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�gSK�Ì�SN´½È©�n�¡A^:

�. AÛA^: ^u¦²¡ã/�¡È, ��l�, ^=N�NÈÚý¡È

�. ÔnA^: ¦�Ú²¡ã/�/%, Guldin 1�½nÚ1�½n

n. nÜA^: È©A^u¦4�(Y), ±9È©�O

1�Ü©: SNJ�

�. AÛA^J�.

1) ¦²¡ã/�¡È

(i) d�K¼ê y = f(x), a ≤ x ≤ b ¤(½�>F/ {(x, y), 0 ≤ y ≤ f(x), a ≤ x ≤ b}

�¡È�
∫ b
a f(x)dx. Xã¤«

(ii) dü^� y = f(x), y = g(x), Ù¥ g(x) ≤ f(x), a ≤ x ≤ b, ¤�¤�²¡ã/

{(x, y), g(x) ≤ y ≤ f(x), a ≤ x ≤ b} �¡È�
∫ b
a [f(x)− g(x)]dx. Xã¤«



(iii)ëê�§/ªe�¡È:�¼ê y = f(x), a ≤ x ≤ b, dëê�§ x = x(t), y = y(t),

α ≤ t ≤ β ¤(½. (;.~f´^Ó�, Xã¤«) ùp y(t) = f(x(t)), x(t) 3 [α, β] þî�

üN, Ø���5, � x(t) �üNO\�ëY��, ¿� x(α) = a, x(β) = b. Ké>

F/ S = {(x, y), 0 ≤ y ≤ f(x), a ≤ x ≤ b} �¡Èúª |S| =
∫ b
a f(x)dx, �È©Cþ��

x = x(t) �

|S| =
∫ β

α
f(x(t))x′(t)dt =

∫ β

α
y(t)x′(t)dt.

(iv) 4�Ie�¡Èúª. d4�I� r = f(θ), a ≤ θ ≤ b, ±9ü^�� θ = a,

θ = b ¤�ã/ R �¡Èúª� |R| =
∫ b
a

1
2
[f(θ)]2dθ.

2). �l�úª:

(i) �²¡� Γ dëê�§ r = r(t) = (x(t), y(t)) �Ñ, α ≤ t ≤ β, Kl��

|Γ| =
∫ β
α

√
[x′(t)]2 + [y′(t)]2dt.

(ii) � Γ d¼ê� y = f(x) �Ñ, a ≤ x ≤ b, Kl�� |Γ| =
∫ b
a

√
1 + [f ′(x)]2dx.

(iii)� Γd4�I�§ r = r(θ)�Ñ, α ≤ θ ≤ β,Ùl�� |Γ| =
∫ β
α

√
[r(θ)]2 + [r′(θ)]2dθ.



(iv) ��m� Γ dëê�§ r = r(t) = (x(t), y(t), z(t)), α ≤ t ≤ β �Ñ, Ùl��

|Γ| =
∫ β

α

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2dt.

3). ^=N�NÈ: �¼ê f(x) �K, P� y = y(x), a ≤ x ≤ b ¤�¤�>F/�

S = {(x, y), 0 ≤ y ≤ f(x), a ≤ x ≤ b},

(i) Kã/ S 7 x ¶^=�±¤�)�^=N V �NÈúª� |V | =
∫ b
a π[y(x)]2dx. X

ã��/ f(x) =
√
x, x ∈ [0, 1].

(ii) b� 0 ≤ a < b, dã/ S 7 y ¶^=�±¤�^=N�NÈ� |V | =
∫ b
a2πxf(x)dx.

4). ^=N�ý¡È: �K¼ê� y = f(x), a ≤ x ≤ b 7 x ¶^=�±¤�)�^=

¡ S �¡Èúª� |S| =
∫ b
a 2πf(x)

√
1 + [f ′(x)]2dx.



