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Forewords on the Course
This is your first physics course in college. It focuses on the classical
mechanics and an introduction to theory of special relativity. For the
mechanics part, we shall have a thorough discussion on the Newtonian
Formalism of classical mechanics.
I realized the majority of you had already learned quite a lot (if not all)
materials covered in mechanics part of this course. However, you
probably will still find my treatment may be quite different from what
you learned in high school. Such treatment is not a show-off or put the
old stuff in new dress; it is the orthodox one which is most efficient or
best to handle the subjects and you will find its shadow (I mean similar
methods or models) in all branches of physics you are going to study.
During the study of this course, I hope you may pay attention to the
following aspects:
1) Use the ‘orthodox’ methods taught in the class, such as vectors,
differentiation and integration, solving ordinary differential equations etc.,
even though the problems may be handled by what you learned in high
school. These methods will accompany you a long way, so learn it, master
it and apply it.
2) Understanding the fundamental physical principles and building up
“physical pictures”, instead of memorizing formula. There will be too

many formulas to remember and they are all derived from physical



principles. So understand the principle and apply it is the most efficient
way of learning. The “physical picture” is a little abstract. It is your
understanding of the physical principle, your modeling based on the
principles etc. It may easily get lost in the calculation and reduce the
physics (mathematician will argue reversely®) to a bunch of math
formulas and forget what the formula is trying to tell you. A clear
physical picture will guide you through or even explain phenomena
without computation. Paul. A. Dirac once said (my recollection, may not
be exact word by word): I think I understand a physical problem is when I
know the answer before I solve the differential equations.

3) Adopting reasonable approximation whenever applicable. Physics is to
reduce complexity into simple models with reasonable approximations.
So in the calculation, you will need reasonable approximation too.
Whenever you need it, do not hesitate using it. There aren’t many
problems in real world you can solve it exactly. Here by approximation
what I mean is not replacing g=9.8 with 10 in the computation (this kind
of order of magnitude estimation is definitely useful and needed, but not
my focus here). The approximation is to discard the lesser effect at the
beginning in order to get simple solutions, such as the application of
Taylor expansion, using harmonic approximation for potential wells close
to the equilibrium point (see chapter 6 of the notes).

4) Practicing with what you learned in the lecture. I will try to explain
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principles and applications as clear as possible, so that I hope most of you
will feel understanding the lecture afterwards. But this is no guarantee
that you master the materials. You need practice for the completion of the
learning cycle. The practice will be in forms of homework problems and
application by you trying to explain physics of some daily experience or
phenomena. In the preparation of the lecture note, I read books and
thought that I understood the stuff. I still had troubles in solving some
problems or explaining some phenomena. The reason is two fold: one is
due to skill or mathematical methods, you need practice to be skillful, and
you need certain math technique in solving the problem. This is obvious
but the less important part. The more important part is this: when I have
trouble in problem solving, 99% is due to wrong physical modeling or
negligence of some subtleties in the physical principles which escaped
attention in the first reading. You could only find and understand these
subtleties in problem solving or applications. I hope I will uncover most
of these subtleties in lecture, but to fully understand them require practice
yourself. So do the homework yourself or discuss physical problems with
your peer or TA or me.

The lecture is composed of two distinct and related parts: Newtonian
Mechanics which will be taught in about 10-week span of time (I hope),
covering first 10 chapters of my notes, so about one week per chapter

(The chapter 2,4,5 will take less than a week, while 6,7 will be more, if
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we are short in time, chapter 9 on the motion in central field may be
skipped); the rest will be devoted to introduction of special relativity (1
week on chap.11 and 2-week for chap. 12, 13 each)which may be a

complete new to most of you (I presume).

Grade system for the course (theoretical part):

5% homework: Note the TA will not grade the homework. You still need
to hand in the homework so that TA knows that you finished it. I will not
ask TA to grade them. Instead the TAs need to workout the solutions for
the homework and post them on internet so that you can ‘grade’ your
homework yourself. To test that you indeed workout the homework
without just copying from others, there will be 20 points worth in exams
where the problem in the exam is just the homework or a simple
variation.

45%: Midterm (taken at 9™ week)

50%: Finals

Both exams will be open-book. You can bring in the following:

a) Copy of my lecture notes

b) Pieces of paper where you make summary yourself

c) Calculator, dictionary.

These are all you can bring, and NO more other materials such as

homework answers.
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Chapter 1 What is Mechanics? Concepts of Particle; Motion and

Force in Newtonian Mechanics

1.1 Description of motion

Mechanics is the study of the motion of particle (or particles). Here I
may need to talk a bit more on what is particle and what is motion,
though I believe all of you had already developed a feeling for these
terms.

The particle in this course is an infinitesimal point stripped off its
geometric property, a pure idealization to simplify the problem. It is the
building block of the real material body and an idealization (a model) of
real fundamental particles. The point representing the particle will have
intrinsic properties which will govern its interaction with other particles
or the fields (modern treatment for the interaction with the field is
interactions between the particles). These properties are mass (will be
defined later), charge (related to the interaction with electric field) and
spin (an angular momentum related to interaction with magnetic field).
The above is applied to all mechanics, below the discussion will be
limited to Newtonian mechanics (also called classical mechanics for

historical reason to distinguish it from quantum and relativity theory).'

! Besides the original Newtonian formalism of classical mechanics, there are other equivalent formalisms

developed in 19" century, based on the least action principle (also called Hamilton principle). The classical
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The motion of the particle is described by the space-time events. We
choose a reference frame, a coordinate system to locate the positions of
the particle at different time. In classical mechanics, the space is 3
dimensional Euclid-space which can be represented by rectilinear
orthogonal (means perpendicular) coordinate system, such as Cartesian or
other equivalents (Spherical, Cylindrical etc.). Time is another
independent variable (a parameter that is not affected by the space) that
changes evenly in all frames (linearly). °

With this rectilinear Euclid-space and steady time flow assumption, the
Newtonian mechanics describes the motion of a particle by obtaining the
position of the particle at different time: for example
(x,,1,);(x,,1,);(x5,1,) ... In 1-dimesion case, or more succinctly by a function
of time x(¢), which is called trajectory of the particle. The motion is
fully described by this trajectory (the variation of space with time), and
other properties of motion can be derived from it, such as velocity (the

rate of change of position vs. time):

dx(t)
dt

=% (1-1)

mechanics by this formalism shall be covered in the course of theoretical mechanics (also called analytical
mechanics, a bad terminology in my opinion) which will pave the way to quantum mechanics, i.e. through that
formalism, the links between classical and quantum mechanics is much clearer.

2 Of course, this Euclid space and independent steady time flow in all reference frame assumption adopted in
Newtonian Mechanics breaks down in relativity. The time flow will depend on the speed of the reference frame in
special relativity, which we shall discuss later in the special relativity section. There the time will mix with space
and will be treated as another dimension in space-time. The rectlinear Euclid space will break down in general

relativity, the massive object will ‘bent’ the space-time.



and acceleration (the rate of change of velocity vs. time; or second order

variation of position vs. time)

dv d*x -
a=—=——+—=X 1-2
dt dt’ (1-2)

This description, though complete, is not very satisfactory, it requires
infinite pairs of(x,#). How did we obtain the trajectory x(¢)? By
experiments of course! That is how every theory (at least scientific theory)
develops. Through the observation (celestial motion of the stars and
planets) and experiments (balls rolling down the slope or dropped from
Pisa tower), regularities will appear and summary will be made (Kepler’s
laws of planets motion and Galileo’s idea of inertia), and finally all the
pieces will be put together like jigsaws to form a nice theory (Newtonian
mechanics), with minimum but fundamental assumptions or postulates
(also termed laws in old days); then applying logic derivation (in the
language of math), phenomena explained and predictions made, and the
theory will be subjected to the rigorous and wide test through further
experiments. If and only if no contradictions observed, people will accept
the theory. The theory will be modified or completely overhauled and
reformulated as new and better experimental data become available. All
theories developed follow these steps (only exception to my knowledge is

probably general relativity, brain child of a weirdo and genius with no



compelling experimental facts at the time of its birth °). The power of a
successful theory lies in the facts not only explaining the existing
experimental evidences (this is a test for the correctness of any theory),
but also in making correct predictions which can be tested by
experiments.

Now back to the motion of a particle, from the observation of its
trajectory, Newtonian mechanics developed. Now the question is: can
we predict the motion of a particle with minimum knowledge (knowing
the complete trajectory is nice but may be impossible in some situations).
Of course you know the answer is yes, but let’s proceed at first with this
prediction of motion to see how far we can go just with common logic
and without resorting to Newtonian theory.

To predict the motion, you will need a starting point obviously, this is
called initial conditions. Suppose (still in the 1-d space for simplicity) we
know the initial starting position(x,,#,). This is not enough information
to proceed to make any prediction. Suppose we add initial velocity (v,,?,)
to our knowledge, we then can predict accurately the position of the
particle a short time (very short, approaches to 0) later(x,,7), with
X, =X, +Vv,At,At =t, —t, - 0. If we want to proceed further, (x,,v,) at

initial time would not be sufficient again, because we need to find the

? There were experimental facts indeed, such as the precession motion of Mercury unaccounted by the classical
mechanics, but that is not very compelling. I should also mention that using ‘weirdo’ in the note means no negative
as in common use. All genius (which means exceptional uncommon, or extraordinary) are weirdo in some aspects.

But be warned don’t imitate genius by behaving weird, the reverse is definitely untrue, not all weirdo are genius©
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velocity v, at x, in order to proceed, and the v, can be obtained if we
add the 1nitial accelerationq,. So without any help from Sir Newton, we
can proceed to the third position at 7, by knowing the initial position,
velocity and acceleration. This argument will go on, so if you want to find
the 4™ position (x,,4;), you will need position and velocity at ¢, ; which in
turn requires position, velocity and acceleration at ¢; which requires
xo,xo,;o,;c.o at the starting point. The situation will quickly go out of hand
if you want to predict motion after reasonable steps. You will need
many time derivatives initially. These initial time derivatives would be
same amount of information as x(¢) %, so not much progress from
knowing the complete trajectory.

Now Sir Newton comes to rescue by telling you that you can calculate the
acceleration of the particle provided you know two things, the force and
the mass. The force’ is due to the interaction with the surrounding

which may have a simpler distribution formula over space-time.® The

* You may find this description of motion from a starting point is equivalent to the Taylor expansion of functions
in calculus.

5 The force in Newtonian mechanics is a very vague concept based largely on daily experience and it plays a
central role. Roughly speaking, it is a measure of interaction between different particles. Modern physics tends to
avoid force by replacing it with energy (though the energy itself is also a pretty elusive idea, see the discussion in
Feynman’s vol.1 chap.4.1.) But force though vague in definition, still a very useful concept. The forces considered
in this course are within classical limit, such as gravitation and electromagnetic.

® Newton reveals one form of force, the gravitation force; its modern view is interaction with gravitation field and
such interaction is conducted by the so called gravitons. (i.e. the two massive objects interact by exchanging
gravitons) Other fundamental forces in physics are electromagnetic force (Coulomb’s law), and it is interaction
of charged particles with the electro-magnetic field (the interaction is by exchanging photons); and nuclear force
within the short distance (10™°m, the dimension of the nuclei), the interaction (so called strong interaction) is by

exchanging gluons. Browsing the WIKI under ‘fundamental interaction’ for some background.



mass will be an intrinsic property of the particle which is independent of
space and time (a constant in Newtonian). Thus allow you to determine
the acceleration of particles over space and time. So in Newtonian
mechanics, you only need to know the initial velocity and position, and
the rest of the motion of the particle shall be determined provided the
force distribution and the mass is known. The Newton equation of motion
(his second law) is essentially a second order differential equation of
position over time, and knowing the initial position and velocity will give
you a specific solution of the trajectory. Sometimes we restate the above
by saying that the state of a particle in space-time is described by
specifying its position and velocity’, and its motion (i.e. its state at later

time) can be predicted with the knowledge of the force distribution.

1.2 Dependence of Force on Variables

1.2-1 The General Form of Force; Explicit and Implicit Dependence on

Variables

From the above discussion, we only stated that in Newtonian mechanics,
the motion will be affected by interaction between particles. This

interaction can be described as force and it will determine the

7 This is the reason that in other formalisms of classical mechanics, the fundamental functions to replace the force
are functions of position, velocity and time but no more, such as Lagrangian and Hamiltonian function you will

encounter in theoretical mechanics.



acceleration of the motion. Once the force and mass and initial conditions
are fixed, the motion shall be fixed too. We did not know however what
the force exactly is, especially how its distribution over space and time,
expressed in function with variables of space and time. I do not intend
to give you all the function forms of forces, some of which you already
know probably, such as Hook’s law, Universal gravitation, Coulomb’s law,
etc. Here I would rather talk a little about the general dependence of the
force on the space and time variables within classical limit (low velocity
and macroscopic world).

Suppose our system only consists of two particles existing in an ideal
environment that no other interactions exist except that between the
particles (not one particle this time, there will be no force if our complete
system only has one particle). Such system is called a closed system, it is
obvious an idealization but a useful one, it is equivalent to put our
particles in outer space far away from any mass object in universe and
also in vacuum with electro-magnetic shield.

The most general form of force would be a function of all the possible
variables describing the mechanical state of the particle, i.e. position,
velocity and time. So F = f(x"(t),x"(0),v'(t),v"°(¢),t), A, B specify
the particles, the position and velocity will also change with time. If there
is a time explicitly in the force function, such as

F=x"=x")+("=v")+cost, then we say the force has explicit



dependence on time®. If there is no time variables in the function, the
force will still change with time, but this time it is implicitly through the
change of position and velocity, such dependence of time would be called
implicit dependence.

The general form of force above would let us determine the motion of the
two particles, provided we know the initial states (given by initial
position and velocity) of the particles, we shall start there, from the force
knowing the acceleration, and thus knowing the position and velocity of
both particles at later time, so we can know the states of the particles at
all time. Just from the mechanical point of view, the force in a completely
closed system can be a function of position, velocity and time.

However, you probably know that the fundamental forces between two
particles are only functions of position (I/n this course, we only consider
the classical domain and the fundamental forces are gravitation and
electrostatic forces), actually only wupon relative position, i.e.
F = f(x,—x,) in l-dimensional case here, not explicitly depend on time
and velocity. This is indeed how the nature works, and have you ever

wondered what is the reason?

ar o ' o ax® o o' o o of
dt axA ot TaxB ot TavA ot TGVB ot T&t

¥ In this case, the change of force with respect to time would be:



1.2-2 Homogeneous and Isotropic Space-Time, Inertial Frames and

Relativity Principle

The reason of the forces above only depend on relative positions of the
particles is what we called homogeneous and isotropic of space-time in
the reference frame we choose, such reference frame is called inertial
frame; another reason is relativity principle in physics. So the following
talks may be a little advanced for this opening course in mechanics’, but I
shall put it as plain as possible.

Homogeneous in physics and chemistry usually means the property
would be same in all positions in space. i.e. it is related to the
translational symmetry. For example, a tank of water, its density (the
number of water molecules inside a small volume) and other physical,
chemical properties on the average speaking would be same everywhere
inside the tank (except at the edge of tank, but we may think the tank is
infinitely large), then we say the water is homogeneous in the tank.
Homogeneous in space-time means that all the positions (in x and in t)
would be equivalent for the closed system. This means translational
invariance. i.e. the closed system behave equivalently no matter what is
the origin you choose for the space or time, you translate the whole
system along the x-axis or time axis, and making the observation, the

results would be same before and after the translation.

° That means it won’t appear in the test.



To put this more clearly, suppose you have a closed system of two
particles, you observe their motion in Beijing on Monday; then you repeat
the experiment with same initial conditions (i.e. same initial state of
particles) on Tuesday, you would get same result (Here, the closed system
means isolated from the outside world, so weather change or the motion
of earth...will all be shielded and won’t interfere with the experiment).
This is what you believe and tested true in all experiments. This is the
translational invariance along time or homogeneity of time. Now you
translate the whole system to Tianjin, and repeat the experiment there
with same initial conditions, you will get same results as in Beijing. This
is called translational invariance of space, or homogeneity of space'’.
The above is not to prove that space and time is homogeneous, but from
past experience and experimental tests, we believe this should be the case.
So this is a fundamental postulate which has far more profound impact in
all branches of physics. You may like to know that from the homogenous
of space (translational invariance, sometimes also called translational
symmetry), we can see the momentum of a closed system will be
conserved---conservation of momentum. From the homogeneous of time

(translational invariance in time), the energy of the closed system will be

10 The strict definition would be the Lagrangian (a function of space-time and will be defined in theoretical
mechanics) will be invariant with translation. For more general discussions like in this notes, please refer to

Feynman’s Vol.1, chap.52.
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conserved---conservation of energy.''

Isotropic means the physical properties and interactions would be same
in all directions, i.e. independent of direction. It is related to the rotational
symmetry. For example, that tank of water is homogeneous but also
isotropic in an average sense. If you plant a bomb inside, the explosion
sets off the sound wave will travel equivalently in all directions. This
won’t be true in ice crystal where the interaction will be directional
dependent due to the ordered lattice structure of the crystal. Isotropic
in space means the choice of the coordinate axis of our frame won’t
affect the physical properties for the closed system. This is rotational
invariance. Noticed the rotation of the coordinate axis would be
equivalent to rotation of the whole system in the reversed direction of
same amount with fixed coordinate axis. So the above can also be stated
that if you rotate the whole closed system with arbitrary angle along any
direction, the physical property would be same.

For example, in our 1-dimensional case, we rotate the x-axis 180-degree,
the motion of the particle would be same (or equivalently you rotate the
two particle 180 degrees, make A particle ahead, B particle behind, same

results). Of course rotation is better illustrated at least in 2-dimension.

' To prove the conservation laws from the invariance of space and time would be best dealt with the Lagrangian
in theoretical mechanics. If interested, please read Landau and Lifshitz “Mechanics” 3™ edition, Chap. 1 and 2.
The Newtonian formalism won’t fit for this task. Of course we can work out the conservation relations for
mechanical system from the Newton’s laws, just not easy to see the link with the invariance in space and time. A
general theorem, relating the symmetry and conservation of physical quantity is called Noether’s theorem, see

Goldstein, “classical mechanics” 2™ edition, 12-7.
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Suppose you carried the two particle experiment along the North-South
direction initially and then along the East-West direction, both with same
initial conditions, the results would be expected and be tested same. This
is the meaning of rotational invariance. (A student may argue that if you
rotate the two particles and make it along up-down direction, the gravity
would change the results. Yes, but don’t forget we are talking about the
closed system which will be isolated from outside interactions. By
introducing the gravity, the system would not be closed anymore, but
subjected to an outside field. Of course we shall deal with this, but not
now. So to negate the gravity, we may do the experiment in a weightless
environment, such as a free fall elevator, and the student who argued
would be in the elevator to make observation©). Isotropic in space
(rotational invariance) will give us conservation of angular momentum
for the closed system. Isotropic in time would mean time reversal
invariance, since time is in its own dimension, ‘rotation’ in time means
making a reversal of time flow, to make time go backward. i.e. t will be
replaced by —t in all functions and relations. Just imagine you record the
motion of particles in a closed system, make it a movie and play the
movie backward, and all motions playing backward would also obey the
same physical law. i.e. two particles initially attracted each other and
accelerated towards each other and collide; if you play it in reversed order,

the two particles may appear initially with larger speed and flying apart
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under attraction force will slow down. Both obey same physical laws. In
this sense, the motions of a closed system in classical mechanics would
all be reversible. This is the meaning of isotropic in time."

Relativity principle means that the physical laws govern the motion
would be same for all inertial frames (the frame which satisfies
homogeneous and isotropic of space-time). The different inertial frames
can be different by a constant velocity. For example, you carry the two
particle closed system, aboard a train moving with constant velocity and
carry out the experiment on the moving train. Your observation would be
same as that carried on the ground. This is to say you cannot know you
are on a moving train by doing physical experiments on the train (throw
the ball, play the pool etc), because all the observation would be same as
in another inertial frame such as on the ground, and all the inertial frames
are equivalent in studying physical laws. This implies you cannot
determine the absolute velocity of the frame but only the relative velocity
between different inertial frames. The common example is that two
moving trains run across parallel with each other, the guy on the trains
won’t be able to tell whether it is his train is moving or his train is

stationary but the other train is moving in the opposite direction, only the

12 Someone may raise objection here, that something (actually a lot of things) in real world are not reversible. A
glass fall on the floor and broke into pieces never put back again (if you argue your girlfriend left you and never
come back, I cannot answer and you probably are sitting in the wrong class). Actually from the mechanical point
of view, the reversed process is certainly possible, but since in this case, it involves so large number of particles,
and it requires thermodynamics and statistical mechanics to calculate the probability for the reversed process. That

turns out to be extremely small, close to zero in any practical sense.
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relative motion can be determined. Such relativity principle was first
pointed out by Galileo and is called Galileo Relativity principle which
only applies to mechanical system. Einstein extended this to all physical
laws, and we shall come back to this principle when we talk about special

relativity.

1.2-3 The Force between Particles in a Closed System Depends Explicitly

on Position

Now let’s come back to the question at the end of section 1.2-1, the force
between the particles in a closed system in an inertial frame is in the form
of F=f(x,—x,), only depend explicitly on positions of the particle.
Base on the discussion of last section, we now can give the reason for
such dependence.

First, the force will only depend on the relative positions of the two
particles. If it depends on the absolute positions of individual particle,
then this will violate the homogeneous of space (translational invariance).
Suppose we translate the system by an amount of d along the x-axis (this
can be done by choosing a new origin of the coordinate system with —d,
or shuffle the whole system down the axis by d). Then the form of force
would become f(x” +d,x” +d), if it depends on velocity and time, this

translation will not affect the velocity since d is a constant, and time can
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be chosen the same as before. If the dependence is not only on the
relative position in which the translation of d could be cancelled, then
there will be a change of force due to the translation. Then the motion of
our two and only two particles system would be different, will not be
translational invariant anymore. So the dependence of force could only be
on the relative positions. We can further show that the force is also
along the line connecting the two particles. Of course we have to go to
higher dimension for this. Now suppose that the force between the two
particles is not along the connecting line, but with an angle, see the figure
below. Then the force will make the two particles rotate counterclockwise.
Now if we rotate the two particles around X axis with 180-degree, then
the rotation would become clockwise. But from symmetry, the system
should be rotational invariant around the X-axis. That is possible only if
the force is collinear with the two particles.

(Comment: This is true if we only consider the two particles and the two
particles do not have any internal degrees of freedom, such as spin of
electron etc, that will vary upon the rotation. Of course this is an
approximation only valid in cases when we do not need to consider such
internal degrees of freedom in classical mechanics. There are cases that
the forces between the particles do not along the line of connections if the

above condition is not valid)
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Similar argument would also apply to the time dependence of force. The
force in a closed system cannot depend explicitly on time. Otherwise, it
will violate the homogeneous of time. i.e. if force explicitly depend on
time, F = f(...£). Then if we translate in time (reschedule the experiment
from Monday to Tuesday), the force will be different and the following
motions of the particles will be different too.

How about the force dependence on velocity of the particles? The
argument will be a little different and complicated from above, and I shall
only give a brief discussion here and leave the detail later (by the end of
this course when we have learnt special relativity). In Newtonian
mechanics, the interaction between the particles (the propagation of the
force) is considered instantaneous, takes no time. i.e. if the particle B is
introduced into a system originally only has A, the A will immediately
feel the force from B. Such instantaneous is a built-in in the Newtonian
mechanics, an assumption which turns out faulty (the modern view is that
the interaction between particles is not instantaneous, but through the
field created by the particle as source, such as Gravitation filed by

massive particle, and electro-magnetic field by charged particle. The
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propagation is actually the propagation of the field, and the force
experienced by the other party are due to the interaction with the field. An
analogy will be throwing a stone into a pond of water, the disturbance
will propagate as water wave and when this wave reaches the a piece of
wood a distance away, the wood will subject to the force and start
shaking). Such instantaneous interaction is also termed as non-locality. It
implies the force will not depend on the velocity of the particle, whether
they travel fast or slow or to any direction, the force always propagates
with infinite velocity.

