2021 Final exam for GPII
(2021-6-17)

1. (10 points, 2 for each) Calculate the values for the following quiz (no complicated
computation involved)

1) For electron with energy of 1eV, encounter a potential barrier with height of 10eV, what
is the threshold of barrier width ag for e to tunnel, ag =74

2) For the |E, >, the 2™ eigenstate of energy in an infinite potential well with width of L,
calculate < E,|P?|E, >=? P? is momentum operator squared.

3) For the |E, > the (n+1)th eigenstate of energy for harmonic oscillator with V = ikxz,

calculate the expectation for X: < E,|X|E, >=?

4) Forthe |E, >, the 3rd eigenstate of energy for harmonic oscillator, w = /k/m; calculate

S P?
the average kinetics energy: < E, |%| E, >=?

5) For the electron in H atom, calculate the value: < 2px|lfz\|3px >=? (L, is the z-
component of orbital angular momentum:; p, is a linear combination of Y/™: p, =

1 —
(= v)

2. (16 points) The state of the single electron in Li*" ion (Li, atomic number Z=3, the 2+ ion
then only has one electron, it is a hydrogen-like ion with Z=3) is expressed by a
normalized state function:

P(r,0,0) = QYR (Y16, 9) + (iR (Y20, 9) — OY2R1o(r)YS (6, 9) The spin

state can be equally either up or down. R, Y are hydrogen-like orbitals with nlm quantum
number listed as usual.

(1) (7 points) In an ensemble of ions prepared in such state, if the energy is measured, what
values will be found? (express it in atomic unit: Hartree, where the n=1 Hydrogen ground
state energy is -1/2 Hartree); If different E values were found, what is the probability of
finding each energy value, and what is the average energy?

(2) (5 points) If the magnitude of electron orbit angular momentum is measured, what

values will be found? (express it in unit of #); If multi-values were found, what is the

probability for each result and what is average value?
(3) (2 points) If the orbital angular momentum along z direction is measured (by Zeeman),

then what values can be found? (in unit of #)

(4) (2 points) If the spin of electron along z direction are measured (by SG), then what values
can be found and what are their probability?

3. (10 points) We had studied spin-1/2 electrons (spin quantum number j=s = :

2 5 =

m= i%). In this problem we are going to investigate matrix form of J,,J,J, operator



(J, represents angular momentum component along z direction ....) for spin-1 particle:
Spin-1 particle has spin quantum number j =s =1; s, = m = 1,0, —1; the eigenvectors of
J. will be used as base vectors:

1 0 0
[1>=|j=1m=1>= (0);|2>= |j=1,m=0>=<1>;|3>= i=1m=-1 >=<o>
0 0 1

Jzlj, m >=m#alj,m > .

1) (2 points) Write out the J, matrix in the |1>,|2>|3> base, in forms of J, = hA(matrix)
To find out Jy,Jy, we define two operators:

Je =l Uy J-=]x =,

We can find out matrix of J,J_ by the following formula (take for granted here)

<jm'|J,ljm>=nj+1) —m@m+ Do m+1

<jm'lJ_ljm>=hj(+ 1) —m@m — Dép m_4
2) (4 points) Write out the J, and J_ matrix in the [1>,|2>,|3> base

3) Write out the J,J, matrix in the |1 >,]2 >,[3 > base in forms of J., = %(matrix)

4. (14 points) In the following Stern-Gerlach experiment, we adopt |+z> to be the eigenstate
for projection of spin along z to be %h; and |-z> be eigenstate with projection of —% h.

|[+x>|-x>; |+y>|-y> has similar meaning, corresponding to eigenstates with spin
projection along x.y.

When the SG magnetic field is along # direction, the eigenstate is:

| +u>= cos(§)| +27Z> +sin(g)ei"’| —-7Z>

/ ; “: | —u>= —sin(§)| +7Z> +cos(g)ei"’| -7Z>
U
- |+2> 1+X>
—[sa. :ﬂs% —y P

Consider the above setup (neglect any B field from earth in this problem), we know that after
passing first SGz, there are N electrons been prepared to |+z> state

1) (2 points) By passing the SGg, @i direction is shown in the previous graph in terms of

0, ¢, the spin S projection along 1 will be measured, what are possible values? and



what is the probability of getting each?

2) (4 points) Only allow |+u> state passing the last SGx setup, we will measure the spin S

projection along x. What are the possible values? What is the probability for each value?

How many electrons will be in final [+x> state (in terms of N, 8, ¢@)?

3) (8 points) We insert a Helmholtz ring (it can generate uniform B field)as shown in the

figure below:
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The B field is along +2, and we can adjust current to get various uniform By. The time

electron spent in the By field will depend on diameter of the ring and electron

momentum, call this time T.

We change the value of By and record the number
N
at [+ o N of electrons at |+x> state as shown:

?r ABg —‘> Bo

Please calculate the ABy, in terms of g;=

— mi,T, 0,9 (gsis gyro constant for electron spin)

5. (14 points) Consider a particle with mass=m in a potential given by:

U(x,y,2z) = A(x* + y? + xy) + B(z* + 22)
and A B are positive constants

Please find the energy forms of the particle in this potential expressed by the given m, A,B,
physical constant and any quantum numbers with their possible values.

Hint: for the x-y part, think of rotating the x-y base by angle 8 and thus in the x'-y’, the
potential is simpler. If you adopt this approach, please show the cos?8 value for partial credit.