�. ÔnA^J�(¦�Ú²¡ã/�/%, Guldin 1�1�½n)

1). �²¡� Γ dëê�§ ~r = ~r(t) = (x(t), y(t)), α ≤ t ≤ β �Ñ, KÙ/% (xc, yc)

�I�

xc =
1

|Γ|

∫ β

α
x(t)

√
[x′(t)]2 + [y′(t)]2dt, yc =

1

|Γ|

∫ β

α
y(t)

√
[x′(t)]2 + [y′(t)]2dt,

2). >F/ D = {(x, y), 0 ≤ y ≤ f(x), a ≤ x ≤ b} �/%�I (xc, yc) �

xc =
1

|D|

∫ b

a
xf(x)dx, yc =

1

2|D|

∫ b

a
[f(x)]2dx.

3). Guldin 1�½n: �²¡� Γ  uþ�²¡, K� Γ 7 x ¶^=�±¤�)�

^=¡ S �¡È |S|, �u� Γ �/%7 x ^=�±�±�, ¦±� Γ �l� |Γ|,

= |S| = 2πyc|Γ|, Ù¥ yc �²¡� Γ �/%�p�I.

4). Guldin 1�½n: �²¡ã/ D  uþ�²¡, Kã/ D 7 x ¶^=�±¤�)

�^=N V �NÈ, �u D �/%7 x ^=�±�±�, ¦±ã/ D �¡È |D|, =

|V | = 2πyc|D|, Ù¥ yc �²¡ã/�/%�p�I.

n. nÜA^J�: (i) È©^u¦4�(Y), (ii) È©�O.

1�Ü©: SK



�. AÛA^SK

K 1. (¥�¡È�Î¡�¡È�'X) ò���»� R �¥N, Ú��p� 2R, �»�

R �Î¿ü��3Ó��Y²¡þ. é?¿ z1, z2 ∈ [−R,R], z1 > z2, ¥¡ÚÎ¡ uü

�Y²¡ z = z1, z = z2 �m�Ü©©OP� Sz1z2 Ú Cz1z2 , =Xã¤«�ÒKÜ©.

ßßüÜ©¡È |Sz1z2| Ú |Cz1z2| kÛ'X? ¿y²\�(Ø.

K 2. ¦µ4� x4 + y4 = a2(x2 + y2) ¤�ã/�¡È.

K 3. 3� y =
√
x− 1 þ,: (x0, y0) ?���, ¦�T��L�:. ¦�: (x0, y0)

��IÚ���§. ?�Ú¦d��, x ¶, ±9���¤��²¡k.«�, =ã¥

ÒKÜ©, 7 x ¶^=�±¤�^=N�L¡È.

K 4. �¼ê f(x)3 [0, 1]þëY,3 (0, 1)S����u",�÷v xf ′(x) = f(x)+ 3a
2
x2,

Ù¥ a �ëê. 2�� y = f(x) ��� x = 0 Ú x = 1 ¤��ã/ S �¡È� 2.

(1) ¦¼ê f(x); (2) � a �Û��, ã/ S 7 x ¶^=�±¤�^=N�NÈ��.



©Û: db� xf ′(x) = f(x) + 3a
2 x2 � xf ′(x)−f(x)

x2 = 3a
2 , d=

(
f(x)
x

)′
= 3a

2 . ,�ü>�Ø½È©, �(

½ f(x) �¹k?¿~ê�L�ª, 2d®��¡È'X(½, l�±?Ø^=N�NÈ.

K 5. ^��{í�Ñ4�Ie�«� D : 0 ≤ α ≤ θ ≤ β ≤ π, 0 ≤ r ≤ r(θ), 74¶^

=�±¤�^=N�NÈúª�

V =
2π

3

∫ β

α
r3(θ) sin θdθ,

ùp r(θ) ´«m [α, β] þ�ëY¼ê. (5: �*í�, �Ø7J¦î�5)

K 6. ¦%9� r = a(1 + cos θ) 74¶^=�±¤�^=N�NÈ, Xã¤«.

�©ÔnA^SK

K 1. �Ä^Ó� Γ: x = r(θ − sin θ), y = r(1− cos θ), 0 ≤ θ ≤ 2π, r > 0.