We shall derive the transformation of forces by the end of this course
using special relativity, i.e. for one inertial observer the force is F, and for
another observer in another inertial frame (say a train moving with
constant velocity v relative to the first frame), the force is F’, there will be
relations between F and F’ which I call transformation relation between
the forces. We shall find there that if we can neglect relativistic effect
(v/c~0), the forces will take same form in all inertial frames(this is
equivalent to say c is infinity mathematically and in accordance with
non-locality of classical mechanics, i.e. interaction is instantaneous);
however strictly speaking, the force will depend on the velocity due to the
relativistic effect. In this sense here the independence of force on velocity
is result of neglecting such relativistic effect in Newtonian mechanics.

Then the forces in particle A, B system, say the force felt by A created by
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the field from particle B. We can choose a frame in which the B is
stationary (motionless) and thus the field of B only depends on the
relative position to B, so will the force felt by A.

So In conclusion, all fundamental forces are in forms of f(r,—r)),
depends explicitly only on relative positions in classical physics. Of
course due to the motion of particles, the position will change with time

and the force will change too, so it depends implicitly with time.

1.2-4 Superposition Principle of Force and Force in an Open System

A smart you may raise objection once again that you know there are
forces depending explicitly on velocity (such as frictional force, air
resistance, etc), and on time (such as a charge in a time varying electric
field). The difference in this situation is we are dealing with an open
system. We have to include interactions of the part of the world that we
are interested with the rest of the world. The closed system we are
dealing with in previous discussion (only two particles) is a very
simplified idealization. The real problem will involve too many parties to
treat it as a closed system. You still can include everything into a closed
system, but the treatment with that many particles is just not simple
anymore.

Consider we extend our two-particle closed system to a 3 particle system,
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with particles A, B, C. Now the force on one of the particles will have
two contributions from the other two:
F,=F, +F. =f(x;—x)+ f,(x.—x,) (1-3)

If there are more than 3 in the system, the general form of force on A:

Fy=2f(x;=x) (1-4)

The relations expressed in 1-3 and 1-4 are called superposition principle,
that the forces exerted by many parties are just summation of forces by
each individual contribution as if it is acting alone. It is simple and
straightforward and greatly simplified interactions. Science would be
quite different (more complicated) without it. This superposition is also a
postulate, a principle not from derivation but based on experimental facts,
from peoples pulling heavy objects to atomic interactions. This principle
implies if we understand the interaction between two particles, we can in
principle understand many particles interaction. But as particles number
increases, the analysis becomes more complicated even with the help of
superposition principle.

Back to our idealized closed system, but with 3 particles. To find out the
motion of particles, we need to have initial conditions, including positions
and velocities of the three particles (6 variables in 1-dimensional, and 18
in 3-D). For example, to determine the motion of A, from its initial state,
we can calculate its position and velocity at later time. Then from the

positions of all particles at this later time, we can calculate the force on A
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and calculate further motions at even later time, it goes on like this. This
procedure may workout for small number of particles, but quickly goes
out of control in real world, where number of particles would be on the
order of Avagadro number 10>. Of course there is simplification even for
macroscopic object: if the object does not have any internal change
(geometric shape, mass etc) and we do not need to consider the
interactions between the atoms/molecules that the object is made of, it
may be treated as a mass point. But generally if we include everything
into our system, making it closed, the number of interacting parties would
be too big to handle, so approximation has to be made.

Let’s come back again to the simplified model of 3 particles. If I am only
interested in the motion of A, I shall include A in my system, and treat
B,C as outside world. My system with only A will be an open system, and
interaction will not be restricted within the system like the closed one.
Then I shall try to approximate the force from B,C (these forces are very
often called interaction with external field). If the B, C are doing some
periodic motion and I do not care about them. Then the force on A will
appear as a function of position of A and time. So the force experienced
by a body in an open system may have explicit dependence of time and
even velocity. For example, in the situation of air resistance, a bullet is
flying through air. The bullet-only is an open system, it is interacting with

billions air molecules, whose interaction with the bullet will be averaged
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and approximated to give a simplified force form. The number of
molecules colliding with the bullet per unit time would certainly depend
on the velocity of the bullet, so the empirical force form would depend on
velocity of the bullet. Most empirical force expressions (F =—kx for
elastic extension; F = uN for friction force; F =—bv* for air resistance
etc.) are the results of such averaged and approximated effect of the
outside world (the molecules in the spring, on the surface or in the air) to
the object of interest.

The beauty of Newtonian (or classical) mechanics is that if we know the
force, we can determine the motion of the object of interest provided with
initial state. So given a force (or equivalently the potential field) and
predict the motion is the task for mechanics; knowing and understanding

the form of force will be tasks in other branches of physics and chemistry.

1.3 The Limitation of Newtonian Mechanics

You probably learned that classical mechanics breaks down at high speed
and in microscopic world. That is quite true, we now know the limitations
and possibly the reason of the breakdown of the Newtonian mechanics.
There are faulty assumptions in the formalism and these lead to the
breakdown.

1) The space-time is absolute and independent, time is flowing evenly in
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2)

3)

all reference frames, the interaction is non-local.

Such assumption turns out faulty at high speed, i.e. v/c (c speed of
light in vacuum) is not <<I, the interaction would be local, propagate
with a limiting speed c. This leads to the special relativity.

The space-time is rectilinear Euclid type.

This turns out untrue in gravitation field (or accelerated frames). The
massive object will make a curved space-time. This is treated in the
theory of general relativity. Of course you have to be close to a
massive object to see this effect (gravitational lensing of celestial
object) or conducting very fine experiment on earth (Pound’s
experiment for frequency shift of light in a gravitational field)

The position and velocity can be determined and thus the trajectory
description is valid.

We have talked extensively on this classical description of motion in
previous sections. Such description is so natural from our common
sense (well, the absolute and rectilinear space-time is also very natural
from common sense), it breaks down in the microscopic world, where
the little devil Planck constant 4 =6.6x10"* Joulessecond will creep
in, and we will have the ‘bizarre’ uncertainty relation which rules out
the possibility of determining the velocity and position simultaneously.
This would make the classical description of the state invalid. New

description and new formalism of mechanics is needed, and this is the
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realm of quantum mechanics.

A demanding you would argue now if above are true, then why one still

needs to learn classical mechanics. I probably can think of 3 reasons:

1) The classical mechanics is not wrong. It is incomplete, just cannot
handle all observations and experimental results. Provided suitable
situations (loosely speaking, macroscopic world, low speed and far
away from massive stars, which basically dealt with 99% of average
person’s daily life), the classical mechanics works with charm.

2) New theory does not appear from nowhere like magic. The study of
mechanics will pave the way and equip you with necessary
background (both physical and mathematical) to advance into modern
theories.

3) All new theories have to be tested by the classical theory. They have to
be able to reproduce the results of classical (show equivalence with
classical theory) under the condition where classical theory prove to
be correct. This is called correspondence principle. The special
relativity should reproduce Newtonian mechanics when the v/c<<l;
and quantum mechanics should reproduce Newtonian mechanics
(actually it turns out more easy to show the relation between the
quantum and Hamilton’s formalism of classical mechanics) when one
can neglect h, treat it as zero.

Finally I will give a very brief comment on the current accomplishment
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of physical theories. The general relativity deals with gravitational field;
and quantum theory deals with electro-magnetic field (quantum
mechanics combined with special relativity, it handles all phenomena in
chemistry, and large part in physics, except gravitation and inside nuclei).
The quantum theory is also successful to explain the nuclei dynamics---so
called chromodynamics. However, the attempt to include general
relativity with quantum theory (i.e. use quantum mechanics to treat
gravitation field) is unsuccessful. This part of theory is properly termed
GUTs (Grand Unification Theories; Technically the unification of
quantum description of nuclear physics is called GUTs, but I reckon it is
more proper to name GUTs as unification to all physical interactions
known to man), since it would be a theory including all known

interactions, it also implies you really need guts to dive into it.

Chapter 2 Kinematic in One-Dimension

Kinematic is a study of motion of some party by describing its state, i.e.
position and velocity, and how the state changes with time. This does not
concern the ‘cause’ (the force or potential field) of the motion. The study
of the cause of the motion and its effect is called dynamics. However,
such division in my opinion is not important. In these early chapters,

before formally introducing the Newton Laws, I will focus on the
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kinematics. I shall use it as an illustration of some basic concepts and
mathematical techniques. In this chapter, only consider a single particle
moving in one-dimension, this is the simplest system you can get. The
physics and math are relatively easy, but I shall use this to introduce
differentiation and integration of calculus. Please also refer to the
supplementary 1 for some details on the math. Next chapter, I shall treat
the motion in higher dimensions and an important concept vector will be
introduced.

As stated in Chap.1, for a particle the motion is described by its position
and velocity. The position changes with time and if we know how this
change is, we can use a function x(t) to describe it. This is the trajectory
of the particle in 1-D. The rate of change of the position function over
time is called velocity (its magnitude is called speed), it can be positive
(travelling along the defined positive direction +x) or negative (along the
—x direction). The velocity is also a function over time. The relation
between the velocity and position is given in (1-1) but I shall repeat it

here.
v(t) = ix(t) =x (2-1)
dt

This states that velocity is the time derivative of position function. Here
the v(t) is the instantaneous velocity at time t. So knowing the trajectory
x(t), finding the velocity is straightforward, just differentiation. For the

details of differentiation and derivatives of some basic functions, please
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see the supplementary materials or books on calculus.
Reversely, if we know the velocity v(t), we can also calculate the position

change over time. x(t) is an antiderivative of the velocity function.

x(6)=[vdi+C  (2-2)"

C is a constant that can be determined by the initial condition, i.e. at t=t,,

x=X, then the C will be fixed. The simple example is that if we know
1

v(t)=gt, then from (2-2), we will get x(f)= J.gtdt +C= Egtz +C. And if

our initial condition is at t=0, x=x,, then C=x,. The above would be:

1
x(t) =x, +5 gt’. The distance of free fall of an object.

The (2-2) can also be written in a definite integral form:
x(6) = x(t,) = [v()dt  (2-3)"

So knowing either function of position or velocity, we can calculate the
other.

Just as the velocity is the rate of change of position over time, we can
define the rate of change of velocity too, that is of course called

acceleration. i.e.
d

a(ty=—v() (2-4)
dt

It is first order time derivative of velocity, and put the expression of

velocity in terms position, then the acceleration is the second order time

13 See the supplement under antiderivative for detail.

' This is the fundamental theorem of calculus, also see that in the supplementary.

26



derivative of position:

d’x(0) _

dt’ (2-3)

d d

a(t) = E(Ex(t)) =

Listed in (2-5) are some commonly used notations. There is no need to

introduce higher order time derivatives, because physical laws only

related to the acceleration.

With the definition of above, the kinematics of 1-dimension motion will

be calculations involving differentiation and integration.

(1)If we know x(t), then solving v(t) by (2-1), take time derivative of x(t).
Then taking time derivative of v(t) (2-4) to get a(t).

(2)If we know v(t), then its time derivative would give us acceleration
a(t), and its definite integration (2-3) will give us x(t), of course we
will need initial position to determine the x(t) completely in this case.

(3)If we know the a(t), then we can use integration to get v(t) first, this
will require a initial velocity (i.e. vy at t;). Then using integration of
v(t) we will get position, here we will need initial position. So in
general, we will need two initial conditions in this case."

The third case may need an example, consider the familiar motion with

constant acceleration. If all we know acceleration is constant, a(¢)= 4.

Then

!5 This is because we are dealing with second order differential equation. And the specific solution to remove the
constants involved in integration will require two (the same number as the order of differential equation)

conditions
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v(t) = [ Adt+C, = At +C,
x(6) = [vdt +C, = [ (4t +C)dt + G, :%Atz +Ct+C,

There are two undetermined constants, because we only know the
acceleration. Suppose now if we know the initial velocity, v, at t=0; then
C=vy; if we know the initial position x, at t=0, then C,=x,.

The above relation would be reduced to the familiar form of constant

acceleration:
|
x(t)=x, +v,t + EAt (2-6)

v(t)=v, + At (2-7)

You can eliminate t from the above two and get:

V=] =2A4(x—x,) (2-8)

We shall see that (2-8) express the work-energy theorem in 1-dimension.
For those who are familiar with ordinary differential equation, the x(t)

can be solved directly from: X = A . The general solution of x(t) would be
1
x(t) =5At2 +Bt+C (B, C constant need to be determined from initial

conditions), the results are same.

If the acceleration i1s not constant, but some function of time, the
calculation would be a little complicated, but still straightforward
integration. However, if the acceleration not only depends on time but on
position or velocity too, then it is the problem of solving differential

equations and won’t be covered here.
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Another example (this kind of problem is generally called related rate):

As the figure above, if we know the car moving along the x direction, at
certain point, the velocity viewed along the D is v, a constant. Then what
i1s the velocity and acceleration of the car along x direction? (In the
problem, h is a constant, D, x will change over time, and the changing

rate of D is given as constant)

Ans: dx _d [ L 2D dD D

dt  dt 2Jp_p dt :\/Dz_hzv

The method is the implicit derivative discussed in the supplementary.

You can further take time derivative to get acceleration along x:

w4 D v db .-l 2D b
Y odt p?_p? JD?_p? dt 2°(D*-h*)"? dt
2 D _12?

v
- \/ﬂ - (D* — h*)" - (D* — h?)"

Comment: Whenever we are dealing with integration or solving

differential equations, the specific solution will depend on the initial
conditions, as the motion with constant acceleration demonstrated.
Another example 1s KK’s Example 1.11 (pg 22), the motion of a free

charge under an oscillating electric field.
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Example 1.11

a(t) =

where

Nonuniform Acceleration—The Effect of a Radio Wave
on an lonospheric Electron

The ionosphere is a region of electrically neutral gas, composed of posi-
tively charged ions and negatively charged electrons, which surrounds
the earth at a height of approximately 200 km (120 mi). If a radio wave
passes through the ionosphere, its electric field accelerates the charged
particle. Because the electric field oscillates in time, the charged
particles tend to jiggle back and forth. The problem is to find the motion
of an electron of charge —e and mass m which is initially at rest, and
which is suddenly subjected to an electric field E = E; sin wt (w is the
frequency of oscillation in radians per second).

The law of force for the charge in the electric field is F = —¢E, and by
Newton’s second law we have a = F/m = —eE/m. (If the reasoning
behind this is a mystery to you, ignore it for now. It will be clear later.
This example is meant to be a mathematical exercise—the physics is an
added dividend.) We have

—eE

m

—BEQ .
= sin wi.
m

E, is a constant vector and we shall choose our coordinate system so
that the z axis lies along it. Since there is no acceleration in the y or
z directions, we need consider only the x motion. With this understand-
ing, we can drop subscripts and write a for a..

Ey

sin wt = ap sin wi

"'-BEQ

g =

Then

() = vo + j;‘ aqt’y dt’

= ¥y +j: ag sin wi’ dt’

e f o
= Uy ——cosmt"Lj = vy — — (cos wi — 1)

w w
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and

T = I —|—f‘v(t’)dt’

= I +f [w - —(cos wt' — 1}] edt’

a i
=:c.;,.—|—(wo—[— “)t——smws
)

w
We are given that 2y = vy = 0, so we have

i [#1)]
T =—f— — sin wi.
w w?

The result is interesting: the second term oscillates and corresponds
to the jiggling motion of the electron, which we predicted. The first
term, however, corresponds to motion with uniform velocity, so in addi-
tion to the jiggling motion the electron starts to drift away. Can you see
why?

The reason lies in the initial condition given in the problem, the charge’s
trajectory will be an oscillation plus a drift. Could you figure out under
what condition (initial condition) that the charge will be only an
oscillation? This example also demonstrated that given the acceleration,
the trajectory (solved by integration or solving differential equation) will
depend on the initial conditions. (The solution to differential equations

depends on the equation as well as initial conditions or boundary values)

Chapter 3 Motions in 2-Dimension

In this chapter we are going to discuss the motion in higher dimensions
than the 1-D case in Chapter 2. Though the focus is in 2-Dimension, the

results can be generated to the 3-D or even higher dimensions.
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In the higher dimension, with the increase of degree of freedom, there are
physical quantities that cannot be represented by a single number.
Consider the position and displacement for instance: In 1-D case, suppose
we start at some initial point A, and travel a distance d along the x-axis,
the new position B would be x,+d, if d is positive >0, the B will be to
the right of A; if d is negative <0, then it is to the left of A. So in one
dimension, the positions can be just labeled by a single number, either
positive or negative; or a single value d would define the relation between
the two positions A and B, d is called displacement between A and B.

In higher dimensions, the displacement between positions cannot be
specified by a single number. If we travel a distance d from A, that won’t
specify the final position, it could be on a circle or sphere centered at A.
To specify the final position, thus the displacement between A and B, we
need not only distance but also direction. So the displacement between
AB will be a quantity with information on both value and direction.
There are many physical quantities similar to the displacement, such
physical quantities are vectors. There are other physical quantities which
only have a value, such as mass, temperature, etc. Such quantities are

called scalar.

3.1 Definition of Vector and Geometric Representation

A vector is a quantity with both value and direction. It is represented
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geometrically with a pointing ‘arrow’, the length of the arrow tells the
magnitude (that is how big the arrow is), and the arrow is pointing
towards certain direction. The two vectors are equal require both same

magnitude and same direction.

//v B
Te;‘mmul A D
point —
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e
~ _»P
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Initial e AB 17) 5
point_~ ,/’*//'
“A E~

The figure above on the left is a geometric representation of a vector
-
labeled as AB, |AB| represents the magnitude (also called Norm of the
vector or Module or length), and direction is the arrow from A to B.
Conventionally a single bold faced letter or a letter with arrow head are
. - LAY

used to represent the vector. i.e. R=a = AB are both legitimate symbols
for vector. The vectors shown in the figure are all equal, because they
have same length (magnitude) and same direction. You can treat them as
equal displacement between the two points.

The vectors are quantities with magnitude and direction, is the reverse
true also? i.e. is any value with magnitude and direction a vector? The
answer is not necessary. The vectors have to satisfy certain algebra, i.e.

the rules of their linear combination which we shall discuss next.'®

16" A good example of physical quantity with magnitude and direction but is not a vector will be finite angle of
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3.2 Linear Combination of Vectors

Linear combination means aA+bB, where a, b are some scalar number.
The linear combination of vectors will give you another vector. First the

addition of vectors obeys parallelogram rule

A

A
As shown in the figure (the one on the right), vectors A,B forms a
parallelogram, the addition of two results in the vector A+B which is the
diagonal. Or as shown in the figure on the left, put A,B head to tail, and

A+B is shown in the figure. This is also called triangle rule. It is easy to

rotation. A not very good example of physical quantity that appears has both value and direction but not a vector is
current. Consider a Y shaped 3 branches tube (or wire in electricity, the top 2 are labeled as 1,2, the lower branch is
3), the current flow from the upper two branches into the lower one. For incompressible fluid case, we have
[;+1,=I5. I’s are currents in each branch. Sometimes this is used as an example to show that current is not a vector
because it does not obey the parallelogram rules of addition. I say this is not good example. Because from the
definition of current, / is not a vector at all, it does not contain information of direction. The current is defined as a

quantity (the number of water molecules or mass; or number of electron) passing a unit area per unit time, the math

formis: 7= ” jeds . Itis defined as an area integral of scalar product between two vectors. J is a vector

area

representing the density of flow.

You may further argue that j does not appear like a vector, because it seems does not follow the vector addition.
If the 3 branches of Y have equal areas of cross section, then |j,|+|/,/=|/3| , this seems cannot be true from addition
of vectors: ji+/j,=/; . Indeed the |}|+/,|=|/;| relation is not from the addition of vectors (the physics here is not a

simple addition of vectors) but from the continuity requirement, i.e. what is flowing into a small volume enclosed

by a surface would be same as that of flowing out, i.e. C_‘.:ﬁ Jeds =0

closed
surface
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see from this definition, A+B=B+A, the addition is commutative. And if
we add more than two vectors (A+B)+C=A+(B+C), the addition is also
associative.

Second the product of a scalar number with vector. cA is also a vector
who has the same direction (for ¢>0) as A4, but the magnitude is |c||A[; for
¢<0, the direction is reversed from A. With this rule the —B will be well

defined, and A-B=A+(-B), as the figure below shows.

B
N\
N\

LY
-B A -B A B
A

A+(-B)=A-B A-B

So a vector should be defined as a quantity with direction and they obey

the linear combination rules discussed above.

3.3 Coordinate System and Algebra Expression of Vector

The above geometric representation of vector and their linear
combination is straightforward. In practical applications, the calculation
many-times are better carried out with algebra form of the vector. In
order to put vectors in algebraic form, we first need to specify a

coordinate system.
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3.3-1 Coordinate System and Position Vector

Coordinate system is man-made choice to specify quantities. In the
2-dimension case, the simplest one is orthogonal x-y Cartesian, it is

coordinate system with rectangular grids'’:

X = constant
¥ /y j; =_ cqnstant

A= A
[Eenanaas)
IRENE R
T A
T
T T
—lrﬁ—lﬁ——(—p—r
S i B i

Cartesian

Every point in the plane thus will be specified by its ‘grid numbers’, it is
the coordinates (x,y).
We will also define a special vector called position vector, it is nothing

but a vector starting from origin and points toward a point P.

17 For the 3-Dimensionm the conventional rule is to make x-y-z satisfies the right hand rule. Of course there are
other choices of coordinate system, such as another orthogonal one: the polar coordinate we shall discuss later. You
may in principle choose an oblique coordinate system (two axis which are not parallel will do), but that will make
calculation much more complicated. So people prefer orthogonal system whenever such choices available. The

advantage of orthogonal will be shown later.
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What are shown in the figure above are a position vector OP, and another
position vector OQ. The displace vector PQ is OQ-OP (O cancels and P
changes order with this choice of symbols) from addition rule of vector.
Thus any displacement vector can be expressed as linear combination of
position vectors. Actually the position vector is just a special case of
displacement vector between the origin of the coordinate system O and
another point, the conventional symbol for a position vector is 7, i.e.

r, =OP,etc.

3.3-2 Analytical Expression of Vector in a Coordinate System

With the choice of a coordinate system (the origin and axis), any vector
has an algebra (analytical) expression in such system. Let’s consider the
position vector first, because other vectors can be expressed as linear

combination of these position vectors.
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The position vector OP is the addition of two component vectors
X=xi,y=y], where x, y are coordinate numbers of point P, i is a unit
vector (with length 1) along the X-direction; ; is a unit vector along the
Y-direction. The above relation (addition of vectors) can be written as:
OP=F=xi+y] (3-1)

More succinctly, we use <x,y> to represent the position vector 7. With
this analytical form of the position vector, any vectors can be expressed
this way, for example the displacement vector PQ would be:

PO=00 - OPA: To—Tp = x?f + ij' —(xpl + Vp)) (32)
=(xp —xp)i + (Vo —Vp)J

Or it is represented as <x, —x,,y, — ¥, >. You can check the figure on

pg 36 to see that indeed the X component of the vector PQ is (x, — xp)f

(this is also called projection of vector along X) and its Y component is

(Vo — y,)J (projection along Y).

In the 3-dimensional case, the above can be easily extended with an extra

Z-axis and unit vector k along this direction as shown in the figure

below (taken form Thomas Calculus).
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OP, = xji+y,j + 2,k

FIGURE 12.16  The vector from P to P;

8P P, = (x2—x))i + (y2 — )i +

(z2 — 1)k
The linear combination of vectors can all be expressed as in algebraic
forms. For any vector A:
A=Ai+Aj+A4k  (3-3)
More succinctly, (3-3) can also be expressed as <Ay,Ay,A>. The
coordinates A;j’s are also called the coefficients of the expansion, it is a
number indicating how big the component is along the specific base
direction. These numbers are called projection coefficients for the reasons
discussed in the section of scalar product.
One example is that if we write two vectors are equal, i.e. A=B, this is
true only if their components are equal, so 2 equations in 2-D and 3 in
3-D.
A=B—> A4 =B;A =B;A =B (3-4)

The magnitude (norm, module) of a vector is:
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| A= 47" (3-5)
In2-D, |A]=,/A4°+ Ay2 (Pythagoras theorem)

A unit vector along the direction of A can be written as:

[
[l
‘tm

(3-6)

=

3.3-3 Base Vectors

The unit Vectorsf,},lé are called base vectors in the 3-D space
represented by Cartesian. They are the most fundamental vectors
because they span the whole space in a sense that any vectors in this
space can be written as linear combination of these base vectors, We say

that they form a basis for the 3-D space. In the Cartesian, i =<1,0,0 >,

7=<0,1,0> and k=<0,0,1>.
3.4 Product of Vectors

There are two kinds of product of vectors when we ‘multiply’ vectors.
Both have important applications in physics. We shall discuss both the

geometric and analytical formula for these vector products.
3.4-1 Scalar (Dot, inner) Product

The scalar product between two vectors is defined as (Geometrically):

AsB=|A| B|cosO (3-7)
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Projection of
BonA

The meaning is clear from the figure. | B|cos@ is the projection of B on
A, and similarly you can treat | A|cos@ is projection of A on B. So the
dot product between two vectors will give a number, a scalar.

