2xy′ + 2y = x3 sinx.

17. ¦)e�~�©�§|:

(1) dY
dx =


1 1 0

0 1 0

0 0 2

Y,

(2) dY
dx =


2 1 3

0 2 −1

0 0 2

Y.