6. (16 points) In this problem you shall find the bond length (distance between atomic nuclei
in molecule) of carbon monoxide CO. We shall use an approximation that the bond length
is fixed (we know it can oscillate, but here we treat it as a constant for simplicity; basically
we measured the averaged bond length). This is the model of so-called rigid rotor in

physics.

1) (1 point) Consider two mass point m; and m,; distance between them is fixed at d

(that iswhy it is called rigid rotor); the potential energy between them is taken as zero.

(since d is fixed the interaction between the two points is a constant and we take that
as 0). Write out the spatial representation of the total Hamiltonian H;, for this rigid
rotor, in terms of x4, Y4, 21 the position of m; and x5, ¥, z, the position of m,.



2)

5)

(2 points) The total H,: can be decoupled into: Hor = Hey + Hretative, Where Hey
only depends on the Center of Mass position: Xeum, Yem and Zey: Hyepative ONlY
depends on the relative position between the two mass points X, vy, z (x =x; —
X1, etc); write out the spatial representation for H¢y interms of Xy, You and Zey,
and Hyeigtive in terms of x,y,z.

(2 points)The relative motion between the mass points (rigid rotor) is governed by
Hye1ative, 1tS €xpression in x,y,z as in 2) is inconvenient, Please express the Hygiative

iqi : i i z_ii( 21) ! i( i)
of the rigid rotor in spherical coordinate. (V= ———(1°—)+ ————(sinf ) +

ﬁ(%) in spherical coordinate)

(6 points) What is the eigenvalues (energies) for the Hyeiqtive? A) Express its general
form in terms of the reduced mass y of m; and m,, distance d between them; any
physical constant and necessary quantum number; B) Also please specify the possible
values of the quantum number; C) List out the 3 lowest energy values; D)And which
special function is the eigenfunction for Hyeative? (NO Need to give its analytical
expression, only tell me the name and symbol of it)

(5 points) When the CO molecule subject to microwave light, transition between the
above calculated energy levels will be observed (this is called rotational spectroscopy).
The lowest observed microwave absorption frequency of €0 is: v = 115.27GHz
(1GHz = 10°Hz); please compute the bond length d in**C*€0.

(20 points) Flitzur-Vaidman bomb detection:

1

For the Mach-Zehnder interference setup

M inov /0 i to detect the F-V bomb, we know that
(Top) BS1, BS2 are identical R=50%-T=50%

beam splitters. In terms of reflection and
LS transmission coefficients:
R=|r?|;T =|t?| =1/2 , and the phase
difference between the reflected light and
transmitted light at each beam splitter is:

M oy C L;O‘H’ow\)
[

(2 points) if we set up an interference for single photon using MZ interferometer
as shown in the figure above: The incoming photon comes from top, the optical
path difference between top and bottom path is adjusted to be zero Al = 0, and the
reflection mirrors introduce no change in phase. What is the probability for the top
detector and bottom detector records photon in each experiment, i.e. P(top) and
P(bot)=?

We are going to use this to detect F-V bomb:



The part of the bomb between the dash lines is transparent embedded with
photo-sensitive material which can absorb single photon of certain
~ wavelength with 100% efficiency. Once the photon absorbed, the bomb will
be detonated and explode. If this photo sensitive material is defective (bad
egqg), then all light can pass (just like vacuum) and the bomb cannot be
detonated. Suppose the only way to know whether the photo-sensitive material works or
not is by shining light of that wavelength, but this immediately raise a dilemma: If you
shine the light directly, the good bomb will explode; only bad bombs left. The chance of
successfully test, i.e. making sure the bomb works and not detonate it, is zero. Now with
guantum and interference, we have certain probability to successfully test the bomb. Here
is how:
In the following questions, the setup let incoming single photon along the top path before
BS1 as shown in the figure, and the bomb will always be placed at the bottom path:

Mines /0 Detector
(Top)

“~ Detechn
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2) (2 points) We adjust the path length difference Al = 0 as in 1), if the bomb is a bad
egg, what is P(top) and P(bot)?

3) (2 points) If the bomb is a good one, you do the single photon test once, what is the
probability you determine it is a good egg without detonating it?

4) (4 points)Now suppose we have many ZV bombs, there are N good ones. You can repeat
the above test until you definitively pick out the good ones (or explosion), how many good
eggs you successfully pick out with such R=T=50% BS?

5) Now we will try to increase the probability of successful detection: Using two identical
Beam Splitters with R T of reflection and transmission: (R = |r|?), (T =|t|?); R+T=1;
R>T

5A) (2 points) How you adjust the path length difference Al =? In your planned test?

5B) (1 point) If the bomb is a bad egg, what is P(top) and P(bot)?

5C) (2 points) If the bomb is a good one, you do the single photon test once, what is the
probability you determine it is a good egg without detonating it? Express it in terms of R
5D) (3 points) Now suppose we have many ZV bombs, there are N good ones. You can repeat
the above test until you definitively pick out the good ones (or explosion), how many good
eggs you will  successfully pick out? In terms of R, N

5E) (2 points) At what R you may have the largest probability, and what is its value; i.e. R=?
and P(max)="
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<jm'[J,ljm>=n/jG+1) —m@m+ Do me1
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U(x,y,2z) = A(x*> + y? + xy) + B(z? + 22)
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BRYE), FBARIXH 50%-50%7 Reg, mEH S VHEMINLN?
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