An immediate result from this definition is that for the two perpendicular
vectors (orthogonal, & =§), their dot product would be 0; and the dot

product of vector with itself (8 =0 )would be its module squared. So in
the orthogonal coordinate system, such as Cartesian, we have important
relation among the base vectors, dot product between them is 0, between

themselves is 1:
(3-8)

In compact notation, the above can be written as:

m-h=08 (mn=i,ji,k) (3-9)

mn

o, 1s Kroneck delta, 6, =1 whenm=n; 6, =0 when m#n.
The seemingly simple relations in (3-8) would have profound
applications in math and physics. The expansion coefficients of any

vector in a basis are indeed the dot product between a base vector and the

vector, thus making a dot product of i with any vector A in (3-3):
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[-A=i-(Ai+Aj+Ak)=A4  (3-10)

Similar relations exist for the y and z components.

So A, the coefficient of x component is the projection of the vector onto
the x-direction, this is also very intuitive from the figure in last page.
With the dot product of base vectors defined, we can work out the

algebraic form for dot product between any two vectors:

A-B=(Ai+Aj+Ak)-(Bi+B,j+Bk)

(3-11)
=AB.+AB +A4B =) AB,

(3.11) could also be proved from laws of cosine and definition of (3-7),
this would be left as a practice. (hint: construct a triangle out of A, B and

A-B)

I'I‘UIH‘I‘II(‘\ of the Dot Product
If u, v, and w are any vectors and c is a scalar, then

1. uv=v-u
(cu)*v=u-(cv) =clu-v)
u(v+w)=uv+uw

.
u-u = |ul*

N = W N

0«u=20.

The above properties can be proved from (3-9) straightforward, and you
do not need to memorize it, they are intuitive.

The dot product would have many applications in physics, such as work
will be defined as the dot product between force and displacement vectors,
current of flow is defined as dot product of current density and area

element. Here I only discuss some general application of dot product
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(1) Finding the length of vector and angle between vectors

The dot product of vector with itself will give the length squared. A
rewriting of (3-7) definition and using (3-11) would enable us to calculate
the angle between the vectors if we know their algebraic forms.

(2) Detection of orthogonality

If we want to know whether the two vectors are perpendicular or not,
compute their dot product. If it is zero, then the two vectors are
orthogonal.

Example: The analytical equation x+2y+3z=0, the x,y,z satisfies this
relation is what shape in the 3-D space?

The answer is a plane. The relation is simply <1,2,3>¢ <x.y.z>=0. <1,2,3>
i1s a vector, and <x,y,z> are vectors in a plane perpendicular with the
<1,2,3> and the plane passes the origin. Question: how about x+2y+3z=5,
what the x,y,z in this equation are? (It is also a plane, but not passing the
origin anymore, can you give reasoning?)

(3) Component of vector (projection) along a direction

4 is a unit vector specifies a direction, then the projection of any vector
along this direction is simply:

A =i-4 (3-12)

A specific example is 4, =i-A, etc. These simple relations will play

important roles when we talk about transformations of coordinate system.
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3.4-2 Vector (cross) Product

The cross product of two vectors u, v will result in another vector n, as
shown in the figure below. The new vector formed by cross product has
the direction defined by the right hand rule: first point the right hand
fingers along the u, then rotate the fingers towards the positive direction

of v, the thumb will give you the direction of n.

\J-_’C%
C_" A

The magnitude of n is given by:

|n|=ul|v|sind (3-13)

This definition means the new vector will be perpendicular with respect
to the original two. i.e. n will be perpendicular to the plane formed by u
and v. The magnitude also has a clear geometric meaning, it is the area of
the parallelogram formed by u and v (example 1.4 in K,K).

From the definition of cross product, it has following basic properties:
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Properties of the Cross Product
If u, v, and w are any vectors and r, s are scalars, then

1. (ru) X (sv) = (rs)Mu X v)
2. uX(v+w)=uxv+uxw

3. (v+w)Xu=vxXxu+wxu

o

v Xu=—(uxyv)
0 Xu=10

h

The cross product is distributive but not commutative (It is anti-commute
from property 4 above). The distributive property (2,3 in the table) may
not be easily proved by using geometry only'®.

From this definition, you should verify the following relations between
the base vectors:

A

ij:lg;}xlgz';léxi:} (3-14)

o>

The above relation is of course because we choose a right hand
orthogonal Cartesian.” It follows a simple pattern, i-j-k-i (a cycle), the
cross product between the adjacent two will give you the next. Noticed
the order of cross product is important, if you reversed order, the cross
product will have a reversed sign (representing the reversed direction).
And the cross product of vector with itself is zero. With (3-14) we can

give the algebraic expression for cross product.

'8 See the Appendix 6 in Thomas ‘Calculus’ for proof.
' The cross product is also only applicable in our 3-D space. In higher dimensional space, the cross product
between two vectors defined above would meet difficulty. It even can not specify a unique direction. Because in

dimension>3, there are many directions perpendicular with respect to a plane.
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C=AxB=(Ai+A,j+Ak)x(Bji+B,j+B.k)
=ABixj+AB jxi+AB jxk+ABkxj+ABkxi+ABixk
=(A,B,—A.B))i +(A.B,— AB.)j+(A.B,— A B )k

Put it in component form, the above is:

C.=A,B. —AB,
C,=AB,~AB.  (3-15)
C.=A,B,~A,B,

Another useful expression to remember the relation is using determinant:

i j ok
C=|4, 4, 4| (3-16)
B. B, B,

We shall see the application of cross product when we deal with rotation,

the angular momentum, the torque etc.

3.5 Transformation of Basis

Let me first make clear of the meaning of some terms used in this section:
Basis: A set of base vectors (usually orthogonal and unit length) that
spans a space, in which any other vector can be written as linear
combination of these base vectors. These base vectors also form the
coordinate system, so coordinate system and basis means same thing here;
people (at least I) also use word ‘frame’ meaning the same thing.

Transformation of basis: Another choice of different set of base vectors,

another coordinate system (frame)
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Analytical form (expression) of vectors: the labeling of vectors in a
particular basis, the coefficients of linear expansion of the vector in terms
of base vectors. It is similar to the coordinate of points in a coordinate
system. (see relation 3-3)

We have discussed geometric and analytical representation of vector. This
part is the axiomatic point of view on vectors. To put the vector in a
specific analytical form, we have to choose a coordinate system. The
choice of coordinate system 1s man-made, and sort of arbitrary, generally
we choose a coordinate system in which the expression and calculation
would be the simplest. If we change the coordinate system, such as
shifting the origin, or with fixed origin but rotating the axis, or even
choose a completely different coordinate (eg. Polar instead of Cartesian),
the analytical expression of the vector would be changing as the
coordinate changes. However, the vector itself (geometric representation)
does not change®, it is invariant upon change of the coordinate system.
This is better be illustrated by an example, taking the displacement vector
between Beijing and Tianjin. It is with fixed length and starting from
Beijing ending at Tianjin. If you choose the earth coordinate with

east-north as x-y axis, the vector would be something like <100km,

2% To avoid confusion, I should point out that the vector here are displacement-vector-like. The position vector
which is defined as displacement between points and origin will change if you shift the origin. However, the old
position vector which is displacement between the point and old origin does not change. The statement here that
the geometric representation of a vector does not change as coordinate system changes, does not imply that vectors

are always constant. It certainly can changes over time. That is a different issue.
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-100km>. If you choose a different axis for the coordinate, say south-east
and north-east as x-y axis. In this coordinate, the Beijing-Tianjin would
be <100+/2 ,0>. The vector itself is fixed*', but its expression within the
coordinate system depends on the choice of coordinate. Because of this
invariance of vector, i.e. the vector itself is independent of choice of
coordinate, the physical laws that can be expressed in term of vectors and
scalars®™ will be independent of coordinate system too, which should be
since the choice of coordinate is man-made and somewhat arbitrary. Of
course the detailed formula expressed with analytical form would depend
on the coordinate (as we shall see that expression of acceleration would
be quite different in Cartesian and Polar coordinate).

The change of coordinate system is called transformation of basis.
Because of the invariance of vector itself, the expression of the vector
will change accordingly as the coordinate changes. Since any vector can
be expressed as linear combination of base vectors, we shall see that the
relation between the base vectors in different coordinate system is the
most important. Once we find out the transformation (how the new base

vectors related to the old ones) between the base vectors, the expression

2l Someone may argue that the length of vector is fixed alright, but isn’t the direction depending on the choice of
coordinate axis. Well, here with only one vector, to specify its direction indeed we need coordinate axis. However,
if more vectors involved, the direction can be defined as directions relative to other vectors, and will independent
of coordinate axis. Taking Beijing-Tianjin vector, we add another Beijing-Shanghai vector, their length and relative
angles do not depend on the choice of coordinate system.

22 Scalar is a special case for the general vector and tensor analysis. It is just the same number independent of

coordinate system.
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of any vector in the changed coordinate system can be determined from
the previous one. The change of the expression of vectors with the
coordinate system is called covariance of the vector.”

Here lies the reason why the vector is so important in physics, so it is
worth to almost repeat myself once more. Because we want to have
physical laws (a math relation between physical quantities or variables) to
be independent of choice of coordinate (Now you know the jargon is:
transformation between basis), and since the vectors themselves are
independent of coordinate system, thus we want to express the physical
laws in term of vectors (actually in terms of tensors to be strict, while
scalar is 0" order and vector is 1% order tensors, we shall see higher order
tensors in this course, but I shall only focus on vector for now). The
physical laws thus expressed in terms of vectors are same for all
coordinate of choice (Jargon: Invariance upon transformation); However
because the expression of vectors (its projection coefficients along base
vectors) depends on the choice of basis, and does change from one base
to another. Such change of its expression is not arbitrary but follow
certain rules (jargon: covariance of vector expression upon transformation)
and we shall focus on two important transformation below: translation

and rotation (another important transformation: constant velocity motion

2 Actually, if we use oblique coordinates (i.e. the base vectors are not orthogonal), there are two kinds of
expressions for a vector. One is called covariant and the other is called contravariant. Such difference does not

exist in the orthogonal coordinate system.
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called boost transformation will be delayed till special relativity, and we
shall see a ‘strange’ 4-vector arise there), and see how a vector’s
expression will change (the relation between expressions in one
coordinate system to the expressions in another) upon translation and
rotation of the coordinate system. The vector expression has to change
this way in order to keep the relations among them invariant upon

transformation.

3.5-1 Translation of the Coordinates

Here we consider the simplest transformation, a shift of the origin. The
coordinate is still Cartesian, but with the origin shifted to a new location,

(a, b) in the old Cartesian, i.e O’ is at (a,b) in X-Y system:

\% A V&

The new shifted coordinate system is X’-Y’ in the figure. Just from the
geometric point of view:
PQ=0Q-0P=(00’+0’Q)-(00’+0’P)=0’Q-O’P

PQ is invariant with coordinate change. Let’s now take a look of its
analytical form in different coordinate system. The relations between the
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coordinates in the initial and shifted systems are:
x'=x—a
y'=y->b
The expression of PQ in the X-Y is:

> g > 5 i o "
PO=00-0P = (x, —xp)i + (Vo = yp)j =Axi + Ayj
The expression of PQ in the X’-Y" is:

- - - A n
PO=0'0-0'P= ('xQ '—xp )i+ (yQ = yp')J

=[xy —a—(x, ~ @) +[y, —b—(y, ~b)]j = Axi + Ayj

So the analytical forms are same in both coordinate. This is not surprising
at all, because in the translation, the base vectors are unchanged, and the
projections (dot product) of the vector along the base vectors are also
unchanged. This is the reason that we can shift (translate) vectors in the
calculation without worrying about the change, such as the addition of
vectors using triangle rule. We see that the translation is a very simple
transformation, the vector’s expression in the original and shifted frames
are same. This is rather special than general as we shall see next in
rotation, where the expressions in different frames are related but not the

same.
3.5-2 Rotation of the Coordinate

As the figure shown, the X’-Y” system is rotated counterclockwise with
angle & relative to the X-Y system (the angle is defined positive for
counterclockwise rotation, a right hand rule), the origins are overlapped.
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The analytical form of vectors would be different in these two basis as
illustrated for OP (same as O’P). The problem we are facing now is this:
If we know the expression of a vector in one basis, say X-Y, what is its
expression in the other?

This is not a difficult question, and just by simple geometry, you probably
worked out already the relation between (x,y) and (x’,y’), the coordinate

of P in two systems:

x'=xcosf+ ysinf

y'=x(—sind)+ ycosé

However, I shall workout the relation from point of view of vectors,
starting from the most important relation between the base vectors (the
unit vector along the axis). This may appear slow and complicated at the
beginning for this simple problem, especially I will work out the example
with different ‘flavors’, first by just calculating the components of the
vector (the x, y and x’,y’s) directly from transformation of basis and
specific to the rotation; then redo the same thing by expressing the
vectors in terms of linear combinations of base vectors, and express its

form in some general transformation, so it is more general and probably
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more abstract; and finally put all these in forms of matrices. It is like
shooting a mosquito with cannon, but would prove fruitful in general
treatment of transformations, which you will use in theoretical mechanics
and quantum mechanics.

(1) The treatment from base vectors

The rotation will change the base vectors, this is in contrast to the
translation. The relation between the base vectors are (from geometry and

trigonometry):

i'=cosOi +sindj (3-17)

~ A

J'=—sinbi +cosO;
Or expressed the base vectors for X-Y as:

i =cosbi'-sin0;' (3-18)

~ ~

j=sin®i'+cosd;'

For any vector (the vector will be represented by 7, it is invariant under
transformation, but its analytical expression will change) if its expression
in the X-Y system is given by:

F=xi+ y}'

Then using 3-18, we can rewrite the expression of the vector in

component of base vectors in X’-Y’:

F=xi +yj = x(cosfi'—sin@;') + y(sin0i '+ cos§") (3-19)

~

= (xcosO + ysin6)i '+ (x(—sinf) + ycosd) j'=x'i'+ y'J'
Now we have the expression of components of vector in the X’-Y:

x'=xcosf+ ysinf
, (3-20)
y'=x(—sinf)+ ycosé
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Reversely, if you know the x’,y’, you can work out the x,y (either by

using 3-17, or directly from 3-20, I prefer from 3-17)

x=x'cos@—y'sinf
, (3-21)
y=x'sinf+ y'cosf

Now we know the transformation relations due to the rotation of
coordinates. If we know the vector expression in one, we can calculate its
form in another.

(2) Express the Expansion Coefficients as Dot Product

I still want to press the issue a little further® by applying the
orthogonality of the base vectors (relation 3-8 and 3-10) and dot product:
Let’s relook the problem in this way: we have a vector, and it can be
expressed in either coordinate system. In the X-Y or X’-Y”, it is a linear
combination of the base vectors ¢ and; or i'and;':
F=xi+y=xi'+y'J

The component of the projection can be expressed as dot product (a
rewriting of 3-10):

x=i-F,y=]-F (3-22)

The component of vector in X’-Y’ would be similarly:

x'=i“F,y'=j"F (3-23)

The vector can be rewritten as:

F=(-P)i+(R)j=G"Pi+ (P (3-24)

* The following would not be required for this course, but the treatment would be useful in your later study in

quantum mechanics.
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The 3-24 is just a rewriting the vector as linear combination of base
vectors. The significance of 3-24( as well as 3-22 and 3-23) is that it is
explicitly showing that the coefficient is the projection (dot product)
along the direction of the base vector. If you replace the general vector
7 with a specific one, such as the base vectors 7'or j', you should get

back relation 3-17:

i'=( 1)+ (1))

J=G i+

You should check that the above relation is exactly same as 3-17, by

(3-25)

using the definition of dot product (here the dot product between unit
vectors are extremely simple, they give you the cosine of the angle,
referring the figure on pg 51). Similarly if you replace 7 with iorj,

you will get back 3-18(check it yourself).
i=@" )i+ ()]
j=@" i+ G-I

We can also work out the equivalent of 3-20 and 3-21, the relation

(3-26)

between the expansion coefficients (projection coefficients) in different
basis. Using 3-22 and 3-23:

=i F=x( )+ y(@" )

‘=] F=x( D+ v ))

P F=x\G-iN+y'(G- ]

y=jF=x(G-iY+y (-]

=
I

(3-25)

= <

(3-26)

The conclusion is that if we know the relations between the base vectors

(the dot product between them) of different basis, and the expression of
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vector in one basis, the expression in the other basis can be determined.
This works for all transformations (not limited to the rotation case)
between basis with orthogonal unit vectors (there is another jargon for
these vectors, orthonormal=orthogonal and unit length), because in the
above derivation orthonormal base vectors is the only property I used.
(3)Matrix Representation and Unitary Transformation®

The previous relations between vectors under transformation are best
represented in a matrix form, and the powerful linear algebra is best
suited to analyze these transformations. Since many of you may not have
a background in linear algebra yet, so I shall present the above in matrix
form, and try to use just a little linear algebra.

The vectors in a certain coordinate is represented by its components, and
Luse A=Ai+ Ay} + Azl€ =<4,,A4,,4. > to represent the vector in the
space spanned by base vectors ijk, and {=<1,0,0>, ;j=<0,10>
k=< 0,0,1>. I could also use a matrix to do the same thing. The
convention is to use a column matrix (n x1, n row, 1 column) to represent

a vector. In such representation, the 1,j,k will take the forms of:

(3-27)

o>
[l

o o =
~o
Il

o = O
b )
Il

- o O

Then for any vector in this coordinate:

5 For those are not familiar with linear algebra, please skip this part first. This is not required for early stage of

this course, do come back reading this after you take the linear algebra.
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1 0 0] [4,
A=Ai+Aj+Ak=4|0|+A4|1[+4]0|=|4, | (3-28)
0 0 1 A

Up to now this is just a reformulate the expression in matrix form
(another bookkeeping). For the simple case of 2-D, the relation of 3-20

can be expressed as:

X! cosf sinf || x
r=| = . (3-29)
V' |—sin@ cosO|y|, .

(3-29) means the expression of vector r in the X’-Y” basis is related to the

cosd sind

) . This matrix is
—sin@ cosd

expression in X-Y by another matrix, {

called transform matrix (here just representing a rotation
counterclockwise with certain angle), and I shall use symbol R(XY =X’Y’)
for this matrix and specify that it is a transformation from XY to X’Y’

system. Similarly the relation 3-21 can be written in a matrix form:

| x cosd —sinf || x'
F= = . ' (3-30)
Y1, [sin@ cos@ ||y'|, . .

cosfd —sinf

Where R’(X’Y’ —>XY)={ }, and it is interesting to put the

sind cos@

(3-30) back into (3-29) and this will show the relation between R and R”:

'

{x} - R(XY > X'Y'){x} — R(XY - X'YYR(X'Y'— XY)F}
y y y

The above equation means, first transform from X’Y’ to XY and then
from XY back to X’Y’ (the order of matrix is important), so the two

transformations would cancel each other, the vector (which is invariant)
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would get back its expression in X’-Y’ basis. In matrix language this

requires:
1 0
R(XY 5> X'YR'(X'Y'> XY)=1= 0 1 (3-31)

I is called identity matrix. The matrix forms of rotational transformation

do satisfy this requirement, since |[c0s¢ sin¢ jjcosd —sind| (1 0)
—sind cosd ||sind cosd 0 1

Similarly the R’R=I too. So we see that R’=R” (R'is called inverse
matrix of R). This is not surprising because the transformation from
XY-X’Y’ corresponds to the rotation of angle#, and the transformation
from X’Y’-XY is just another rotation but with angle —¢. What is
interesting is the matrix form of R and R’, they are transpose to each
other, i.e. the 1* row of matrix R is the 1* column of matrix R’, etc. We
use the symbol R’=R" for this relation. Combined with the inverse
property, we see that:

R'=R" (3-32)

The transformation satisfying 3-32 is called Unitary Transformation®®,
it is the most important transformation in physics. One important property

of this unitary transformation is that the length (magnitude) of the vector

26 A math rigorous person will raise objection that I abuse the term Unitary here, which I admit. Strictly speaking,

(3-32) represents orthogonal transformation where all matrix elements are real numbers. There are cases the matrix
elements are complex numbers(such as in quantum), and the relation (3-32) should be modified by equating the
adjoint of matrix with inverse of matrix, and that is unitary transformation in linear algebra (adjoint is a matrix
transposed and complex conjugate to the original one). The essence of these are same, orthogonal transformation
in real number world, and unitary in complex number world, so I abuse the term a little bit to call both unitary(In

the real number world in this course, there is no difference between them).
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will not change in the transformation.”’
It is also illustrating to express the transformation matrix in terms of dot

product of base vectors, using 3-25, we see that:

x| it it |[x

vt gy
To make it easier to remember, I shall use 1,2 and 1°,2° to replace the
symbol i, j and 1’,j’, this labeling is also in accordance with labeling of

matrix element. With this notation change, the transform matrix R:

112
RXY > X'Y)=|_ . . 7| (333
201 2.2

The transformation matrix is determined by the dot products of the base
vectors! Take a close look of each column of this matrix, you may

recognize the first column is the column matrix representing the unit

A

vector 1 inthe 1'— ﬁ'basis, and the second column is the column matrix

. . A A A . 28 .
representing unit vector 2 inthe 1'-2'basis,” i.e.

N 11 A 12
inX'Y': A H inX'Y': AV A
21 22

2 To prove this would require the matrix definition of dot product. <r|r>, here the symbol |r> is a vector
represented by a column matrix (as defined in the notes), where <r| is the row matrix representation of the vector,

2

which is the transpose matrix of [r>. i.e. \r>:|:; } <rj=[x y].<t>=[rP=x*+y®. In a transformation where

[’>=R|r>, then <r’|= <r| R" (the proof of this is also in linear algebra). Then the magnitude of vector in the
transformed basis is: <r’|r’>=<rR"R|r>, if we require the <r’[r">=<r|r>, for any vectors. Then R"R=I or R"=R™,
% In linear algebra, there is a special term for this kind of matrix, i.e. the matrix with columns that are orthogonal
to each other and with unit module, as the R here (the 1 and 2 are certainly orthonormal), such matrix is called

orthogonal matrix.
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So the relation:
712
V= {x }: {A . :l{x} is nothing but a matrix representation of the
21

relation 7=xi+yj=x'i'+y'j' in the basis of 1°-2’ (here i,j... are

replaced by 1,2...), because the above matrix form can be rewritten as:
[1 O]H_ i3 H
0 L)ly'] |21 22y
H m i1 1.2
X +y'| l=xl . |+ . .
0 1 2] 2.2

The last equation used fact that in the basis of 1°-2’, the matrix forms of 1’

1 0
and 2’ are just {O} and{1 } , and the second equation is derived from the

first by using column picture of matrix multiplication.
Similarly, using 3-26, we can work out the matrix expression for

transformation R’:

[\O ]

q
q

e >

>

} (3-34)

N> —»

R'(X'Y'—)XY)—{

[\ OB

Comparing with 3-33 (or by seeing that the first row of R’ is the

expansion coefficient of 1in the basis of 1'=2'), R’ is indeed the
transpose matrix form of R, i.e. R’=R". From the physical reasoning, the

R’ should also be the inverse transform of R (see the argument on pg56
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leads to 3-31), ie. R’=R".* So we see that again R'=R”, the
transformation is wumitary. However this time it is not limited to the
rotation (I only used orthonormal conditions for base vectors in the above
argument, nothing specific to the rotation), generally the transformation
between basis with orthonormal base vectors are unitary.>

Indeed, whenever possible, physicists choose orthonormal base vectors,

SO you are sure to see quite a few unitary transformations in the future.
3.6 A Summary and Other Vectors besides Displacement Vector

We have a relative long discussion of vectors, it may be better to give a
brief summary before continue.

A vector is physical quantity with both value and direction. Its geometric
representation is a pointed ‘arrow’, the linear combination of vectors
follows parallelogram rule (or triangular rule).