(i) ¦� Γ �l� |Γ| (��1175�®²O�L. ���O, ùp2O��H);

(ii) ¦� Γ �/%�I (xc, yc);

(iii) ^^=¡¡Èúª |S| =
∫ 2π
0 2πyd` ¦� Γ 7 x ¶^=�±¤�^=¡ S �¡

È, Ù¥ d` �l��©;

(vi) |^ Guldin 1�½nO�(iii)¥�^=¡ S �¡È.



K 2. �Ä(/� Γ: x = a cos3 t, y = a sin3 t, 0 ≤ t ≤ 2π, a > 0. P Γ  uþ�²¡�

Ü©� Γ+, 2P Γ ¤�²¡ã/� D, ã/ D  uþ�²¡�Ü©P� D+. (5: (

.�����I�§� x2/3 + y2/3 = a2/3)

(i) ¦ Γ �l�;

(ii) ¦ Γ ¤�ã/ D �¡È;

(iii) ¦ Γ+ �/%�I (xc, yc);

(iv) ¦²¡ã/ D+ �/%�I (xc, yc);

(v) ¦ Γ+ 7 x ¶^=¤�^=N�ý¡È;

(vi) ¦ D+ 7 x ¶^=¤�^=N�NÈ.

n. nÜA^SK

È©nÜA^�Ê�K. cn�K�9È©^u¦4�. �8�SK�9È©�O.

K 1: O�4� limn→+∞
n√
n!
n

. (J«�éê)



K 2. ¦4� limn→+∞ an, Ù¥

an =
n∑
k=1

(
1 +

k

n

)
sin

kπ

n2
.

K 3. �¼ê f(x) 3«m [0, π] þëY. y²

lim
n→+∞

∫ π

0
f(x)| sinnx|dx =

2

π

∫ π

0
f(x)dx.

K 4. � f(x) 3 [0, a] þ����, a > 0 � f ′′(x) ≥ 0, ∀x ∈ [0, a]. y²

∫ a

0
f(x)dx ≥ af(a/2).

K 5. �¼ê f(x) 3 [0, 1] ����� f ′′(x) ≤ 0, ∀x ∈ [0, 1]. y²
∫ 1
0 f(x2)dx ≤ f(1/3).

í2: 3K 5 �b�e, ·��±aqy²
∫ 1

0
f(xn)dx ≤ f( 1

n+1 ), n �?¿��ê.

K 6: � f(x)3«m [0, 1]þ�È,��3ü��~êM > m > 0,¦� m ≤ f(x) ≤M ,

∀x ∈ [0, 1]. y²

1 ≤
∫ 1

0
f(x)dx ·

∫ 1

0

dx

f(x)
≤ (m+M)2

4mM
.

K 7. b� f(x) 3 [a, b] þ�gëY��, y²�3 ξ ∈ [a, b], ¦�

∫ b

a
f(x)dx = f

(a+ b

2

)
(b− a) +

f ′′(ξ)

24
(b− a)3.

(5: ù´��1146�SK11. \Àù�K´Ï��ùk
ÓÆØ^È©¥�½n. ��K))

K 8. � f(x) � [0, 2π] þ�üN~¼ê, y²é?Û��ê n ¤á

∫ 2π

0
f(x) sinnxdx ≥ 0.



K 9. � f(x) 3 [0,+∞) þëY��, î�üNþ,, � f(0) = 0, Ké?¿ a > 0,

b > 0, b ∈ Range(f), ¤á

ab ≤
∫ a

0
f(x)dx+

∫ b

0
f−1(y)dy, (¡� Young Ø�ª)

Ù¥ x = f−1(y) P y = f(x) ��¼ê, ¿�Ø�ª�Ò¤á�¿�^�´ b = f(a). A

Û¿ÂXã¤«.

AÛ¿Â: 3Xen�ØÓ�/e (a) f(a) < b; (b) f(a) > b; (c) f(a) = b, È©∫ a
0 f(x)dx �

∫ b
0 f
−1(y)dy �Ú�XãK<Ü©�¡È. dã�� Young Ø�ªw,¤

á.