They also have two kinds of product. The dot product is related to the
projection; and the cross product defines a new vector which is
perpendicular to the original ones.

The vectors are independent of the coordinate systems we choose, and the
physical laws expressed as relations between vectors would also be

independent of coordinate system. However, a choice of coordinate

¥ You should really check this by taking R’R given by 3-33 and 3-34, to see whether it is identity matrix. (You
will need the fact that the base vectors are orthonormal. i.e. relation 3-8)

3% Tn linear algebra, this result is stated that for an orthogonal matrix Q, Q™=Q!
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system may be necessary and convenient in actual computation and
application.

The vectors can be expressed as linear combination of base vectors in a
particular coordinate system (this is also called decompose the vector into
its components, or projection of vectors onto base vectors), the projection
coefficients forms the analytical form of the vector in the basis. Knowing
the base vectors and the projection coefficients, we know everything
about the vector, its length and direction can be determined (3-5and 3-6);
the addition and product of vectors can also be computed conveniently
using the analytical expression (3-2, 3-11,3-15,3-16). This analytical
expression does vary as basis is changed; to find out how the vector’s
expression changes as we change the basis is solving the problem of
transformation of basis, and it is determined by the relations of base
vectors in different basis.

All the above discussion I use only the displacement vector as example, it
is a quantity with value (the distance) and direction, it is also following
the linear combination rules, in short, it is a vector. It is actually a ‘prefect’
of vector, a ‘Lei Feng’ of vector. Other vectors in mechanics can be
generated from this displacement vector, so it is also the ‘mother’ of other
vectors.

Take the velocity for instance, it is generally taken for granted that

velocity is a vector, and we seldom ask why. The reason that velocity is a
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vector is from its definition.

dt

v
Where dr is an infinitesimal displacement vector, small it is, still a
vector, dt is a infinitesimal time interval which is a scalar, so this is just a
vector times a scalar, then from linear combination rules the velocity
defined above would also be a vector. Once the velocity is a vector, then
similar argument would lead the acceleration is a vector too, so will be
the momentum and angular momentum (a cross product of displacement
and velocity vector).

How about force? Well the argument is not straightforward as the one
above, you may accept the force is a vector as a fact. But since we have a
discussion in Chapter 1, that fundamental forces are functions of relative
positions of interacting parties, it is a function of displacement vectors
and its direction is along the displacement vector. The force also obeys
the principle of superposition which is the addition of vectors (this is not
a derivation but a postulate from experimental facts), so the fundamental

force 1s a vector. Other force forms will be in fact the linear combination

of the fundamental forces, so in general force is a vector.

3.7 Kinematics of Motion in 2-Dimension

The KK’s book gives a very good and clear discussion on this (1.6-1.8),
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so I will only give a brief discussion here. The general strategy of the
treatment here is: with higher dimension, we do need the vector forms to
describe the motion. However, in real computation, we try to reduce the
vector form into its component form, so reduce the problem into a couple
1-dimension-alike problems and all we stated in Chap.2 can be applied
then. After solving the components (such as its change over time), we can
construct the vector from its components if necessary.

The position of a particle in 2-D is described by a position vector
(displacement relative to the origin of choice) 7, at certain time, this
vector can be expressed in a Cartesian as: 7 =<x(t),y(¢f)>. As time
changes, the position vector changes too. The vector will generally make
a trace of curve in the 2-D X-Y plane (the trajectory), the curve is given
by the <x(t),y(t>, a parametric description of the trajectory. It may be
reduced to some function y=f(x), but not necessarily (see the example in
next section). Knowing the x(t) and y(t), it is sufficient to determine the
trajectory. This is like reducing the problem in 2-D into two 1-D problems,

by decomposing the vector into x and y components.

Y Position at time r,

\Position at
time ¢
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As the figure shows:
Ar =7, —FK=r(t,+At)-7r(t,) (3-35)
And into its components:

AF =[x(t+At) = x(O)) +[y(t +At)— y()]j =Axi +Ayj  (3-36)
3.7-1 Velocity and Acceleration Vectors

As the time interval approaches zero, the direction of Ar will approach
the direction of the tangent line at point of (x(t),y(t)), and its value would
approach the arc length of the curve ds (s is the arc length of the curve
between the two points). The velocity is defined as the time derivative of

the position vector:

ds
V=—o=—|T 3-37
I |dt| (3-37)

This is the geometric definition of velocity, its magnitude is given by the
arc length change rate, and its direction is along the tangent line,
indicated by the direction vector (a unit vector)7 .

More useful is the analytical expression of velocity in its x and y

components:

- A ~ d A A dx(t) 2 dy(t) N
=vi+v j=—I[xt)i + y()]]= + 3-38
V=vitv,J i [x(2)i + y(2) /] ” l ” J ( )

X

v =B, _BO55)
a7 dt

In the above derivation, it is vital that the base vectors do not change over

time which greatly simplifies the time derivative. This is the most
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important property of a Cartesian system and thus the favorite one in
many cases.

Reversely from velocity vector, we can find the position vector <x(t),
y(t)>, it is a problem of integration. This is a sheer extension of the cases
discussed in 1-D in Chapter 2, but you need two equations (thus two
differentiation or integration) in 2-D. Similarly we can proceed from
velocity vector to define the acceleration.

Examples are given in K&K, example 1.7-1.11. They are straightforward,
pay attention to example 1.8 to see how we get familiar result of constant
velocity motion along a circle from vector treatment.

Here is another example: the cycloid motion. It is the trajectory of a fixed
point on a circle. As the circle rolls with constant velocity and rolls
without slipping, the point will trace out a trajectory, and that is a cycloid.
(a light attached to a bicycle wheel, as bicycle moves at constant velocity,

the light will trace out a cycloid)

1
t
t
I

0x A X

As the figure shows, the point on the wheel with radius a is labeled as P,
we may take P at origin at time 0. i.e. P starts at <0,0>, as time goes on
and the wheels rolls without slipping, the position vector of P will change

too. To find out its trajectory is just to find out <x(t),y(t)> of OP:
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OP=7 =04+ AM + MP  simple vector addition

@ 1s the angular velocity of the wheel (the angle (in radian) wheel rotates
per unit time), it is a constant here so that the rotated angle @ = et . It rolls
without slipping, meaning |OA|(the distance traveled by the center)= PA

(the arc length of rotation) or vi=awt »>v=aw (v is the value of
velocity of the wheel as whole, or the velocity of M). For simplicity, let’s
say @w=1 rad/sec, so the angle is justt. This gives:

| OA|= PA(arc — length) = aot = at, OA=<at,0>

AM =<0,a >

MP =< —asint,—acost >

So OP=<at—asint,a—acost>, this is the parametric function of a
cycloid curve. You may try to find the expression of the velocity and
acceleration for point P.

Below is a list of differentiation rules for vectors and functions of vectors:
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Differentiation Rules for Vector Functions
Let u and v be differentiable vector functions of ¢, C a constant vector, ¢ any
scalar, and f any differentiable scalar function.
1. Constant Function Rule: —C =0
, P d g
2. Scalar Multiple Rules: 7[(‘“([)] = cu'(t)
¢
d ., i G
2 (@] = f(u(r) + f(H)u'(r)

3.  Sum Rule: %[u(r) + v(1)] = u'(r) + v'(1)

: u(z) — v(t)] =u'(r) — v'(1)

4. Difference Rule: dr [

5. Dot Product Rule: %[u(f)-v(r)] =u'(t)-v(r) + u(t)-v'(1)
6. Cross Product Rule: %[u(i) X v(t)] = u'(r) X v(r) + ulr) X v'(1)
7. Chain Rule: %[u( f(1)] = f' (' (f(1)

3.7-2 More about Derivative of a Vector

(K&K 1.8)

Because vector has magnitude and direction, so the change of vector can
be seen from two parts: its magnitude change and direction change. We
have discussed derivative of a vector by taking derivative of its
components, reducing to the ordinary derivative of functions (3-38). Here

we shall investigate the change of vector from its magnitude and

direction.
b
AR
|
e
A ARy
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As the figure shows, the change of the vector (which is also a vector) can
be decomposed into parallel component and vertical component. In the
limit of smallA4 (which will be the case when we take derivative of A),
we shall see that the parallel component is due to the magnitude change,
and the vertical component is due to the directional change of vector. Let
me rewrite the vector as:

A=|A|a (3-40)

This is just a rewriting of (3-6), |A| is the amplitude and ais the unit
vector along direction of A, so |A| carries information of magnitude and
a carries information on direction of the vector. When we take derivative

of A over some variable, say time:

A 41y =T 419 34y
dt dt dt dt

The first part is the rate of change of magnitude, and its direction along
the a.it is (at least a part of) the parallel component of AA. Let’s now
focus on the second part which is clearly the directional change over time.
It is the change of a vector with fixed length (unit length here, but it could
also be looked upon as |A| fixed but direction changes). We shall show
that the infinitesimal change of a fixed length vector is perpendicular to

the original vector. Please refer to the figure below:
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A(t + At)

AO
A(t)

|A| is a constant here, and the change of vector over time interval is:
. A0
|AA|:2|A|s1n7

AO AO
And the direction of A4 is 7 — (% - 7) = % + 7 In the infinitesimal

change, where the At is small, A@will be small too. We see right way

that in such case:
| A4]2 A| AG, and its direction is % tothe A (3-42)

This proves that indeed the second part in (3-41) corresponds to the
vertical component of vector change. For the unit length directional
vector (Ja|=1), put the relation into (3-41):

A2y =T Gy g 2041l

= +|A|d—6)£zL (3-43)
dt dt dt dt  dt dt

a, is a unit vector perpendicular to the a, and pointing toward the

direction that @ increases’'. Later we shall define a vector of rotational

speed @ = %IQ (the vector is along the z direction perpendicular to the

paper in this case, generally of course it can along any direction). Then

3 For 4 | » though it is perpendicular to a , it still can take two directions. This definition will remove the
ambiguity. Now the positive direction of 4, will depend on how we define the increase of angle, the convention is

if the angle changes counterclockwise, it is increasing.
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the directional change of vector can be written in a more compact form:
dA do y

—), =|lA|l—/a =wx A4 3-44

=l Al—rd, (3-44)

This relation also express the change rate of a vector of constant length,
1.e. |A] is constant and then (3-44) is the change rate of the vector A. For
instance, if we put the position vector 7 in place of A, and make the |r|

not change with time, it is a circular motion in 2-D. From (3-44), we shall

. . dr - — .
get familiar result, V :?r: wxF, |vIHr| @], direction perpendicular

with r. If the |®|is a constant, the velocity will be a vector with constant
magnitude too, and you figure out the expression of acceleration, of
course you will get the same result as in example 1.8. (3-44) and the fact
that it expresses the rate of change for a vector with constant magnitude
will play important role when we deal with rotation later, so it may be
worth remembering it.

Generally if the instantaneous change of a vector only has vertical
component, it will change direction only, the vector will rotate, but the
magnitude will not change. The change of vector over time is given by
(3-44). Another example will be the Lorentz force in magnetic field. It

will not alter the speed, but change the direction of velocity of a charge.
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3.8 Polar Coordinate

(KK 1.9)

Up to now, the only coordinate system we discussed is the rectangular
Cartesian, it 1s simple and the most important property is that: the base
vectors do not change over time. In practice, sometimes it is useful to
introduce other coordinate system, such as the polar coordinate here (in
3-D, you may use spherical and cylindrical system, that will be
introduced when we need them’”). When the motion involves rotation
around center, it is very likely that polar coordinate becomes convenient
to describe the motion, such as the motion of planets around star, etc, it is

the coordinate we shall use when we discuss the motion in a central force

field.
x = constant
¥ varies & = constant
y y = constant y r/var ies
X varies r = constant
il ! I_ ++_LL]_ J S f varies
_f | p
NN NN NGV Ny
TTOreTT IS LA
ﬁ*xﬂ I R A A st WA W
T AN
T AR
BERRSRan =7
T AT N
At -
Cartesian Plane polar

32 You may refer to Greiner’s classical mechanics-particles and special relativity’, chap 10 for discussion on

spherical and cylindrical coordinates in 3-D.
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As the figure shows that the grid system in polar coordinate is spider-web
like. Every point in the 2-D has coordinates (7,60) instead of (x,y) in
Cartesian.

(1)Polar Coordinate vs. Cartesian Coordinate

x=rcos@
] (3-45)
y=rsind
F=4x"+ y2
y (3-46)
tand = =
X

Relation 3-45 is used to get Cartesian from polar coordinates, and
3-46 is used vice versa (@’s value is determined within the range of
0—>2mor —m — 7, the value will be determined uniquely by the
signs of x and y)

(2)Base Vectors in Polar Coordinate System
As we stressed before, when we change the coordinate system, the old
expression are related to the new expression, and the most important is

the relations between the base vectors of the two coordinate systems.
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The base vectors in the polar coordinate is unit vectors f,é, it 1s
defined as the figure shows™. We see immediately this is just a rotated

transformation as in 3.5. From (3-17) and (3-18), we have:

F=cosbi +sinfj

) A A (3-47)
0 =—sinbi +cosbj
And:
[ =cosOF —sin 6
(3-48)

~

7 =sin6F + cos 60

(3) Expression of Position Vector in Polar Coordinates

Direct from the figure above, we can see that the expression for
position vector 7 in polar is just:
F=rr (3-49)

Where r is a shorthand for |r], the module. It is NOT 7+ 66 if you

33 The definition is actually more subtle. It is the unit vector pointing to the direction of tangent line of the contour

curve. In polar coordinate, the radial base vector is the tangent line of the curve with constant angle (the contour of

angle, itself is a line, so the tangent line is just in the direction of the line). The angular base vector is the tangent

line of the contour of the radius(the contour is a circle, so the angular base vector is along the tangent line of the

circle). All these can be put in a math formula involving partial derivative: ¢=

o7 18q
|67 /8q]

. For detail, refer to Afken’s

‘Mathematical Methods for Physicists” chap.2.
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blindly use the results in Cartesian. Actually the result of (3-49) can be
derived from the Cartesian expression since we know the relation

between the base vectors:
7 =xi + yj = x(cos @7 —sin 6?63) + y(sin 67 + cos Hé)
= rcos (cos OF — sin 80) + rsin O(sin OF + cos 49@) =rr
(You surely can also prove the same with a fancy method using matrix
of transformation 3-33)
It may appear on the surface (3-49) is a simpler expression than

Cartesian. Watch out, there is a snake lurking in the little7! 7 (and

@) is not a constant unit vector like the one in Cartesian, (3-47) shows
that they change as angle changes. In fact (3-49) is just a rewriting of
general expression of vectors in (3-40). This fact is important when we
derive the expression of velocity and acceleration expression in polar
coordinates, because both 7,8and 7,0 may depend on time.

(4) Velocity and Acceleration in Polar Coordinate

A d . dr.  dP
= = = (— + _
V=T =y

The expression explicitly displays the change of both r and 7 over

A

time. The derivative of unit vector % 1s just what we discussed in
t

section 3.7, relation 3-44 in which 4 (a constant length vector) is

replaced by 7,and a, is 6 here. We have:

r(ﬂ) = rﬁé
dt dt
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Then:

T _ihirbd (3-50)
dt

<!

The proof here is basically the method 1 in KK’s book and it is the
simplest one. The book also offers extra two nice methods for this
proof. There can be more method, such as the following: If you are
really a Cartesian guy, you may start from velocity expression in
Cartesian \7=vxf +vy}', and throw in (3-48) to replace the base

vectors, and v and v, part, using the relation:

v, = % dr ;(;Se 0% —rsin 9% ..(try it yourself, a good

practice for your derivative ability anyway)
Similar argument as in section 3.7 could also apply to the unit vector

6, so we have (using cross product in 3-44 to get sign correct):

A (3-51)
do  do . ..
—=——r=-0r
dt dt

This relation will be used in the derivation of acceleration from

velocity:
a=2_ i(fﬁ +106) = (@yp i 1Py g, A00)
dt i a T A

—( )r r— 4949d d(@) +rf 49
dt dt dt dt
— i+ 700 + 700 + r0 — rO*+

=(F —r&*)F + (rf + 2i-0)0

(3-52)
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The expression of acceleration is quite a beast in polar coordinate.
This is because the chosen base vectors are not constant over time.
You see why Cartesian is usually the preferred one. However, the
polar coordinate is useful in some applications and example 1.14 in
KK illustrates it. The —r@* term along the 7 (it is actually along the
direction of -7, with magnitude 6”) is called centrifugal acceleration;
and 270 alongthe @ is called Coriolis acceleration. The KK’s book
also give description of how you visualize these different terms, please
read it yourself.

Don’t get panicked by relations like (3-50) and (3-52), you can always
derive them from the Cartesian results and relation between the base
vectors. The most fundamental relations between the Cartesian and
polar are relation (3-45) to (3-48).

An example of use of acceleration expression is a problem in central
field, i.e. the force only along the direction of 7. Then we have:

0 + 270 =0. This form is still not much illustrating, so play a math

trick: @ + 270 :ldi(rzé) =0, this means in the central force field,
rat

there is a quantity that does not change over time, i.e. 20 = costant,

we shall see that this is conservation of angular momentum.
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Chapter 4. Newton’s Laws

We have spent quite some time on kinematics (the description of motion),
now we come to dynamics, that is what changes the motion and how the
motion evolves with time. The cause of the change of motion is the Force
exerted on the party, and the motion will obey the Newton’s laws. Only a
brief discussion is presented here, since all of you already know the laws
and there are details in the KK’s book. However I’d stress on some points

which are buried under these appealing simple forms.

4.1 Newton’s Laws and Premises

(1) First Law (the law of inertia): In an inertial frame, the party will
remain at rest or rectilinear motion with constant velocity if subject to no
force.

This raised a question, what is an inertial frame? We will see this later.

(2) Second Law( equation of dynamics): In an inertial frame, we have:

-~ d ~
F —E(mv) (4-1)

P=mv is the mechanical momentum, m is the mass. So (4-1) also in

If the mass does not change over time, we have the familiar form:
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F=m-—=ma 4-3
7 (4-3)

Naturally this raised the question of what are forces and mass? This will

also be discussed later.

(3) Third Law (action-reaction): The forces exerted by the interacting
parties to each other are equal in magnitude and reversed in direction:

Fl—)Z = _F

21 (4'4)
(4) The principle of superposition of force. This is a postulate that is

almost important as the other 3 laws:

F=3F., (45

J#i
The relation states that the force experienced by the ith party equals to
the sum of forces exerted by the other parties on it. Fl is the total

—

force experienced by the ith party; F

. 1s the force exerted by the jth
party alone, that means as if only 7 and jth parties exist. The sum also
obeys the parallelogram of vectors, so the force is a vector.

There are premises for these laws, some of which we had already

discussed in Chapter 1. The premises are about the space, time and mass,

all these parameters appears in the equations.

Premise 1: The time is absolute. The time is a parameter that varies

continuously at the same rate in all reference frames (coordinate system).

Premise 2: Absolute and rectilinear space. This means there is a

rectilinear Euclid space is absolutely at rest. This defines an inertial
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reference frame. It is independent of the objects in this space, like a stage
where stars (the celestial body not movie stars, the universe won’t change
much when a movie star passed away) play; the stage is independent and
unaffected by the players. This absolute space is also termed ‘ether’ in old
physics.

Premise 3: Mass is independent of velocity.

As we have discussed at the end of chapter 1, these premises turn out
faulty under certain circumstances, and thus put a limitation on the

Newtonian mechanics.

4.2 Inertial Frame, Force and Mass

Newton’s laws are fundamental postulates that cannot be proved from
math and logic derivation, it is subjected to the test of experiments.
However, there are important concepts and subtle points in these
postulates and we shall take a closer look on these in this section.

(1) Inertial Frame

The first and second law only applies to the inertial reference frame.
Newton took the absolute rest space as the ‘mother’ of inertial frame, and
any reference frame which travels at a constant velocity with respect to
this absolute inertial frame is also an inertial frame. This is derived from

Galileo’s relative principle: For the two frames only translate with
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constant velocity to each other (which one is at rest and which one in
motion is not important, the relative velocity is a constant), if one
reference frame (say X) is an inertial frame, the other one (say X’)with
constant velocity relative to X is also a inertial frame. This is because

there is simple transform of coordinates in these two frames (Galileo

transformation):
xX'=x-—vyt

(4-6)
t'=t

x’ and x, t’ and t are space and time coordinate in the X’ and X frames,
v, 1s the constant relative velocity between them. In the expression,
assumed that X’ is traveling with v, to the positive x-direction relative
to X. (X appears for the observer in X’ traveling with -v, . i.e. toward the
negative direction with speed of v,)

If Newton’s law holds for X frame, it also holds in the X’:

dm’y’ —m'dzx' =m' d (x—v t)—md—zx
" d

dt dt* 12

In the above derivation, besides Galileo transformation relation, we also
applied the mass is independent of velocity. So the Newton’s second law
would apply in both frames and so is the first law by let F=0.

This implies that the absolute rest is redundant; if you have one inertial
frame, you can have infinite numbers of other inertial frames. It may also
appear the first law is just a special case for the second as F=0.

The value of the first law is that it offers a method to test whether a
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reference frame is inertial or not. Suppose we exclude all the forces
(isolate the body), and observe the velocity of a particle, and if it stays the
same, we conclude that we have an inertial frame.

In a airplane during take off or landing, you feel the push force but not
change speed relative to the airplane, or the luggage on the floor of the
plane suddenly rolls back or forward without subjecting to any forces
horizontally, you know that the airplane during take off or landing is not
an inertial frame. It is accelerating with respect to the inertial frame, and
such frames are called unimaginatively non-inertial frame. We shall treat
the non-inertial frames later and see how the Newton’s laws modified in
such frames (we have to introduce an inertial force, a fictitious force to
make Newton’s second law work properly). But as stated in the KK’s
book (pg 63), it may cause more confusion than their worth at this early
stage, so we shall delay the discussion on the non-inertial frame. Our
treatment of inertial frame is from experimental point of view (an
empirical rather than paradigmatic), i.e. whether the 1% law is tested
correct or not will tell us whether the frame is inertial or not.

In the theory of general relativity, an inertial frame i1s in which the space
and time i1s homogeneous and isotropic. We had a discussion on this in
chapter 1 and I told you there without proof that this homogeneous and
isotropic (also called translational and rotational invariance) lead to

conservation of energy, momentum and angular momentum. These
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conservation laws have more broad application than Newton’s law.
However I would not pursuit here in this anymore and rather leave the
proof to the study of theoretical mechanics, you may read the references
given in the footnote in chapter 1.

Finally, what kind of reference system can be treated as inertial frame
empirically (since completely isolate a body is not very practical)? It is
really depend on the measurement or accuracy of the measurement. For
our daily experience, the earth is a pretty good inertial frame, though we
know it is spinning and revolving around the sun, which make it actually
a non-inertial frame. But in many cases, the acceleration of our earth is
small enough, and the effect of inertial force we have to include to make
the calculation correct can be neglected, and the earth frame can be
approximated as an inertial frame. However in some cases, the effect of
earth acceleration has to be corrected, for example battleships shooting
each other over distances of 20km (a typical shooting range for
battleships in WW2). If you forget to account for that earth is actually a
non-inertial frame, your projectile will land in some position tens to a
hundred meters away from where you intended. We will see this when we
discuss about non-inertial frame and inertial forces. Finally if you really
insist on the best inertial frame, the cosmic background radiation offers a
standard. If in a reference frame, you measure this radiation background,

and find it 1s homogeneous and isotropic, you are in an inertial frame.
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(2) Force

This concept is also discussed in chapter 1. The force 1s one description
of the interaction. It offers a way to calculate and measure how strong the
interaction is. Besides this, I do not know what the force is. I only know
the effect of the force. It changes the acceleration of the motion from the
2" law.

Someone may state that the 2™ law defines the force, this is not true. The
equation of (4-2) or (4-3) is a casual equation: It tells us cause and effect.
The cause is the force, and its effect is to change acceleration. The force
on the left side of equation has its own formula, such as the Hook’s law
for elastic force, gravitational force, electrostatic force and Lorentz force
etc. The study of the force, coming from the study of interaction, is one
important part in physics and chemistry (this is also stated at the end of
section 1.2). Such forces has its independent definition and most
important of all, its measurement. For example, it can be measured from
the extension of a spring (Hook’s law); and using Newton’s third law, you
can hook the interaction parties to the spring and thus study the force of
other interactions (Cavendish’s measurement of gravitational force, and
Coulomb’s measurement of electrostatic force)**. In such way, the
formula for the forces can be determined independently from (4-3). Then

you apply this force to some party and observe its motion obeys the 2™

3* A detailed account for these famous experiments is given in the book edited by H. Shamos: ‘Great Experiments

in Physics’
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law. Of course, the change of a moving party’s acceleration reveals
existence of force, it can also tell you how big the party ‘feels’ the force.
But this is not a definition of force, it does not reveal the origin of the
force, only show you the effect. The common misconception that F=ma
defines a force, may arise from the fact that the unit of force is indeed
coming from the formula. That is how Newton (here the unit of force) is
defined by kg.m*/s’.

In short, the force is a measure of interaction. It is defined independently
from that of 2" law. 2™ law does show us the effect of force.

In the KK, there is a section 2.5 on the common forces of different types,
such as gravitation, electrostatic, friction, tension etc. Please read it
yourself. Among different types of forces discussed in the book,
fundamental forces are the gravitation and electrostatic. Other types
forces are in principle be able to derive from these fundamental ones, but
due to the complication of calculation(astronomical numbers of particles
involved), approximate empirical formula are needed, such as F=-kx for
elastic tension; F=uN for friction and F=-cv for viscous resistance etc.

(3) Mass, Inertial and Gravitational Mass

We have discussed that the force form can be independently determined,
such as reading the scale of your spring ‘forcemeter’. The force and the
acceleration are related by a physical quantity: mass. We discussed above

that the F=ma 1s not a definition for the force. Here we will see that F=ma
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is a definition of mass.

Well let’s see how you define the mass of some object from relation (4-3).
You say, hey put it on the balance and read the result. How about we are
in deep space where there is no gravitation and will the balance still work
(I entrust you know the difference between mass and weight)? In such
cases, F=ma indeed offers a way to measure and define mass. It is
essential that the force is independently determined, such as using a
elastic force of spring F=-kx. From the extension of the spring, we know
the force (we do not know the unit yet, since the unit of force is defined
from the mass), the most important is that as long as same x, the
extension, the force will be same. We can also measure the acceleration
with measurement of length and time. Now comes the definition of mass.
We have to use a chunk of matter as our standard, say 1 liter of water, and
define this liter of water as 1 kilogram (1kg). You may also choose a
different matter and assign a different unit (this is the weird English unit
ounce and pound came from). Once you set the standard mass, F=ma
allows you to measure the mass of other objects.

Suppose two matters, one is our standard unit mass, called 1kg, the other
is a chunk whose mass is unknown. We apply the same force to these two
objects (same spring and same extension, or you may hook the two with
one spring with negligible mass, thus make sure the forces on the two

parties are same in magnitude) and measure their acceleration, this will
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m, a : :
result: — =-"L and the mass of the unknown can be determined relative
m. a,

to the standard. The mass determined this way is called inertial mass,

with notation m.

iner °

There is another mass you have seen, and actually when you measure the

mass on earth with a balance, you are not measuring inertial mass, but the

gravitational mass: m,,, . This mass comes from a different source, which

1s the Law of Gravitation Attraction:

mm, .

F=-G—=2#, (4-7)

|1
In this famous formula, there are also masses in it. Actually this formula
also defines a mass (i.e. the mass you measured from the balance on
earth), them,, , gravitational mass. These two masses (inertial and
gravitation) come from two different definitions and there is no obvious

reason that these two are always equal. But they are. Actually strictly

iner

m

gra

speaking, the ratio between 1s not necessarily 1, but is a constant

for all matters. This is actually a fundamental postulate in general
relativity and had been subject to rigorous test in the experiments (the
Eotvos experiment and its modern version). Can you give an example
from daily experience or simple lab setup, to test that the two masses

iner

m

gra

have proportional constant for all matters? As long as 1s same for

all matters, we can set that they are equal by choosing the corresponding
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constant G in (4-7). The two masses are equal implies the relation
between the gravitation and inertial force which was explored by Einstein,
resulting in general relativity.

As a summary of this section, we discussed concept and definition of
inertial frame, force and mass. The relations of these to Newton’s laws
are: The 1* law offers an empirical way to determine an inertial reference
frame; 2™ law defines mass, and it relates the force with motion. 3™ law

as we shall see will give us the conservation of momentum.

4.3 Application of Newton’s Laws and Examples

Using the Newton’s law solving the dynamical problems, i.e. the
evolution of the system over time, is basically starting from the initial
condition and predict the motion (position, velocity) at later time. The
basic equation is (4-2) and (4-3), however there are many tricks because
there are so many variations. The problems in mechanics sometimes are
quite tricky and hard. There are general steps guiding you tackle these
problems. The KK’s book gives you a guideline (section 2.4) and I can
add little, but just restate it with a little bit reorganization.

The general steps in solving the mechanical problems are:

(1)Choose your system.

There are may be many-bodies involved in interaction. Isolate the
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party of interest. If possible treat the party as mass point.

(2) Analyze the force on the party of interest.
Include all the forces but no more. All the forces you are going to
encounter in this class will be force in contact except gravitation. This
means if party A feels force by party B, A and B have to be in contact,
except the force by the gravitation field. We are not going to include
inertial force due to the non-inertial frame yet, because we will work
in the inertial frame at present.

(3) Choose the coordinate system
A coordinate must be in an inertial frame here. Though choice of
coordinate i1s man-made and arbitrary, a wise choice may simplify the
calculation tremendously. There are two choices in 2-D, Cartesian and
Polar. Polar will be convenient if the problem involves rotation or has
circular symmetry.

(4) List the equations of motion
Because equation of motion (4-2) or (4-3) are vector equations, so it
means more equations, one equation for each components (in 2-D, this
will result in 2 equations for x and y components). Sometimes these
equations may be enough to solve for answer. Beware that since F=ma
is essentially a differential equation. It could be 2" order differential
equation for position or first order equation for velocity, so you may

need some technique in solving the ordinary differential equations.
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(5) The condition of constraint
There are cases where the number of unknowns exceeds the number of
equation of motion. This is because these unknowns are not
independent. There are constraint conditions imposed by the problem,
these constraints add more equations on the relation between the

unknowns.

Example 1.(KK’s example 2.4 a) Wedge and block

<

(1)Choose the system.
The force between the block and wedge (normal force to the slope)
will make the wedge accelerate toward the left when the block sliding
down. You may choose the block only as your system and try to find
the motion of it. However you may have to resort to non-inertial frame
because the wedge is accelerating. So in this example, it is more
appropriate to choose both wedge and block as our system

(2) Analyze the force (I entrust you can do this)

(3) Choose the coordinate
This 1s also straight forward here. A Cartesian based on the ground.

(4) List the equation of motion

There are 3 equation of motion in this problem (x, y component for
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the block and X component for wedge), however there are 4
unknowns (x,y), X and normal force N.
(5) Apply the constraint.

This could become the trickiest part. In this problem, it is relative
simple. The motion of the block has to stay on the slope, this puts a
limit on how its x and y components changes. The Ax and Ay relative
to the wedge (note: not to the ground) has to satisfy the geometry
condition of the slope. The detail is in the book. You may also use that
the velocity of the block relative to the wedge has to satisfy:
(V, =Vy) /v, =—cotd.

Example 2. Force analysis on pulley

As the figure shows a rope (weightless here for simplification) tight on
pulley, and a force T is applied downwards to both ends of the rope (the
force on both ends has to be equal if the pulley is frictionless because the
rope is weightless). The question is what is the force on the pulley?

Most of you can give the answer quickly; the force on the pulley by the
rope is 2T downward. But how you get this?

As we stated that the forces are contact force, we have to investigate a

small segment of rope that in contact with the pulley and see how it exerts
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force to the pulley.

AF

Af

The figure shows the force on a small segment of rope that is in contact
with the pulley. AF is the support force from pulley to the rope, T is
tangent with the arc at the two ends. From the balance of forces on the
rope (since the rope is weightless, the forces on it has to be balanced all

the time). Clearly the value of the AF is:
AF:2TsinA7€zTAH

The force from the rope to the pulley would be same magnitude asAF,

but reversed in direction, i.e. AF,  would point along the radial

direction inward:

From the symmetry, the X component of these AF, =~ will add up to

zero. For the Y component, they will add up to a force point downward,

the value 1s:

AF

y(r—>p)

=TA@Osin@

Add all the contributions from the arc A to B, as A@ — 0 this becomes
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an integral:
F, = [Tsin0d0 =T cos0[;=2T
0

This 1s how you get simple 2T form the detailed force analysis (this
derivation is a little different from the KK because I choose a different
orientation)

There is another interesting method called “phasor” method (a geometric

method to get the summation of vectors).

4

VI

B

Each vector with length TA@, is the contribution of the force from the
small segment centered around 8. As AH—>0, the vectors will
approach a circle with radius T and the results of summation will be 2T as

the red arrow shows.

Example 3 Solving the 1% order ordinary differential equation with
method of separation of variables. (KK, 2.16)

The problem is solving the velocity change over time for a particle
traveling in a viscous media, with viscous resistance force F =—c¥ .

We shall choose the direction of velocity as direction of our coordinate

axis, so the problem is reduced to a 1-dimension problem, and vector
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equation would becomes scalar equation.

dv
m— =—cv

dt
And we want to solve for v(t) provided with initial condition v(0)=v,.
This is a 1% order differential equation, and it is also a simple type
because we can separate the variables, i.e. group the different variables to
the different side of the equations, so we have a relation of the

differentials of the variables, here is how:

@ — —gdt

\% m

Then proceed with definite integration on both sides of the differential
equation. The time is from 0 — ¢, and velocity from v, — v(¢)

Oaq LoC
J 5=l

Vo

C V(¢ C
Iny[W=—-—¢ S0,
! m Vo m
<
v(t)=ve "

Such basic technique of separation of variables is required in this course.

35 If you really stick to math, you may worry about whether the two sides are equal or not, because the two
integral are integrated with different lower and upper bound. From physical point of view, the integral make
perfect sense, at t=0, v=v, etc. There always a one to one relation between t and v during the summation (integral is

a summation). If this still not convincing, I shall rewrite the integral on the left hand side as:

t t
| (%)dm] ?dt . This will equal to the right hand side. Now play the trick of substitution of integrand, make the
0 0%

t v(t) v(t)
variable v instead of t. j(ﬂ)dt= | (ﬂ)d": ) &
0 dx v dx Y

0 0
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Example 4. 1-D free falling: an object is at a distance from the earth and
falling towards the earth center. The object has mass m and is at a
distance of h (h could be very far, say infinity) from the center of earth,
initial velocity is 0.

This 1s seemingly a simple problem:

The distance is x (earth center is origin), and the velocity is v(x), and the

force 1s:

F=-G Mezm and Newton equation will be:

X

m@ =G Mezm
dt X

The trouble is the x is a function of time that we do not know yet x(t), and
we cannot solve this equation as it is presented in this form. If the right
hand side is an explicit function of t, then it may be solved as a 1* order
differential equation (also it is possible that it may not have an analytical
solution at all and has to be solved numerically)

You may express the differential equation in forms of variable x instead

of v, but that will become a second order differential equation:

d’x M m : : :
m? =—G—%— and no simple solutions for this too.
t X

We will see that we can use energy conservation (later) to reduce the

above equation to first order differential equation (only involves dx/dt) .
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The detailed calculation won’t be presented here’®. The point is to show
you that even for this seemingly simple problem, directly using Newton’s
equation of motion may not give us solution. Yes, the equation will be
some form of 1% order or 2™ order O.D.E (ordinary differential equations).
But it can be a beast to be solved. The advanced method to solve O.D.E is
not required in this course.

As to this example, though direct solving above 2™ order ODE on x may

not be easy, there is a useful “trick” to apply:

dt dx dt dx
mﬂ = mvﬂ =G M m
t dx X

Then we can solve the relation between v and x using separation of
variables to get v(x). The using v(x)=dx/dt to get x(t). The details
calculation is straightforward but a bit messy due to integration, you may
try it yourself.

We will need other tools to evaluate the motion besides the equation of
motion. This will be the conservation relations we shall discuss next.
Though at the beginning, these conservation laws may seem to be a
corollary from Newton’s laws, it turns out that they are more robust and

have wide and profound applications in all branches of physics’’. We

3% You may find solution in: American Journal of Physics Vol.74 pgl115-1119 (2006)
37 We discussed but without prove that these conservation laws arise from homogeneous and isotropic of the space

and time in Chapter 1.
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shall first discuss the momentum and its conservation law; then energy
and its conservation; followed by discussion of rotational motion and
angular momentum and its conservation law. These compose the contents

of the next few chapters of this note (as well as the KK’s book).

Chapter S Momentum

5.1 Mechanical Momentum

As we stated in the equation of motion (4-1), the Newton’s equation is:

- d ., .. : .
F= z(mv). In the case that mass is independent of time the equation is
t

reduced to the familiar from of F=ma. From the equation, we see that it’s
the combination of mass and velocity plays the important role in
determination of motion, so this combination deserves a name for itself,
and this is the mechanical momentum:

P=mv  (5-1)

The mechanical momentum is a vector along the direction of velocity.
The reason it is called mechanical momentum is because it is a special

. .. 38
case in the more general definition of momentum™.

¥ The more general definition of momentum (the canonical momentum) will be given in the theoretical

mechanics:  p; :S—{“ , where L is the Lagrangian of the system and the ¢, is the generalized coordinate change
9;

with time (the generalized velocity)
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In the first chapter, 1 said that the state of motion of a system can be
described by position and velocity (x, v) of the particle (in 1-D). In the
light of momentum, that statement should be modified that the state of
motion is best described by position and momentum (x, p) in 1-D, or

(7, p) in higher dimensions.

5.2 Multi-particle System and Center of Mass

Let’s consider a general system consisting of N particles (it could be N
separate particles or the particles congregate to form one object), each
particle is subjected to a total force ‘felt’ by the particle: F,, and this
force can further be separated into two parts (only consider the inertial
frame here): one is due to the mutual interactions within the system, i.e.
the force exerted on the ith particle by other particles in the system; the
other force is attributed to the external force. Then the total force felt by
the particle i is:

F =F"+F* and for the ith particle, we have:

F==t
dt

For each particle we have a similar equation of motion. Now take a

summation of all the individual equation of motion:

ZE:ZEeﬁ"‘ZEim:Zi?

i i i
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From Newton’s 3" law, the internal forces will always be in pair, and

every pair would be equal in magnitude but reverse in direction, so

ZFZ.““ = 0. The above equation reduces to:

1

d(> P)
dP ~ 7 dP

FE‘XI EFexl — i_ i — total 5_2
Z,.: ’ rorel Z dt dt dt (>-2)

This is the most important equation in this chapter. It shows the relation

between the force and the change of total momentum P = ZE over

1

time. In a multi-particle system, though the individual particle may have
1ts own motion, there is a relation between the total external force and the
total momentum change. The relation (5-2) has the same form of equation
of motion of one particle, this becomes obvious if we introduce a concept
of center of mass, a fictitious particle which has the total mass of the

system, its motion will obey the relation (5-2).
5.2-1 Center of Mass

The position of the center of mass of a system is a point which is defined
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The (5-2) will become:

... dP.  dMR
Eotcil = dt;l = dt (5_5)

If the total mass do not change over time, the (5-5) would be like F=Ma,
the equation of motion of a fictitious particle with the total mass under
the total external force.

In some cases, such as a cannon ball exploded during the flight, though
each individual piece may fly in different direction, the center of mass
will still follow the trajectory of the projectile. Please also see Example

3.5 1n KK.

5.2-2 Determine the Center of Mass

From the definition (5-3), the location of center of mass can be
determined. The (5-3) is a general vector form and in real calculation, it is
best expressed into formula of components. We shall take a look of the
simple case where only two particles involved first, then investigate the
more general case of continuous distribution.

(1) Center of Mass in a Two-Particle Case
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As the figure shows, the center of mass is represented by a position vector

R. It 1s from definition:

B mh + m,r, (5-6)

m, +m,
It may not be obvious from (5-6) where the R locates. So let’s calculate

the displacement vector from the C.M(center of mass) to particles 1 and 2,

labeled as 7', ":

AT Y LR
m, +m, m, +m,

. L = . omrI+mr m (7 =7

7’2' ’/,2_R:r2_ 171 2°2 1(1 2) (5_7)
m, +m, m, +m,

1, ',r,'are both in the direction of 7 —7,, so the R is located in the line
joining the two particle (7 —7,), distance to each end is given in (5-7). If
the two particles are joined by a weightless lever and you put a support
right beneath the C.M, it will stay at this balanced position, this is

obvious from (5-2), as well as the lever equilibrium you learned in high
school.
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In real application, we usually choose a coordinate to put the two-particle
along a coordinate axis and set a convenient origin (say m; is at x=0...),
you do the calculation for (5-6) and (5-7) for this choice of coordinate.

(2) Center of Mass for Many Particles

If the particles in the system are more than 2, (5-3) is the formula of C.M

for discrete case. If the object has continuous mass distribution:

dm = pdV

R=|[[Fpav i |[[pdv  (5-8)

p1is the density, and the triple integral is over the volume of the object. If
in 2-D case, it will be a double integral over area.

The vector form of C.M. in (5-3) and (5-8) though compact, is not very

convenient in calculation, so their components formulas are:
Zml.xi

— i
>

X

(5-9) for discrete case

xpdV
X = m—p (5-10) for continuous case

fpar

The formulas for the Y, Z components are similar. In the evaluation of
C.M., always first try to deduce it from symmetry before plunge into (5-9)

or (5-10). KK’s has examples 3.3, 3.4, here is another one.
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Example: find the center of mass of an equilateral triangle with uniform

density, say density=1, the length of each side=L

i
N

From symmetry, the C.M must be on the x-axis (actually for equilateral

v

triangle, it also has to be on the other central line, so really you can
determine the C.M from geometry), no need to compute Y, Y=0. Let’s
calculate X (this is also used as a simple example to show you how to

setup the double integral, even I know where the C.M is from symmetry):

j j xdA j j xdxdy

__ Area __ Area
X = =

M M

M is just the area of the triangle. The double integral is over the area (the
bound) of the triangle. Of all the double (or triple) integral, it is critical
how you divide (also called slice) the region. Here I choose to slice the
area into stripes as shown in the red stripe in figure. At certain X, the

stripe is extended (the range of y) from x/ J3to —x/3 , and x 1s from

NG

0to TL. So the double integral would be:

gL % 73 % gL 5 ) \/5 L3
i!axdxdy = _([ _'[deydx = _([ (_'[C dy)xdx = _([ ﬁ dx = ﬁ(T L) = =
V3 NE]
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1. V3. . 3

M=—L(—L)=—1"
2( ) 4

2
L 243
X=f=3GD

The C.M would be at two-thirds of the height, you may check this result
purely from geometry.

The C.M could also be calculated if you divide your system into
subsystems, and find out the C.M of each subsystem, and treat these
C.M’s of subsystem as a mass point and compute the C.M from these
mass points. The proof of the theory is straightforward and is left for you.

Using this theory, you may find out the C.M. of the object below:

5.2-3 Application of C.M and Characteristics of C.M Frame

Example:

O O

A freight car (M) with length L is sitting on a frictionless surface. There is
a ball (mass=m, radius negligible) at the beginning on the left side of the

car, and rolls to the right side of the car and stop (there are friction
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between the ball and the car). The question is what the distance travelled
by the car?
This problem is not easy to solve using equation of motion, but with help

of C.M, the solution is obvious:

L
M (5)
Initially the C.M. 1s at: X, =
M+m

The car will travel distance x to the left and when the ball stopped, the car
will stop too, because under no external force, the C.M will not move.
The ball will be at (L-x), and the car’s C.M will be at (L/2-x). The C.M at

this final moment will be:

m(L—x)+M(£—x)
X, = 2

M+m

And X, =X, the x can be easily solved then.

If there is no external force, the C.M. will obey the Newton’s 1* law. We
can choose a coordinate system that travels along with the C.M., and set
the C.M. as the origin of this coordinate system. This is what we called
center of mass frame. There are a few advantages to choose the C.M as
origin, there will be a couple simplifications:

Let R,7 be the vectors representing the C.M and particles in one
reference frame, Rc,Fcthe vectors in the C.M frame, clearly since we

choose C.M. as origin, ﬁc =0, write it explicitly:
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Y mi
(a) R = =0 (5-11)

2

i

This can also be directly tested using (5-7)

- Zmivic
R =1 =0
(b) 2m (5-12)

i
Z my, =0
i

This shows that in the C.M. frame, the summation of momentum

(Note: measured relative to the C.M. frame) is zero. So the C.M frame
is also called zero total momentum frame (of course the total
momentum of the system as we see from (5-5) is carried by the center
of mass). Relation (5-11), (5-12) are important properties of C.M.
frame and will play important roles later when we discuss scattering

and other applications involving C.M.

5.3 Conservation of Momentum

= P : :
From (5-2) F%' = %, if the total external force is zero, then the total

total ~

momentum will be a constant of motion, i.e. do not change over time.
This is conservation of momentum. Noticed the (5-2) is a vector equation,

it can be decomposed into components:

dP
EC:dR‘,F:—yandfl:d})Z
o * dt dt
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So if the total external force is not zero, but one of its component is
zero(say f,=0), the total momentum component (p,) will be conserved.
(Example 3.6)

Here are some more examples:

1. Consider the free fall object towards the earth. The object and the

earth form a closed system, i.e. neglect external forces outside. What
1s the momentum change of the object?
It is a free fall and close to the earth surface, the velocity change over
time is: v=gf, so p=mgt. It is increasing over time and clearly not
conserved. This because under the influence of the object, the earth
will move towards the object too (strictly speaking, the earth is not an
inertial frame here), with a velocity so small (because of the large
mass of earth) that is negligible, but the momentum of the earth Mv is
not small and the total momentum will be zero.

2. Earth revolves around the sun.

Let’s neglect other influences (such as moon, Jupiter etc), so the
sun-earth forms a closed system and no external force. The earth
revolves the sun in a circular orbit (an ellipse very close to circle). The
velocity of the earth changes over time (the direction) so will the
momentum of earth. From the conservation of momentum, this
requires that the sun will also move in the counter direction of the

earth, so that the total momentum of sun+earth will not change. Both
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sun and earth revolves around a common point, you probably can
guess where 1s that point. It is the C.M., which do not rotate with no
external force. Because the sun i1s so massive that the C.M. of
sun+earth almost overlaps with the center of sun, and the motion of
sun is not easy to observe.
In the derivation of (5-2) at the beginning of this chapter, it is essential
that the Newton’s 3™ law makes the contribution of the total internal
forces disappear. Thus we have the conservation of momentum under no
external forces. That is the reason I stated in Chapter 4 that the 3™ law
will result in the conservation of momentum (which is true from
Newtonian point of view). However, it turns out that the conservation
momentum which is the result of translational invariance of space, has
wider applications than the 3™ law. It is more appropriate to say that the
3" law of mechanics is the result (or special case) of the conservation of

momentum.

5.4 Momentum Change and Impulse Theorem

This is just the integral of the most important relation of this chapter (5-2).
We integrate the left and right hand side from some initial time t, (it could

be set as 0) to some final time t:

- AN L dP
F=——|Fdt=|(—)dt=P(1)|.
— J !(d) @1
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jﬁdr =P(1)-P(0)  (5-13)

The left hand side Iﬁ dt is called impulse. The change of the momentum
0

of the particle or the system equals to the impulse (the force has to be the
total force on the particle or the system). The (5-13) is called impulse
theorem and is useful to evaluate the momentum change given the known
force (read the equation from left to right); or from the momentum
change to derive the force (from right to left). For the second application
(from momentum change to know force), there are generally two
strategies.

(1)Evaluate the average force over time interval

—

F

ave

MMl
=

(5-14)

FAt = | Fdt = P(At)— P(0)= AP

S 14

Examples are given in 3.9 and 3.10 in the K&K.
(2) Evaluate the instantaneous force

This is to take a very small time interval, and from the momentum
change, the instantaneous F can be evaluated by taking the limit
At — 0. The examples are 3.11 and 3.12.

Here we are going to work out the problem of rocket propulsion from
this strategy: At time t, the total mass is M +Am, M is the mass of
rocket and Am 1s the fuel that is going to be ejected. At later time

t + At, the fuel will be ejected with a constant velocity u relative to
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the rocket (note not to the ground or inertial system of your choice),

and the velocity relative to the inertial frame is shown in the figure:

e — — —_——

/,a"' T~ v+AV+U, ~T a__\\
f’/ Y 7 5
S \ [ — \
[— 1 = \
== |Am M | —E1dm M |
'\. —*v ri s, /
e // S
S ~—— =" W+ AV
Time ¢ Time ¢t + At

The initial momentum is:
P(t)=(M + Am)v
At later time, the velocity of the fuel in the inertial frame is:

v+ Av +u and the momentum of the whole system becomes:
Pt+At)=M@ +AV)+Am(v +Av +u)

The change of momentum (neglect higher order AmAv ):
AP =M AV + Amu

T VL L VL T T RY
A0 Af dt dt dt dt

This uses that fact that the exhaust mass rate of change equals

decrease rate of mass of the rocket, i.e. c;_m:_dﬂ- (5-15) is the

dt
fundamental equation of rocket propulsion.

In the case of zero external force F,, =0, we have:

Mﬂ—i[d—M:O or:
dt dt
_dM dv
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This looks like F=ma, where ﬁcil—ﬂjis the propulsion force (recoil

force) on the rocket by the fuel ejection. (dd_j\f <0, the force 1s along

the reverse direction of u ). The final velocity can be solved by

integrating both sides:
_dM
u—m-=
M
Vv(t)—v(0)=uln

dv

M)
M (0)

This is the result of example 3.14 in KK. For the case of rocket under
gravitation force, refer to example 3.15.

Another important application of this strategy is momentum transfer
(section 3.6 in KK). A flow of particles are hitting the surface and
being scattered. Because of the change of momentum of the particles,
they must ‘feel’ a force exerted on them by the surface, and the surface
will experience a force too by the 3™ law. This is why we have air or
water pressure. How we evaluate such pressure?

Let’s consider the following model, the particles are flowing with
certain velocity v, . It could be a constant, then we will have a simple
velocity distribution, also called constant velocity field. Field is
nothing but a distribution of physical quantity, if the quantity is scalar
(such as temperature), it is a scalar field; if the quantity is vector (such
as velocity in this case), it a vector field. If it is not constant, it is

generally a function of space and time v(r,f). For simplicity, we

111



consider the constant velocity field here.

The strategy of momentum change and impulse is to take a small time
interval and work out the momentum change. The first question is
within small time interval, how many particles hitting the surface?
Equivalent question is how many particles will flow through a surface.

This is a question of estimate the ‘flux’ of a vector field (here the

velocity field):
v > ] VAt
— > As
— > |As

The flux™ of the vector field is just the volume of the rectangle in the

right of the figure above, which is v ,AfAs, the number of particles
passing through the surface in the time interval would be just
Am = pv,AtAs, pis the density of the fluid. pv,AtAs would be the
mass passing through the surface during the time interval Az. What I
draw above 1is actually a special case where the surface is
perpendicular to the velocity field, or equivalently the normal

direction is parallel with the v. The general case would be:

39 Strictly speaking, flux is defined as flow across an area per unit time, i.e. Ar=1.
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——>  Ag
|
e h—
_—_yn

The surface normal 7 (unit vector) will have an angle 6 with the
velocity. The volume representing the flux will be:

v AtAscosd =V, - nAsAt  (5-16)

Am = pAtv, - nAs = pAtv, - As  (5-17)

AS = nAs

The choice of 7is arbitrary (it may point to the right or left in the
figure above, I chose it pointing sort of along the velocity), it won’t
affect the results as long as you keep it consistent.

Now we can evaluate the change of momentum over the time interval:

AP =Am(v, —V,)

And the force on the surface is the —F felt by the particles, from the

impulse theorem:

AP A -
surface :_E:_p‘}o nAS(Vf _VO) (5_18)

F .
=—=—pv,-n(V,-v,) (5-19)

presure AS
Two special cases are v, =0 (completely inelastic), and Vv, =-v,
(elastic), you should be able to work out the expression of the pressure
felt by the surface from (5-19). Also in the most general case where

the surface may not be even a plane, then the total force felt by the
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surface would be a surface integral (a double integral) of equation
(5-18), where p,n,v may depend on the position on the surface.
Fortunately we won’t consider such beast in this course, and you will
learn how to calculate flux of vector field in calculus and divergence
theorem etc®. Please also refer to examples 3.17 and 3.18 to see the
application.

(Important concept: mechanical momentum, center of mass and center of

mass frame; conservation of total momentum; impulse and momentum

change)

Chapter 6 Work and Energy

In this chapter we shall discuss two important concepts in physics: work
and energy. We will first derive the work —kinetic energy from Newton’s
law, and thus give a definition to work and kinetic energy. For some
particular forces satisfying certain requirement, the work done by these
forces will have an interesting property: It is independent of the path.
This path independence will define a conservative force and a
conservative potential associated with the force. We shall discuss in detail
the property and criteria for conservative force. The potential also defines

energy: the potential energy. The sum of kinetic and potential energy is

40 Tt is called Gauss theorem in electrostatics and you will learn it in electro-magnetism.
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called mechanical energy of the system under study. It is conserved if
only subject to conservative forces and this leads to the powerful concept
of conservation of energy, once we acknowledge that the energy can take
many different forms, and mechanical energy discussed in this chapter is
only part of it. Finally we will discuss an important physical process,
scattering between particles, as an example to apply the conservation

laws we learned so far.
6.1 Work-Energy Theorem in 1-D
6.1-1 Work-Energy Theorem for a Single Particle

We shall start from this simplest case and extend it later to systems of
more particles and higher dimensions. Single particle here means I
choose the system containing only one mass point, treat everything else

as influence from outside world. In 1-D, 2™ law is:

dP(t) _ o dv(t) _ . d’x(t)

F(x)=
) dt dt dt?

(6-1)

Notice here in the above equation, I specify the force only explicitly
depends on position. This is not a necessary condition here, the general
force may depend on velocity and time explicitly. This is related to what
we had discussed in chapter 1, though the fundamental forces are only
position dependent, the forces ‘felt’ by an open system may depend on

time or velocity explicitly. This dependence will have no effect on the
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following discussion on work-energy theorem, but will affect the
definition of conservative force. For simplicity, I shall first assume the
force is only position dependent and will include the discussion if the
force has other dependence later.

Now I play a ‘trick’” on the right hand side of equation. We already see

two usual forms on the right hand side to express the motion of particle,

2
Le. Ll = d—f , now I will show you another form:
dt dt
dv _dvdtdx dv

—_——=y— (6-2)
dt dt dx dt dx

This 1s legal operation, if you worry about the math, replace the

1

differential symbol df,dx...with small change Ax.At..*' This from is

also worth to remember and it may become handy in applying 2™ law

sometimes, such as what follows:

dv
mv— = F(x
I (x)

mvdy = F(x)dx
Integrate both sides from initial position to some final position (see the

K&K for detail or refer to footnote 36 on pg 92 of this note):

1 This is legal for total differential because we can view it as small change of numbers. It is not generally legal
for partial derivatives, because of the constraints attached to the partial derivatives, see the supplement on partial

. OpOx .G 0 .
derivatives. Here as an example: let’s say x=x(p,q),y=y(p.q);p=p(x,»),q=q(x,y) . PE_ —p) (—x) #1. Noticed
oxdp ox YV op'd

the constraint on the two partial derivatives, one requires hold y constant, the other requires hold q constant. To

. L . . . . ord
further illustrate this point, try the relation between Cartesian coordinate and polar coordinate: alafx=cos2 0
X or

116



Lo, 15 %
Emvb —Emva —JF(x)dx (6-3)

What this relation tells us? It actually defines two things! It tells us two

things are equal. We shall define kinetic energy as:
1
T :Emv (6-4)

So the left hand side is change of kinetic energy: AT =7, —T,. The right

hand side defines work by the force:
W= j Fdx  (6-5)

So relation (6-3) can be written with these definitions as:

AT =W  (6-6)

It says the kinetic energy change of the system equals to the work done to
the system. This work-KE relation and its form in higher dimension is the
most fundamental relation in this chapter. If the work done to the system
is positive (the force pushes the system), kinetic energy will increase. If
the work done to the system is negative (system pushes the outside world,
the system will do positive work to the outside world, easy to see this
from 3™ law and definition of work), system will lose kinetic energy.
Notice that in definition (6-5), I intentionally only write F, instead of F(x),
because this applies to all kinds of forces. However, if F in this 1-D case
only depends on x, we will get some interesting result. Let’s suppose F is
only a function of x, 1.e. it is defined uniquely for every x. Then the work

1s just a definite integral with integrand F(x):
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W= TF(x)dx (6-7)

From the fundamental theorem of calculus, we know that this integral
equals to the difference of the antiderivative of F(x), evaluated at the end

points, 1.€.

if 46(x) =F(x) (6-8)
dx

then:

W= xf F(x)dx=G(x,)-G(x,) (6-9)

G(x) is called mathematical potential associated with the force. Noticed
that there is a striking fact lies under the simple relation (6-9):
path-independence. It is determined by the starting and ending point
only, do not care how the particle moves betweenx ,x,. If it moves
directly fromx, tox,, or fromx, to some other pointx_, then back tox,,
the force will do the same amount of work, ignoring the details of how

particle travels between the locations.

—
—_

A Be—C

Such force is called conservative force and we have relation (6-9) in 1-D
case. We will discuss the conservative force in general situation of higher
dimension later. In 1-D, the only requirement for a force to be
conservative is that it only depends on position, i.e. position alone

uniquely defines the value of the force.
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We shall define physical potential for conservative force as:
Ux)=—-G(x) (6-10)
(6-8) will become:

F(x)= —0;—(; (6-10)

And (6-9) becomes:
W= jF(x)dx =U(x)-U(x,)=U, -U,=—AU  (6-11)

The advantage of this definition is when combined with work-energy

theorem (6-6), we have:

AT =W =-AU

(6-12)
AT+U)=0
(6-12) tells us there is a physical quantity that is not change over time in

the system, we define this as mechanical energy:

E

mech

:T+U:%mv2+U (6-13)

I specify it as mechanical energy because there are other energy forms.
There is still one ambiguity in the definition (6-12), namely the U. From
(6-11) we see that only the difference between the potential is defined, or
from (6-10), the function U(x) can be subject to an arbitrary constant C.
This ambiguity on the value of U is removed by our choice of zero
potential. 1.e. we shall choose a reference point, and specify its potential

equals zero: U(x,,)=0 Because only the difference of potential has

physical significance, so the choice of zero potential reference is made by
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convenience. If you choose a different zero potential reference, every
potential may shift by a constant, but this will not affect (6-11) or (6-12),
because the constant cancels. The usual choice of potential zero are: for a
spring, the equilibrium point of the spring with no force on it; for gravity,
we usually choose infinity as zero potential point; sometime we also
choose sea-level (or ground level) on earth, etc. With a chosen potential

zero, U(x) can be defined from (6-11):

IF(x)dx:U(x )-U(x)=0-U(x)=-U(x)

Fref

ref
) . (6-14)
U@F—Iﬂmw:jﬂm&

s
Now you have a formula to evaluate the kinetic, potential and total
energy for a single particle system.

Let’s take a look again to the example given by the end of Chap.4:

1.e.: 1-D free falling: an object is at a distance from the earth and falling
towards the earth center. The object has mass m and is at a distance of h
(h could be very far, say infinity) from the center of earth, initial velocity
1s 0.

This 1s seemingly a simple problem:

The distance is x (earth center is origin), and the velocity is v(x), and the

force 1s:

M m

X

F=-G
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This is not easy to directly solve the differential equation as we stated

there. Now from energy conservation (or work-kinetic energy theorem, or

with the trick I told you hereﬂ = dvdtdx = vﬂ) basically we can first

dt dt dx dt dx

. . .. d.
find out the relation between velocity and position v(x), then ?); =v(x)

will give relation between x and time. I shall briefly workout from
conservation of T+U (because the force only depends on position in this
case), please work out from work-energy theorem (which also applies to
forces that depends on time or velocity) yourself.

I shall choose infinity as my potential zero.

GMm GMm " GM m
U(h)= j— =
(6-15)
U(x):—GMem
X

1 , GMm  GM,m

2 x h

.

The reason I put minus sign is because | define the positive x direction is

from 0 to infinity.

dx_ \/2GM <1
dt x h
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dx
—\/2GM6(1—1)
x h

t:j dx
. 1 1
- 26M,(C— )
x h

dt =

It is not a pleasant integral to evaluate analytically, but impose no
problem for numerical method for computer. This is generally true in real
problems in mechanics, instead of having wanted x(t), you often end with
t(x) (be a analytical or just in integral form) and the inverse x(t) may not
be solvable. This example is in the same spirit as example 4.2 in KK, but
that one is easier to solve.

It may occur to you that the potential due to gravity is mgx close to the
surface of earth, where x is the height here. It looks different than
potential given in the (6-15). First the mgx is really the potential
difference between the height R.+x and that of at R., let’s calculate this

difference using (6-15):

AU =U(R. +x)~U(R.) =—GM m(—— 1
R, + R

e e

GM 1 GM X GM
— _me ~Dr—m—e[(1-) =) =m——<x
R, (1+x/Re ) R, K Re) ) R’

2
e

If we invoke the definition of g = G}iwe , the above is mgx, so the two are

consistent.
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U( r)A

v

GMm

r

Uir)z—

It can also be viewed from the figure depicting the potential given (6-15).
If you choose the ground level as zero potential, it just shift the whole
curve vertically up (or the axis down) so that the U(R.)=0, as the blue
horizontal dashed line indicates. Close to R., the hyperbolic potential can
be approximated by a straight line, whose slope is mg.

For the forces that depend on time or velocity, the argument leads to (6-9)
won’t apply, that requires the force is uniquely defined from position.
This is apparently untrue if forces explicitly depend on time or velocity.
For such force, F(x,v,t), the work defined by (6-7) has to be computed
with the technique of line integral®, it generally depends how the particle
travels along the line even for this 1-D case®™. We will not get simple
relation as (6-9) and we do not have conservation energy (mechanical) for
systems under such forces, these forces are called non-conservative forces,

such as friction (it depends on direction of velocity, not defined with only

42 The basic technique is called parameterization and is discussed in the supplement 2, section 7-1 under line
integral, it is part of multi-variable calculus.

** We need more information to evaluate this integral. Not only the staring and ending point, but also other
information, such as direction of the particle travel (for friction force) or velocity at certain point (resistance force)
etc. This requires details for the path. We shall say that for these non-conservative forces, the work done is path

dependent, in contrast to the path independence of work done by conservative forces.
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X), air resistance etc.

Someone may argue that even for a force that depends explicitly on time

or velocity, for example: F(x,t)=—k(x—at), because of motion obeys

2" law, we could solve the relation between x and t, say t=t(x) like in the

above example. Then throw everything back to F, F(x,t) =—k[x —at(x)],

the t(x) is a function of x. It is seemingly that the work will be back in the
form of (6-7) so (6-9) will follow. The problem of this approach is:

1) The reason we introduce potential is to solving the problem without
solving the equation of motion directly. If you already find out relation
of x(t) or t(x), that loses the part of the point of introducing potential.

2) The above method is essentially doing line integral with parametric
method. You can always do this to compute the line integral. The
parametric function, the t(x) above, is path dependent. i.e. it depends
on how the particle’s path and how it is moving along it. With
different path or different initial state, the parametric function would
be different, so will the result of the work computed from (6-7). The
“potential” defined this way will have different function forms for
different paths and this loses the whole point to introduce potential.

When there are not one but a number of forces acting on the particle, the

total work done by the forces is the work done by the total force for this

single particle system:
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W s = ZTde =T(ZF,.)dx (6-16)

This is true because the path of the work done by different forces is same
for the single particle case (it is not true for the many particle system, the
forces may exert on different particles and have different paths. The total
work will still be sum of individual work, but not equivalent to the work
by total force).

The work energy theorem still holds for this case:

1
= AT =§m(v§ v (6-17)

total

If the forces are all conservative forces:
W;otal = ZW;C = Z_AUiC = Z_(Uic(xb) _Uic(xa) (6-18)
Then the total mechanical energy defined as 7 + ZU . 18 conserved:

AT+ UH)=0 (6-19)

If the force contains non-conservative force:

VV;o[al = Vl/cons. + Vl/non—c = AT
I/Vnon—c = A(T + ZUic) (6-20)

The mechanical energy change would equal to the work by the

non-conservative force.

6.1-2 Work-Energy Theorem for Multi-particle System

Last section, we studied the simplest system, single particle system and

use it to introduce some very important concepts and definitions: work,
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energy, conservative force and potential. Now take a look for
multi-particle system, I shall choose two-particle system, it is sufficient
and can be generalized to any number of particles (or parties).

(1) Internal Force and External Force

When you choose the system, it is natural to group the force into internal
ones (the interaction among the particles inside the system) and external
ones (the interaction of particles with outside world). Such grouping not
only for convenience, but has following important effect as well (in single
particle case all forces are external).

The internal force if any exists, is due to interaction between the particles
and always appear in pair obeying 3" law. This gives an important
character of work done by the internal force. Let the force F,be the
force act on particle 2 by 1; F, be the force on 1 by 2. We have
F,, =—F,, both forces are depending on the relative positions of the two
particles: F, (x, —x,)=—F,(x, —x,) as we discussed in chapter 1 (the
symbols used mean F is a function of x;-x,). The work-energy theorem

can be applied to each particle separately:

F, dx, =dT, =%mld(v12)

Fydx, =dT, = %mzd("g)

Add the two relations and apply the 3" law, we get:
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le(xl _xz)dxl _le(x1 _xz)dxz :d(Tl +Tz)
F( —x)d(x,~ x,) =d(T, +T))

If we introduce a new variable x, —x,, then the left hand side is just the

line integral as in the single particle case but with x, —x, as variable:

Ey(xy = x,)d (% = x,) = (T}, + T,,)) = (T, + T,,) = A(T; + 1) (6-21)

Xa™*24

The work that done by the pair of internal force on the particles thus
changes the total kinetic energy of the two particles involved. What is
more important, is because the left hand integral only depends on relative
positions to the particles, it is same even if the coordinate system is
changed. Restate it as: The work done by a pair of internal force is
independent of coordinate of choice.

If the internal force is conservative as the one written in (6-21), then we

could define a potential same as (6-14):

Fy (o = x,)d (= x,) ={U (3%, = x,,) —U(x,, —x,, )] =-AU  (6-22)

Xa™*24

Combined with (6-21):

AU+T+T)=AU+T)=0 (6-23)

Again the total mechanical energy is conserved if only under conservative
force. The T here is the total kinetic energy of all particles; U is the
potential energy between the particles. If there are more than one
interaction that are conservative then U could be a summation of all
individual potentials associated with conservative forces (for example

massive charged particles have both gravitation and electric interactions
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and potential associated with them). Also noticed that the (6-23) is not
the simple summation of individual particles’ mechanical energy
(U+T))+(U+T,) as one may naively assumed, because the U here already
related to the change of the total kinetic energy, you do not count it twice.
For the non-conservative internal force (such as the friction, it also
appears in pair but depends on the relative velocity between the parties,
more strictly it actually depends on the direction of relative velocity), we

cannot define potential but (6-21) work-kinetic energy relation still

applies:
VI/I;III:JI = VVclon};s + VVni(r)lrtt—c = A];otal (6-24)
Van;litz—c = A(U + ];otal)

Now let’s include the external force. If the system also interacts with the
outside world, the force resulting from such interactions is external force
for the system. The total work done by the external force here may not be
computed from the total external forces like in single particle case, we do
not have (6-16), and instead the work by the external force has to be

computed individually:

Wt = xj'b Eextdxl + xj'b szextdxz (6-25)

Xa X24

If the external forces also have conservative and non-conservative parts,
we can define the potential due to the external forces too and include it in
the mechanical energy of the system, then you do not need to consider the

work by the conservative forces (already included in the potential), (6-24)
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would become:

Wi = AU, + U +US" +T)  (6-26)
UM +Us" is the potential on particle 1 and 2 due to the external
conservative forces (if any).

Very often, we also choose to compute the work by the external forces
and do not care whether it is conservative or not, then:

Wt + Wone = DU +T)  (6-27)

The reason that we have all these different variations of the fundamental
work-energy theorem, is because in reality we have a choice to define our
system and outside world (thus internal and external), also we have a

choice to define the potential for conservative forces. If in doubt, go back

to the fundamental work-energy theorem.

(2) Reexamination of Potential Energy

In the single particle case, we define potential for conservative forces, the
premise is that the force is only depending explicitly on the particles
position, i.e. the particle’s position uniquely determines the force. And |
also worked example of gravitation potential of a particle in free fall.
Let’s take a look of this gravitation potential now since we learned
multi-particle case. You will find the discussion on the single particle case
for gravity is not rigorous. Because the gravity depends on relative

positions, so only knowing the position of the one party is not sufficient
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to determine it. The argument in the single particle case relies on the fact
that I choose earth as my origin, so that its position is fixed, then the
position of particle can determine the force.

Now we can take a look of this from two-particle point of view: a system
of both earth and the object. From (6-21) and (6-22) we see that the
change of potential should strictly speaking involves change of kinetic
energy of both earth and the object:

~AU = AT

earth + ]-;) (6-28)
Only if we choose our inertial frame as earth is stationary or the earth

moves with constant velocity (both are approximately to inertial), then

AT,

earth

=0, and the potential change can be treated as only affect the
kinetic energy of the object as in the examples of single particle case. If
the earth is not a good inertial frame or we choose another frame in which
the earth is not moving at constant velocity, we have to include the
change of kinetic energy of the earth. This is because even though the
change of velocity may be very small (negligible), the change of kinetic
energy may not be small in percentage in (6-28) and has to be taken into
consideration.

Let’s suppose the earth+object system, the original velocity of earth isV/,
the object is v,; in the final stage, the velocity changes to V,v

respectively for earth and object. So the kinetic energy changes are:

130



Let’s assume only internal force between object and earth (or the external
forces are negligible during the process), then we have conservation of
momentum:

MYV,+mvy=MYV +mv—>-M,(V-V,)=m(v-v,)

AT, M,(V'-Vy)_ V+V, 2V,
AT, m(v* —vg) v+, v+,

The approximation of small change on earth velocity V is used above. We
see that this ratio 1s not necessarily small (it is 0 if V; =0). So care may
be needed when we deal with potentials arising between the interaction
parties, the choice of coordinate frame will decide what kind of equations
to use (whether need to include the kinetic energy of both or just one of
them). The example to illustrate this would be the calculation of third
escape velocity (the velocity of the rocket launched from earth that goes
beyond the gravitation field of our solar system, the sun). The detailed
calculation can be found in many textbooks™ and won’t be given here. I
only discuss the common mistake that one easily made (including me at
first time):

The potential energy of the rocket has two parts: one due to earth and the

other due to sun:

* Forexample: 258 1AL (L), p201; FBKS 2 S pl77.
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On the surface of earth, the rocket’s potential would be:

U= —GMem}%—GMsmL

e e—s

By the time the rocket escape out of solar system, its potential would be
zero. This increase of potential would be achieved from decrease of
kinetic energy of the rocket, so the rocket final velocity would be zero at

infinity. Then:

AU +AT=0— %mvg = GMemR% + GMSmL

e e—S

And you will get incorrect answer, but why? Following our discussion |
hope you see what is wrong here (before you look my reasoning below).

The problem is either the sun or the earth will move, and the its kinetic
energy change cannot be neglected. The general choice is choosing an
inertial frame where the sun is stationary (which is a better inertial frame
than the earth), then the earth will move around the sun with velocity
almost 30km/s. In the above calculation the potential change on the
earth-object part would have to include the kinetic energy change of the
earth during the process. Actually it is probably safest to start from a

system including the sun+earth+rocket and list out potential energy and

kinetic energy ( E = %mv2 + %M V- GMmn _GM.m _ GM M, ) and
re—O I/.‘S'—O S—e

using the conservation of total mechanical energy and momentum ( also
be careful there, because the earth-object are subject to force from sun so

to apply the conservation of momentum between earth and object may
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require some thoughts) to solve the problem, instead of treating the rocket
only as the mistake above. Please find out the solution yourself or read

the reference given above.

(3) Energy and Choice of System and Coordinate System

From the above discussion we have seen that the fundamental theorem on
mechanical energy is work-energy theorem. In the application of this
theorem, it usually requires we define our system of interest and a choice
coordinate system (inertial frame). We now take a detailed look on this.
First let’s see that if the work-energy theorem is correct in one inertial
frame, it applies to all inertial frames. This is expected because
work-energy theorem is derived from 2™ law, which applies to all inertial
frames (of course neglecting relativity here). But I shall work it out
anyway.

Suppose we have two inertial frame, x and x’ (still in 1-D), the x is

moving with constant velocity v, with respect to the x’ system. So:

x'=x+vt,t =t'(Galileo Transformation)

V'=v+y,

In the x system, we have the work-energy theorem as in (6-3), in the x’:
i ' 1 12 1 12

[ Fdx'=—mvii——mv?  (6-29)

N 2 2

I will show that (6-29) i1s equivalent to (6-3):

133



1 , 1 , 1
Emvb2 —Emva2 =Em[(vb + vO)2 -(v, —H/O)2

1 1
=§mv,f —Emvj +mv,(v, —v,)

The kinetic energy change has an extra term if expressed in velocity in
the x. This is because the displacement in x’ is different from that in x.

The left hand side of (6-29) can be evaluated as:
[ Fdx'=[Fvde = F(v+v,)de = [ Fvdt+v, | Fdt

The first part on the right hand side will give the kinetic energy change in
the x coordinates (the first part of kinetic energy change in the x’), the
second part using impulse-momentum relation, will give the second half
of kinetic energy change in the x’. So work-energy theorem works in both
inertial frames, even though the form of kinetic energy and work will be
different in the two coordinates.

This brings a subtle point in computing work and kinetic energy. Their
forms depend on coordinate system of choice though W-E theorem
always holds. We have seen that for a pair of mutual internal force, the
work done by it 1s same for all coordinate systems. But the work by the
external forces may depend on coordinate systems, so will the kinetic
energy. These may best be illustrated by working an example. This will
bring out the importance of our choice of system of interest and

coordinate system:
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O %Y

v

A cart 1s moving at constant velocity V; The mass of cart is M>>m the
mass of the ball; The spring is massless and its spring constant is k, and
its equilibrium point under no stress is at X, initially. At t=0, the ball with
initial velocity vy (w.r.t cart) hits the relaxed spring, and final time is
when the ball stops from the point of view for a local observer travelling
along the cart. Neglect friction forces. Now please analysis the
work-energy relation from two points of view: the observer on cart (the x
coordinate system) and a ground observer (the x’ coordinate system).

(a) Only include the ball as system of interest:

For the cart observer, the kinetic energy change is:

AT:—%m%

AU = %k(xb —x,)’

In the cart frame, the X, is a constant, the force on the ball is
determined by the ball’s position x and is conservative and the
potential is given above. The mechanical energy of the ball is

conserved, 1.€.:

1 1
Ek(xb - xo)2 = Emvg
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The x, can be computed from the relation.
For the ground observer:

The change of kinetic energy is:

, 1 1 1
AT :EmVO2 —Em(VO +v,)" = —Emvg —mV,v,

The work done by the force is:

T—k(x‘— x,)dx'= T—k(x '—Vt)dx'

This work cannot be reduced to a potential energy for the explicit time
dependence of force, and you do not have a well defined potential for
the ground observer. The computation has to carry out through
work-energy theorem and is much harder.
(b) Include the ball and spring as system

The difficulty for the ground observer above is because the work done
on the ball by the external force is depending on the coordinate. By
including the ball and spring in the system, the work by the elastic
force of the spring becomes internal force and its work on both ball
and spring would be same for the cart and ground observer. The

work done by the spring for both observers then would be:

w

elastic

=-AU = —%k(xb —x,)’

This work (or potential change) would be equal to the kinetic energy
change of both spring and ball, but since the spring is massless, then

the total kinetic energy only consists that of the ball. So for the cart
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observer, same as before:

elastic

1 1
/4 =—AU=—§k(xb ~x,)’ =—§mv§

The mechanical energy is conserved.

For the ground observer: The kinetic energy change is still:

! 1 1
AT :EmVO2 —Em(VO +v,)" = —Emvg —mVyy,

The work done by the elastic force between the spring and ball is:

I/Velastic = _AU = _%k(xb - ’X“O)2
I , \
elastic = _Emvo * AT

AT'+ AU =—mV,v, #0

The work-energy relation is not correct and the mechanical energy is

not conserved from the ground observer’s point of view. Something is

missing here. The thing missing here is there is actually an extra force,

an external force to the spring-ball system, This force is from the cart

wall to the spring. The force does not do any work for the cart

observer because there is no displacement of this force here in the cart

frame; but will do work from point of view of the ground observer. If

you include the work done by this force, then the work-energy

theorem would be correct. The work by this force is exactly:

A I
W= [FV,dt=V, | Fdt =V,Ap =—mVy,
t, t,

The problem is still harder for the ground observer to solve.
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(c) Include the cart, spring and ball in the system

For the cart observer, the situation is almost same as before. The

internal force total work would still be W

elastic

=-AU = —%k(xb —x,)’

(actually two pair of forces, the other pair between spring and cart
does not do any work). This work would include all kinetic energy
changes, but for him the cart is stationary and won’t contribute to the
kinetic energy. So the relation is same as before.

For the ground observer:

Since the forces for this system are all internal forces and the work

1
would same as: W, .. =—-AU = _Ek(xb —x,)’, and the kinetic energy

elastic
change have to include that of cart:

' 1 2 1 2 1 2 2 1 2
AT :[EmVO —Em(V0 +v,) ]+5M(V -Vy)= —EmvO —mVy, + MV,(V =V}))

MV, +m(v, +Vy)) =MV +mV V=V,
Then you see that the last two terms in the kinetic energy part just

cancels, and:

AT'= —%mvé
And -AU =AT"'

The mechanical energy is conserved for the ground observer too in
this system. Some of you may worry about the approximation signs

above, in one coordinate the mechanical energy is conserved, while in
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the other I have to made approximation to show that. Actually, in this
example, the cart is not 100% inertial frame, it is a pretty good one
since M>>m, but just not perfect. So the energy conservation derived
for the cart observer is indeed an approximation; while the ground
inertial observer has the exact formula from work-energy theorem,
include all works and all kinetic energy and conservation of
momentum. This exact computation may be slightly off from the
results obtained by the cart observer, so approximation had to be made
from exact to approximate value.

In summary the above example showed that: The work-energy theorem

always work for all system in all coordinate. But the computation of

kinetic energy and work can be quite different for different choice of

system of interest and in different coordinate, so choose wisely.

(4) Work-Energy in Center of Mass Frame

For the system of many particles, we have seen that sometimes it is
convenient to work under the center of mass frame, 1.e. choose the
coordinate travel with C.M, with the C.M as origin, a zero total
momentum frame. We shall see what the work-energy theorem in such
frame is.

First the work by the external force changes the kinetic energy of C.M.

The C.M. is defined as a fictitious point that with the total mass of the
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system and with the total external force acting on it (5-5):

o dv
F;otczl = #

Following the same argument leading to (6-3), we have:

we JEextdxi _ ZjEext(dXCM n dxic) _ J(ZEext)dXCM n ZJ‘Eextdxic

total

tot

JFexthCM + ZjEextdxic — ng& + VVcext

Wey == [Fo'dX o, = AT, (6-30)
This is only the first half of story. There are relative motions among
particles besides the translation of C.M. The total kinetic energy can be
proved to have two components, one is the kinetic energy of the C.M.; the
other is the kinetic energy of relative motions of the particles (This 1s also
called Konig theorem):

The relation between the velocity in an inertial frame and that observed in
a C.M frame is related by (derivable form (5-7)):

v=V,, +v' (6-31)

v 1s the velocity in one inertial frame, v'is the velocity observed in the

C.M. frame.
= —mv = —m(v “V.) = (mV2 +2mV, v+mv’2)
total 2 CM CM CM

:_chMzmi+VCMZm T Zm __MVCZM+ va (6-32)

=T., +T’

total

From the work-energy theorem in the inertial frame, we have:
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VVtotal = AZotal
ext int __ '
VVtotal + W;otal - AT'CM + ATltotal

From (6-30), we have right away:

VVCext+Wint :AT!

total total (6'33)

The kinetic energy change in the C.M. frame is due to the work by the
internal forces and the external forces in the CM frame.

But there is a catch in the above argument, is the C.M. frame inertial? It is
under external force, it will have non-zero acceleration. Then how can we
apply work-energy theorem at all in this non-inertial frame under external
force (recall that work-energy is derived from 2" law which requires
inertial frame)? You will “feel” an inertial force (also called fictitious
force) due to the acceleration of the frame. It turns out (easy to prove

once we learned non-inertial frame) that for this fictitious force, the total

work is zero. That’s why we have (6-33).

6.2 Work-Energy in Higher Dimension

We have discussed thoroughly the work-energy theorem in the simple
1-D case, and introduced definition of work, kinetic energy, conservative
force and potential energy. All these would apply to the higher dimension,
the math and the form of equations would be a little different due to the
vector nature of force, displacement and velocity, etc. However, the
physics remains the same.
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6.2-1 Work-Energy for Single Particle

The kinetic energy in higher dimension is defined as:
1 ., 1 . .
T=—m|v[==—mv-v  (6-34)
2 2
The change of it over time is:
dlr 1 dy-v) av
—_— = m—-=m —-

V=F-¥  (6-35)
dt 2 dt dt

F-v is also called power of the force, i.e.:

P=F-v (6-36)

It 1s the work done by the force in unit time (related to the kinetic energy

change of the system in 6-35).

dT =F -vdt=F - d7

dr 1s the infinitesimal displacement vector along the trajectory (the path)

AT=T,-T,= [ F-di  (6-37)
C,r,

The symbol J is a line integral, along a path C (curve) connecting the

C,r,

initial and final position a and b, as shown in the figure below.
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For the line integral as in 6-36, we can view it as cut the curve into small
line segment Ar,, take the dot product of force with small displacement
vector and take the summation. dris a vector along the direction of
tangent line at certain point on the curve (also along the direction of
velocity), with magnitude of the arc length ds, i.e:

dr =Tds  (6-38)

Then the work will be:

W=|F-di=[F-Tds (6-39)
C C

We see that it’s the force component that parallel with the tangent
direction of the trajectory (parallel with the velocity, also clear from
power from 6-36) that contribute to the work and change of kinetic
energy. This is expected from the fact that force perpendicular to the
motion only changes the direction of velocity but will not affect its
magnitude (centripetal force in circular motion and Lorentz force in
E-M).

To compute the line integral as in (6-37) is a little more complicated than
the 1-D case. The strategy is to reduce it to some sort of definite integral,
and the general method is the parameterization of the curve (curve is
essentially 1-D in geometry, that can be specified by single variable, this
variable is called parameter of the curve). A simple discussion is in KK

section 4.6; a little more detailed discussion on how to compute the line

143



integral is also given in math supplementary 2, section 7.1 and 7.2*. KK

example 4.4, 4.5, 4.6 also gives evaluation of work in some simple cases.
6.2-2 Path Independence, Conservative Force and Potential Energy

What we discussed here is just an extension of 1-D case. Below is a brief
summary, the details is in section 7 of the supplementary 2. The line
integral in (6-37) is generally depending in the specific path connecting
the initial and final position. But for a special group of forces, the work
1s path independent.

(1)Path Independence of Work

1
T

/C, / /G

Y
»

In the figure, for the arbitrary paths connecting A,B, the work along any
path would be same, this is path independence. A corollary is that for any
arbitrary close curve (also called a loop), the work done by the force
along the loop in one cycle is zero. The two statements are equivalent,
both can be used as definition on path independence of line integral.

Path Independence expressed in formula:

# Section 7 in supplementary 2 is where I discussed about line integral, path independence, conservative force
and potential, and Green Theorem. These stuffs are closely related (the math background as well as physical
modeling) to the work-energy in this chapter, so please read the whole section in the supplementary. In the notes

here, if there are materials overlapping with the supplementary, I shall just say please refer to...
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B B
jﬁ-df: j F-di  (6-40)
C,.4

.4

C,,C, are two arbitrary curve connecting A,B. Or:

$F-dr=0 (6-41)
C

C is an arbitrary loop, starting from and ending to A.

(2) Conservative Force and Its Criteria

Conservative force: 1f the work done by a force is path independent, the
force is conservative. (We have already discussed this in 1-D, but path
independence is more dramatic in higher dimension)

KK Example 4.7.4.8, 4.9 give you examples of path independence of
work done by force. Please also refer to supplementary 2, section 7.3.

Our next question is what kind of force is conservative in higher
dimension, we see that in 1-D, the requirement is that the force only
explicitly depends on position. In 2 and 3-D, the requirement is a little
more than mere dependence on position.

Still 1) the force should be only depends on position explicitly. If the
force explicitly depends on time or velocity, then the force cannot be
conservative, 1.e. the work will be path dependent (this is discussed in the
comment by the end of section 7.6 in supplementary two). 2) The vector
force 1s a gradient vector, 1.e. the force can be written as the gradient of a

scalar function:

F(x,9,2)=Vf(x,y,z) (6-42)
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Vis a differential operator defined as:

veili; 2kl (643)
0z

ox " Oy

Please see the section 5 in supplementary 2 for details on gradient.
So if the force vector is expressed in its component form in Cartesian:
F(x,y,2)= M (x,,2)i + N(x,y,2)] + P(x,,2)k

Then the conservative force would have:

M(x,y,z)= g,N(x,y,z) = g,P(x,y,z) = @ (6-44)
ox oy 0z

(6-44) s still not convenient in seeing whether a force is conservative or

not. Given a force, i.e. knowing its component M, N, P, we can use

property of the 2™ order partial derivative to test the conservative:

oM &f &f oN
oy - Ox0y - 0yox oo
2 2
A LA
a; a%? éfja; (6-45)
= = =— o N =P
0z 0y0z 0z0y Oy -7

orM =N

x y

This test can be put in another compact form by introducing curl of a

vector. The curl of F is (also written as Curl(F)) defined as:

ik
vxi=|2 9 9 —(P.—N)i+(M_—P)j+(N.—M )k  (6-46)

ox oy oz v o o

M N P

We see right away (6-45) means:

VxF=0  (6-47)
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This says, if the force is conservative, its curl is zero everywhere. This is
also consistent with (6-42), that the force is a gradient vector, because we
have relation:

VxVf=0 (6-48)

(Throw 1n the definition of gradient and curl and do the proof yourself)

In summary, I have told you that for a position dependent-only force, if it
is a gradient vector (6-42) or equivalently its curl is zero everywhere
(6-47), the force is conservative.

This gives us a tool to use (6-45) or (6-47) to test the conservative. But
still one question remains: If the force satisfies (6-42) or (6-47), 1 told you
the force is conservative, that means the work done by this force need to
be path independent by definition of conservative force. I have to show
you that indeed this is the case, i.e. (6-42) and (6-47) indeed lead to path
independence of work.

The proof lies in the fundamental theorem of gradient and Green theorem
(in 2-D; Stokes theorem in 3-D; see 7.4, 7.5 and 7.6 in supplementary 2)
The fundamental theorem of gradient tells us the line integral of a
gradient vector along a curve connecting two positions in forms of (6-37)
is path independent, only determined by the function difference between

the starting and ending point:

)

[ Vfdr=re)- )= F&002) = f(50,02,)  (6-49)

any C,r,
Green (or Stokes in 3-D) theorem offers a method to evaluate the line
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integral along a loop with surface integral (the surface is any bounded

surface enclosed by the loop)*:

CJSF-dF:_U(VxF)-dE:”(Vxﬁ)-ﬁds (6-50)

The left hand side is the line integral (work) along a loop C, the right

hand side is the “flux’ of the curl of vector field (Vx F) through the

surface bounded by C, see the figure below.

Then if we have (6-47), V x F =0 everywhere, from (6-50) we have:

CJSF -dr =0 for any close curve. This is equivalent to path independence.
C

So both (6-42) or (6-47) ensures that the force is conservative.

Now we can make a summary for conservative force, the following
statements are equivalent for the conservative force (Don’t forget that the
premise is that the force only explicitly depends on position):

1) The work done is path independent

2) The work done along an arbitrary loop is zero

46 There are some subtleties in Green and Stokes theorem, the vector field has to be defined and differentiable not
only along the closed curve (as required by the line integral), but also defined and differentiable in the surface
enclosed by the loop. The loop and the region enclosed need to be simply connected. The orientation of the surface
element and the direction of line integral need to be defined consistently. Please refer to Calculus textbook for

detail.
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3) The force is a gradient of a scalar function

4) The curl of the force is zero.

1 And 2 are definitions and corollary of conservative force, they are
equivalent. The previous discussion show that 3 will lead to 1 and 4 will
lead to 2. 3 and 4 are related by (6-48).

(3) Potential Functions Associated with Conservative Force

For a conservative force we have F(x,y,z)=Vf(x,y,z) (6-42), the
force is the gradient of a scalar function f. This scalar function is called
potential function (associated with the force). The work done by the
conservative force along any curve can be evaluated by the potential
difference at the end points (6-49). The potential f defined here is called
mathematical potential, because physical potential U has a minus sign:
U=-f (6-51)

And corresponding (6-42) and (6-49) becomes:

F=-VU (6-52)

)

[F-di ={U(;)-UG)=U@G)-U(r)=U,~U, (6-53)

These two relations give us tools to compute the force knowing the
potential (using 6-52); or vice versa. There are generally two ways from
force to potential, either from (6-52) or (6-53), the example and methods
are illustrated in supplementary, 7.5, as well as in KK’s example 4.11,
4.12.

Here I shall first discuss the potential for constant force (a variation of
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example 4-10 in K&K)

Example 1. Potential for a constant force
[ Fedi=F- [ dr=F-(-7)=U,-U,
C,r, C,r,

If we define U=0 at origin (r=0), then
U(x,y,z)=—F -F =—Mx— Ny — Pz
M,N,P are just components of this force. This constant force is certainly

conservative. VxCostant =0, or from F=-VU =Mi + Nj + Pk

Example 2. I want to have a discussion on central force, i.e. the force only
depend on the radius from the origin and not on direction. KK’s example
4.8 gives one proof that for this kind of force, the work only depends on
initial and final position vector. Here I want to use what we learned above
to prove the same thing: The force is conservative.

Method 1: Geometric.

From the definition of work is the dot product and displacement vector,
we can prove the work is path independent for central force. Please do
this yourself (the trick is draw radius and circular arc, and the work done
by the force along the arc would be 0 because radial force is always
perpendicular to the arc. Try to divide and approximate any curve with
this radial+arc segment)

Method 2: Test using (6-45)

To make thing simple, I would assume the force is 2-D here. The test for

150



the conservative force is just My=N, from (6-45) in 2-D, M,N are the
force component in Cartesian. I know the force in polar form, only
depend on 1, I have to transform it into Cartesian to use (6-45)
F(r)y=F(r D7

. T xi + ]
P _ )]

7] x*+y?
F(r) FGx*+y%)

+F(\/+)
J*l xyﬁ

B 8 F(yx? +y)
By e

The partial derivative can be evaluated with chain rule directly, but a

substitution may be easier:

x4yt =r

o F(r d F(r),or ldF F
M= OO A FOer y
oy r dr r Gy r drrx*+)°

A similar calculation will have:

N:yﬂF(r)_ d F(ry,or _1dF F_ x

a  VE s w e A
Indeed My=Nj. This appears complicated because we are using Cartesian,
which is not the best choice here.
Method 3: Calculate curl of F in polar coordinates
F=P(r,0)f +0(r,0)0  (6-54)
The curl of F in Cartesian in 3-D is defined in 6-46, and in 2-D here we

only have the k component. To transform the 6-46 in polar coordinate 1s
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not easy (it can be done by finding relation between M,N and P,Q, and
express My, Ny in forms of partial derivatives P.Q with respect to 7,0, it
i1s quite messy, see the supplementary for the expression of gradient in
polar for example, what follows can also be derived from relation (100)
there), so I will just give you the results of curl in polar coordinate (I also
cheated here too, instead of doing the transformation as outlined above, |
just copy the formula forV x F in cylindrical coordinate “’and only keep
its z component in our 2-D case)

The curl of vector is 2-D polar coordinate is:

Curl<ﬁ)=1[§<rg)—a—‘2<m] (6-55)

r

P, Q are defined in 6-54, the radial and angular component of the vector
in polar. In our example of central force, the radial component is only a
function of radius r, independent of @ ; the angular component is zero. i.e.

P=F(r);Q=0. So the curl(F) is zero and the force is conservative.

The discussion above involves quite a lot of math. The math consists of a
heavy portion in the course of multi-variable calculus (the supplementary
2 can be seen as multi-variable calculus in a nutshell). I hope the

supplementary and the brief discussion here will give you a clear

7 The formula can be found in many math textbooks on vector analysis. Or in physics books such as Greiner’s

Chap.11. It is always necessary for you to derive these formula once in your lifetime. You do not memorize them
but at least you will understand how these beasts come from. So please read my example in supplementary by the
end of section 7.6 and try to work out the formula of curl in cylindrical and spherical coordinate yourself. (This is

not required for this course)
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guideline, though not rigorous proof and extensive examples. So it may
be heavy in math but far from a big mess.

The physics on the work-energy theorem in higher dimension is actually
quite similar to that in 1-D. For the conservative force, the work equals to
potential energy differences (6-53), and applying the work-energy

theorem (6-37), we have (for conservative force):
W=[F-df =—(U,-U,)=-AU =AT  (6-56)

We will have AT +AU =A(T +U)=0 like in 1-D. We will define that
the total mechanical energy as: E=T+U too. In fact all the formula (such
as including non-conservative force, relation (6-20); internal-external
force in multi-particle system, etc.) in 1-D case equally applied well here,

just replace Fdx with F - d7 |

6.3 Energy Diagram and Harmonic Approximation

As we have discussed that all fundamental forces (gravity, electrostatic,
nuclear) only depend on the relative position of particles and thus are
conservative forces (like radial force only depends on distance but not
direction). For the conservative forces, we can define a potential
associated with them. The energy diagram is a plot of the potential with

respect to the relative position between the particles.
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Energy

U
E >0, unbounded

Energy
e —

bounded

|
I
|
I
I
|
1 X2

The figure on the left above shows a typical potential energy diagram (a
ideal parabolic for harmonic potential, i.e. U = Ax>). For the particle

only subject to this potential (under the conservative force

F :—d—U:—2Ax for this 1-D model), the mechanical energy E=T+U

dx

(or K+U as in the figure, K for kinetic energy) is conserved, and is a
constant (indicated by a horizontal line in the figure). The kinetic energy
can be estimated given the location (indicated by the vertical distance
from the E line to the potential).

The figure on the right shows a more realistic Leonard-Jones Potential for
two atoms to form a diatomic molecule. The potential has zero reference
point at infinity (two atoms are separated far away). If the total energy
1s<0, we have a bound state, the atoms forming the molecule are trapped
inside the potential and doing oscillation. If the energy is >0, the
molecule becomes unstable, it will dissociate into atoms. This diagram

also shows how two atoms form a molecule. The two atoms approach
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each other (r becomes smaller) and make collision, then form molecule.
However, if only two atoms exist, no molecule can be formed because of
conservation of energy. When the two atoms approach each other from
far away (U=0), they have positive kinetic energy, so the total E>0. They
cannot form a stable molecule. It requires a third party (another atom, or
catalyst surface etc.) to carry away the excess energy and make the total
mechanical energy of two atoms <0 after collision.

So knowing the potential diagram is important for many analyses. The
potential diagram also shows us the force ‘felt’ by the particle. It is just to
the reversed direction of the slope of the potential curve or to the reverse
of the gradient of U in higher dimension.

So for a concave upward potential, the forces are trapping force, pointing
to the local minimum point of potential (which is called equilibrium point,
because force =0 there). The minimum is a stable equilibrium due to the
fact of trapping force. For a concave downward potential, the force are
repulsive, pointing away from the maximum point of potential, the

maximum point at which the force is zero, is called unstable equilibrium.

U | u | L
I
|
| |
| i |
| x 1 x L x
X Xp *o
d.‘z U d2 8} dz ]
=0 <0 =
dx? dx? dx? 0
<table unstable neutral

For any trapping potential( the one with local minimum, concave up),
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very close to the local minimum, it can be approximated by a harmonic

potential U=Ax’.

Energy

!‘0 r

T
|

Parabola,
Y
I
|

The geometry is clear from figure above, the proof lies in Taylor

Expansion of the potential around the equilibrium point:

dU 1d°U
Ux)=U(x,)+— —x)+—
(x) (%) I |x0 (x—x,) 2 A

- (x—x,)" +.... (6-57)

If x 1s close to the xy, we can neglect the higher order terms. The first
term U(X() can be set as zero, it is the lowest potential. The second term is
zero because the first order derivative i1s zero at minimum, the second
order term will give us a parabolic potential---the harmonic potential, and
the particle’s motion will be harmonic oscillation around the equilibrium
point. This is called harmonic approximation, and is the fundamental for

phenomena such as molecular vibration.

6.4 General Law of Conservation of Energy

We have only discussed one special type of energy, the mechanical energy.

Actually even for mechanical energy, it consists of two forms of energy,
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the kinetic and potential. The mechanical energy is conserved (unchanged
with time) if our system only subjected to conservative force. Under the
force of non-conservative type, the mechanical energy will change
according to the work-energy theorem.

The question is what the mechanical energy changes into? It turns out it
changes into other forms of energy, such as heat, electricity or light etc. It
is Joule who first measured and determined the energy transfer between
mechanical and heat in 1840’s. He basically used wheel-paddle apparatus,
doing mechanical work to a tank of water®. The work done by the wheel
can be calculated and the temperature rise of water can be measured.
What Joule proved is so called Work-Heat Equivalence, he showed that:

1 calorie=4.18 Newton.meter (which is define as joule in his honor).

Joule also did the experiment showing the electric can generate heat, the
heating rate is proportional to the square of the current. This implies that
all heat and electricity can be treated like mechanical energy as other
forms of energy. This is formally postulated as general laws of
conservation of energy, that total energy (general form) is conserved, it
just changes from one type to another.

This general energy conservation is among the most robust physical
principles as the conservation of momentum (both linear and angular). It

is applied everywhere in daily life, such as hydro power plant. The fall of

8 The details and original paper is in Shamos ed. “Great Experiment in Physics”, pg 169
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water from high ground, the potential energy changes into kinetic, and
this drives the turbine generator to make electricity (kinetic to electrical),
and this electricity heats up the wire in a light bulb (electricity to heat)
and light bulb emits light (heat to light). The conservation of energy also
played important role in the discovery of neutrino, a mysterious
fundamental neutral particle proposed from [ decay. The protons in the
nuclei may decay into a neutron and an electron which was discovered in
1930°s. p<>n+e. The puzzling part is that since the proton and
neutrons energy only can take certain discrete values(a quantization effect
in quantum mechanics), so from conservation of energy, it was expected
that the electron’s energy had to be also in discrete values. But the
measurement of the electron’s energy is continuous. At the time Niles
Bohr proposed that this may demonstrate that the energy is not conserved
in quantum world. But Wolfgang Pauli put the money in the basket of
energy conservation (whether he actually made the bet with Bohr, I am
not sure) and made a bold proposal that there is some other particle
involved in the process and that is termed as neutrino. It took almost 30
years for experimentalist (Cowan and Reines) to prove the existence of
neutrino because these mysterious particles do not involve in
electro-magnetic or even strong interaction in atoms or nuclei. They are

subjected to the so called weak interaction®. The beta decay should be

4 For a introductory of beta decay and neutrino, please refer to Thornton and Rex: “Modern Physics for Scientists
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written as: U+ p <> n+e, where vstands for neutrino, and its energy is

not discrete and takes continuous distribution. So the conservation of

energy 1s saved and new particles discovered.

6.5 Scattering Problem (Collision between Particles)

Scattering problem is just particles under the mutual interaction, the
initial state (defined as the positions and velocity of the particle at time=0)
will change into other state at later time. This is the most general
definition of scattering, and many problems in mechanics can be treated
as scattering. The scattering in the narrower sense is that the two particles
approach each other in a collision course, collide with each other and the
states of particle changes due to the mutual interaction (you may switch
scattering and collision in this narrow sense). Such process is common in
physics and chemistry; for instance, the formation of molecules by atoms
(the interaction is electro-magnetic); the creation or annihilation of
particles in high energy physics where energetic (>GeV) particles are
brought close together; and in daily life such pool game, the billiard balls
collide and bounce away.

Though the details of calculation involves details of interaction, i.e. we

need to know how particles interact to determine the final states after

and Engineers” section 12.7. Or go WIKI.
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scattering from the initial conditions™, conservation of momentum and
energy will offer guidelines. That’s why we take a look on this process as

an example to apply what we have learned in the previous two chapters.
6.5-1 Scattering in 1-D

Again we first look into this simple case. The two particles approach each
other in 1-D and collide, the initial conditions of particles are usually
provided, then what is the final states after collision (here, the collision
happened at certain spot in space, so the final states of particles are just
their velocity)? Well we have conservation laws on momentum and
energy, the question is whether they apply here?

For the particles collide in a short time, the force between them will be
much larger than the external force (such as gravity, friction etc), so we
can treat that only internal forces play important role in scattering. This
means the total momentum of the system is conserved. As to the total
energy, it is still conserved, but besides mechanical energy it may
transform into other forms, such as heat. So generally the mechanical
energy may or may not be conserved, that is really depending on the
specific process. So giving the initial conditions (particles and their initial

velocity), we only have one equation from conservation of momentum.

3% Actually the process in science is reverse in many cases. That is from the experimental results of scattering
process, measuring the states of particles after scattering, people can learn what kind of interaction involved in the

scattering.
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That is insufficient to solve for the velocities (two velocities here for
particle 1 and 2). There are two simple cases, however, that the final
velocities can be determined.

(1) Elastic Collision

In this case, the mechanical energy is conserved, no loss to other energy
forms during the scattering process. Then for particles 1 and 2 we have:
MVyg + MyVy = MV, + M,V

1 5, 1 5, 1 5 1
MV, T omyvy, = Emlvlt + Emzvz

2

t

That 1s just conservation of momentum and energy. The potential energy
before and after the collision is taken to be the same. So it does not
appear in the energy equation. v,,,v,,,v,,V,, are the initial and final
velocities of particle 1 and 2, they can be positive or negative numbers;
positive if along the positive direction defined, and negative if otherwise.
The equations above can be used to solve the two unknowns (try it
yourself, solving the final velocities without reading the following). I
shall rearrange the equations to make relations more clear:

my (v, = Vyo) =y (Vg = V,,) = =1, (v, = Vy)

Or mAv, =-m,Av,; Av, =v, —v,, etc.

m (Vlzz - V120) =-m, (ij - szo)

Divide the two equations (provided thatv, —v,, #0; if v, =v,,, then

V,, =V,,, these of course satisfies the conservation relations but it is a

trivial solution that there is no physical interaction between the two
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particles):

Vi, TV =V 1V (6-58)

or v, =V, =—(V;g = V)
It shows that the relative velocity between the two particles would be
same 1n value before and after the collision, but the direction is reversed.
With this relation and conservation of momentum, the individual
velocities can be solved:

myy, —m,vy, +2m,v,,

Vie =
m, +m, (6-59)
MyVyy — MV, + 2m1v10

V, =
2t
m, +m,

The formula is symmetric with respect to the switch the label 1 and 2 (can
you think about a reason for this?).

(a) If m, =m,,v,, =0, two equal mass, one is stationary:

v, =0,v,, =v,,, after collision the original moving party will come to stop,
and the original stationary one will travel with same velocity. This is what

you see in the classical tick-tock toy made of steel balls’'

1 + 5
. L9000 “.. . ® 0000 o090 00
—2 3 45 2 34— —- 0 3 4 5 1 2 3 —
v v
v This can Impp«n v Can this happenr

9

(b) m, >>m,

Divide both numerator and denominator in (6-59) with m,, and neglect

>! Picture taken from Serway and Jewett “Physics for Scientists and Engineers” 6™ ed. Chap 9, Figure 9.10.
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., : :
the terms containing —=, we will get approximately:
m,

Vi, RV Vy, R 2V~ Vy,

This i1s the formula explains that if ping-pong ball hits the wall, the
ping-pong ball will have a reversed velocity with same magnitude; as
well as the demo in problem 4.23 in KK.

(2) Completely Inelastic Collision

This is when the two particles stick together after the collision. Now there
is only one final velocity v, =v, =v, , and it can be solved from
conservation of momentum. The energy loss can also be computed
(details won’t be given here).

Examples: one example is the old craftsman’s method of measuring the

speed of bullets:
ya
1 0 0
| v

1

| g,
> mg |

% i

Ballistic pendulum and bullet.
If you measured angle of swing of the pendulum, the speed of bullet can

be calculated.

1
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Another is shown in the figure above. A small sandbag is dropped
vertically on a moving cart. The sandbag does not have initial horizontal
velocity, the cart is moving horizontally with v,. At later time, the
sandbag will travel with same horizontal velocity v’ as the cart due to
interaction between them (friction). Neglect the friction between cart with
ground, you can calculate the v’ easily, as well as the loss the kinetic
energy (what is the cause of this loss? And can you express it in work
formula?).

Another example would be during the inelastic collision, very often we
want to have most kinetic energy transforming into other energies, 1.e. the
loss of kinetic energy after the scattering needs to be the largest. If our
facility can provide certain amount of energy initially (the power of the
accelerator is fixed), how we arrange the two particles to collide to get
maximum loss of kinetic energy? (this will be left as a homework, hint:

center of mass)

For other collision in 1-D, as we stated above we need to know relations

between kinetic energies before and after the scattering. If the ratio of loss

L. . T :
of kinetic energy is given, —~= A, or the relation between change of
0

v, —V ..
—lt2t = B then the final velocities can be computed

Vio — Vao

relative velocity:

similarly as elastic case.

164



6.5-2 Elastic Scattering in 2-D and Center of Mass Frame

As the title suggests, I shall only discuss the elastic scattering in 2-D. The
complete inelastic can be solved similarly as in 1-D with the conservation
of momentum. The general inelastic would be a little too complicated. So
I shall focus on elastics scattering here for 2-D case. You may wonder
what the figure above means? I will give you the meaning of each line
and show that this figure would be very useful in solving the 2-D elastic

scattering. Here the figure is just an advertisement of what is coming up.

(1) General Discussion
In 2-D collision’, we have four unknowns (the velocities of the final

states are vectors with 4 undetermined components for the two particles,

52 Generally if the two particles’ initial velocities and the line connecting their center of mass of each particle are
in one plane, and the force between them also along the line of connecting the center, the collision will be remain
in the plane (a 2-D case). This could be argued from the symmetry point of view, i.e. the initial conditions and
interactions are invariant with reflection with respect to the plane; the results would be also reflection invariant

with respect to the plane.
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or magnitude and direction need to be determined). The conservation of
momentum will give us two relations in 2-D (along each axis of
coordinate system) and the conservation of mechanical energy (here only
kinetic energy) will give another. So the problem cannot be fully solved
(4 unknowns, 3 relations from conservation laws) by just considering the
conservation laws. Extra information is required from experiments or
through detail analysis of interaction. In this section we assume that such
information is available, for example if we know the direction of particle
1 after scattering (only direction, magnitude still need to be determined),
then the final velocities can be calculated.

(2) Treatment in the Lab Frame

As the figure shows the collision viewed in a lab frame (with reference to
some fixed coordinate system in the lab, or for the ground observer
stationary with respect to lab), the v,,v, are known, and the direction of

v/ is also known. Then in this coordinate system, we have:
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_ ' '
mv,, +m,v, =my, +m,v,

_ ' '
My, +myV,, =my, +myv,

!
”
1
tan@ =—%

'
vl

X

1 1 1 1 .

—my, -V, +—m,V, -V, =—my, -V, + —m,V, - V
171 1 272 2 171 1 272 2
2 2 2 2
The last energy relation can also be expressed as:

1 2 2 1 2 2 1 2 2 1 2 2
Eml(le +v1y)+§m2(v2x +v),) =5ml(vl’)C +v1'y) Jr5m2(v;)C +v;y)

These relations can be used to solve for the v’s.

Example: Considering the collision between two billiard balls with equal
mass. Just like in pool game, with one ball (the color ball) is stationary
and the other (the white cue ball) with initial velocity v,o; After collision
the white ball will fly to a direction with angle & relative to the original
v1o. Find the velocities of the color ball and white cue ball after collision.
A very interesting result is that the direction of the color ball travels will
be perpendicular to the travel direction of the white ball after collision. A
fact used often by pool players (if you do not know this before, I hope
this will improve your pool performance®©)

To work this in the lab frame is:
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_ ’ '

mv,, = mv, cos @ + mv, cos ¢
_ (s _ ro

0=mv;sin@ —mv,sin¢

1 2 1 12

12
—mvlo =—mvl +—mv2
2 2

2
You can solve for v[,v},¢ for this problem; You can also prove that the
two balls will travel perpendicularly after collision, also prove that the
angle @ cannot exceed 90 degree, i.e. the ball 1 cannot be scattered
backward. Do it yourself. It is straightforward but a bit messy.

If you only want to prove the v[,v, are perpendicular, it is easier and can

be proved by momentum and energy conservation:
— I_jlr + 1_521
B _FB-B_B-P
2m 2m 2m

owlol

— —

Then by take the scalar product of the first relation, you get P'- P/ =0.
(3) Treatment in the Center-of-Mass Frame

For the scattering problem, it is almost always easier if we work in the
Center-of-Mass frame (C.M. frame), especially for the elastic collisions,
because the kinetic energy of each particle will be same before and after
the collision in C.M. frame (Recall that the kinetic energy depends on the
coordinate system). Here is the proof along with some important relations
in C.M. frame.

The notations I shall use are: R,V are position and velocity vectors for

the center of mass, because there is no external force, so V' will be a

constant. 7,,7,, are position vectors for particles 1 and 2 in the lab
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frame; 7,7, are for particles 1 and 2 in CM. frame; v,,,v,, are

velocities for 1 and 2 before collision in Lab frame; j,,V), are velocities

for 1 and 2 after collision in lab frame; v,_,v, ;V].,V;. are velocities for 1
2 le? "2¢? "le? " 2c

and 2 before and after the collision in C.M. frame.

From definition of center of mass, we have:
R= mn, +mr,,
m, +m,

V= My, Yy,

m,; +m2

P=my,, +m,v,, =MV

M=m;+m,. These relations are just (5-3), (5-4) previously. We also have
the relation between position vectors in the C.M. with that in lab frame
(5-7):

B LCUVRRCYY; :mz(’/iL_FZL)

m1+m2 m1+m2
- = B mpy, +mr, m (1, —7,,)
he=h, —R=r, - ==

m, +m, m, +m,

From there we have the velocity relations:

. . myv,, +m,v m,(v,, —V m -
V=7, _V:Vm vy 221 _ 2( 1L 2L) _ 2 AVL
m, +m, m, +m, m, +m,
3} . L (6-60)
= _3 ;= my,, +mv,, __m (VlL _VzL) _ m, =
Vy =Vy =V =vy, — == == Av,
m1+m2 m1+m2 m1+m2

The relations for the V's are similar because these relations are from
definition of center of mass and vector summation. (6-60) tells us in the
C.M. frame the velocities of the two particles will be along same line and

reversed in direction, this is expected because we know that in C.M.
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frame the total momentum is zero (5-12). The Av, is the relative
velocity between particle 1 and 2 in lab frame. Since this is relative
velocity, it does not depend on choice of coordinates, i.e. :

AV, =AvV, =Av  (6-61)

This is also clear from (6-60), the momentum is:

- mm,(V;, —Vv,,)

D =my,, = = uAv
ml + m2
- (6-62)
Dy =MV, = 1ty (= V) =—pAv
ml + mz

(6-62) 1t 1s the reduced mass and is defined as:

(6-63)

In an elastic collision, we have:
plc+p262pl’c+ﬁ;czo (6-64)

This is conservation of momentum in C.M. frame.

-~ 2 -~ 2 -
lMV2+|plc| +|p20| :lMV2+|plc| |p26‘|
2 2m, 2m, 2 2m, 2m,

This is conservation of energy written with Konig theorem (if you forget

it, just write the normal form and use substitution v,, =V +7v, ). Since V

1s constant and we have:

i i

- 2 -

|plc| +|p20 |plc| |p20 (6_65)
2m, 2m, 2m, 2m,

Combine with (6-64), we have:

| Bl = P15 | P H P |

| v;c |:| vlc | ’ | ‘_}éc |:| VZC |

(6-66)
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So the magnitude of velocity and momentum is unchanged during the
scattering, what changed is the directions. The v ,V, are still along one
line, reversed in direction, and this line has an angle to that before the
collision. We can get v/ ,v, from (6-66) and get the velocities in the lab
frame using:

Vi, =V+v v, =V+v,,  (6-67)

This can be done relative easy with geometric method as the example
shows.

Consider the previous example of collision between billiard balls with
equal mass, one is stationary and the other moves with v,. After collision

one travels with angle @ with respect to vo. Now let’s work this in C.M.

frame:
~ 1 -
V ==y,

2
L = 1.
V=V, -V = 5"0
L = 1.
Voo = Vor _V__EVO

After collision, we know that the velocity will change direction but not

magnitude in C.M. frame, i.e. |V, |5V, |V, |, we can draw a figure

!
2

below:
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PO=V, 00=¥,,, OR=V,, PQ=V+¥ =¥,. PR=V+¥, =i,
The @ is the angle formed between PQ and PO from the problem, OQ

and OR are along same line from (6-64) and in this example PO, OQ, OR

1
have same length (magnitude) and lies on the circle with radius of 5 |V, |

V4
From simple geometry, we see right away: 9+¢=5, | PO |=v,cosé

and | PR|=v,sin@ which are the velocities of 1 and 2 after collision in

the lab frame. Also we see that no matter how the direction OQ changes,
the € has the largest value of %, when Q overlaps with P (this is just

1-D scattering where cue ball stops and color ball flies with v, in lab
frame). So there is no back scattering in lab frame. You see how easy to
find the answer, provided we set up the problem correctly in C.M. frame,
which takes some work but straightforward. Please also read the example
4.19 in K&K on limitation of scattering angle in lab frame.

The geometric method using velocity is nice but there is a small catch, the
v, v, will always be along same line, but are not equal in magnitude in
general (the billiard example is a simple case). Of course you may draw
two circles with radius of 7, and r, respective for the calculation of
velocities for particle 1 and 2, but there is a better way: Using momentum.
The main property of C.M. frame is that it is a zero total momentum

frame as in (6-64), so p,., p,, are always same in magnitude and reverse
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in direction. i.e. they will lie on the same circle with radius of | p|. |= p,. |-

To compute the momentum and velocity in lab frame:

= = T T m = . -
pi=myy, =mlV +v)=mV +p, = ﬁP + P
(6-68)

— —t o = o — m, - =7

Dy =myVy =my(V +v,))=mV + p,, = ﬁP + Py

(6-68) is the basis of geometric method and that is the graph 1 am

showing you at the beginning of this section.

O0C=p. , -0C=CO=p, | AO="LP=mp , OB="2P=m

AC = D1y CB= D, - O 1is the scattering angle of particle lin lab frame
relative to the total momentum (the direction that center of mass travels);
®1is the scattering angle of 1 in C.M. frame. Knowing the masses, the
total momentum P , magnitude of the momentum in C.M.(whose
magnitude can be computed from initial conditions, since it does not

change during elastic scattering) | p/.| and one angle (equivalent of

knowing AO,0OB,OC and one of the angle 6 or ®), the rest of
calculation will be solving geometric problems using this graph. For

example:
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fan g |OC |sin® |V, |sin®
| AO|+|O0C|cos® |V |+]|V, |cos®

The angle of CB and the magnitude of |AC|, |CB| can be computed
similarly (using Pythagoras theorem or cosine laws of triangle etc.),
Please try them yourself. This is a general method solving scattering

problems in 2-D.

(Important concept: work (line integral of force dot displacement),
mechanical energy, work-energy theorem. Path independent work and
conservative force, conservative force and potential; Given a potential
how to find force; and given a force how to know it is conservative or not
(zero curl), and from a conservative force to find out its potential.
Conservation of energy, solving scattering with conservation relations and

in C.M. frame )

Chapter 7 Rotation, Angular Momentum and Motion of Rigid Body

In the previous chapters, we focused on the motion of particles or even
for extended body, treating it as a particle (the mass concentrated at the
C.M. etc), and only studied the translational motion. In this Chapter, |
will discuss the rotational motion, another important type of motion. For

a rigid body, the motion can always be decomposed as the translational
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motion of a certain point (almost always chose the C.M), and a rotational
motion around that point. Here the rigid body is a special class of objects
which is defined as: the distance between any two points on the body does
not change over time. Of course rigid body is also a physical model (an
idealization), but a useful one. The decomposition of motion into
translation by a point and a rotation around that point sounds certainly

possible and intuitive.

—_——

For the object drawn in the figure (the two objects are identical, forgive
my drawing if they appear otherwise), the rigid body does not change
shape in the motion. For any point on the body, its position at later time
could be found out by first doing a translation of one particular point (the
one connected by line in the figure) and then doing a rotation around that
point (also called pivot point for this reason for that particular point). The
rigorous proof that the motion of rigid body is equivalent to translation +
rotation is the Euler or Chasles theorem, which you can find in KK’s
notes 6.1.

However, the study of rotation is not an easy task (at least not as easy as
translation). This is probably due to facts: 1) The math is a bit messy. It

involves cross product of vectors a lot. Once you get used to it, you will
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find that it is not that bad. 2) It is a little bit hard to imagine rotational
motion in higher dimensions (no problem for 2-D). Our intuitive won’t be
much help in complicated rotational motion. Quite often, you cannot rely
on your intuition to picture the motion as in translation case. Because of
these, this chapter would probably the most difficult part so far, and you
will work out some hard problems™. I will try to explain things nice and
clear in this chapter, and KK’s book in my opinion may not be the best in
this respect (It is still tops many other books). So I will reorganize the
materials a little bit, covering both KK’s chapter 6 and 7 in one. I shall 1)
start from the simplest case in rotation: a pure rotation in 2-D, using it to
introduce important concepts angular velocity, angular momentum,
torque and moment of inertia. This is the easy part. 2) We shall study
the formal vector definition and treatment of angular momentum and
torque. Derive the most important equation of rotation (equivalent to
F=dP/dt): Torque=change of angular momentum. The importance (or the
tricky part) is to understand that in what coordinate system you can apply
such equation. Then we shall study the motion of rigid body still in 2-D
but with translation+rotation involved. This is still relatively easy. 3)

We shall discuss rotation in 3-D for rigid body, a very important relation

3 In the preparation of this notes, I worked all the KK’s problems in Chap.6 and 7. The 50+ problems took me
almost 10 days to finish, though it is not full time but it doubled the time I spent on the equivalent number

problems in previous chapters.
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(besides that Torque=change of angular momentum) is the relation
between angular velocity and angular momentum, introducing the inertia
tensor. See how we work out problems with these two important relations,
such as understanding the gyroscope. I hope through discussion on the
first two parts, this one would appear natural and acceptable. I will not
intend to cover Euler equations in depth which is often used to solve the
general rotational motion (KK section 7.7 and beyond). Actually I will
derive the Euler equation in the discussion of some examples, but I would
leave the formal treatment to analytical mechanics. You will certainly
‘suffer’ this in that course, but I hope the stuffs you learned here will
alleviate suffering much.

Here let me introduce the concept of degree of freedom: that is how
many independent unconstrained (free) variables needed to describe a
system.

This is best illustrated by examples: S=degree of freedom

a) Single particle in 3-D: clearly 3 variables are needed (x,y,z; or other
coordinate such as spherical...), so S=3.

b) N particles in 3-D, no constraint between any of them: S=3N. If there
are m constraints, say there are relations between the distance of particles,
etc. Then S=3N-m

c¢) Rigid body in 3-D: due to the constraint put on the rigid body, there are

now only 6 degrees of freedom. This is easiest to see from Chasles
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theorem: 3 degree of freedom due to position of the fixed point (say CM,
its X,Y,Z); another 3 degree of freedom due to rotation: the direction of
axis around which rotates (2 degree of freedom, a direction of an unit
vector in 3-D) and the rotation angle around this axis. (any rotation can
also equivalently be specified by 3 Euler angles, but won’t be covered
here)

d) Rigid body in 2-D: S=3: 2 due to the position of the fixed point; 1
due to rotation angle (since here in 2-D, the direction of axis is fixed, i.e.

the direction perpendicular to plane)

7.1 Pure Rotation in 2-D54

7.1-1 Angular Velocity, Moment of Inertia, Angular Momentum and

Torque

If we nail down a point of the rigid body, then the only motion possible
for that body would be rotation to the fixed point (pivot). What is the
variable that can change then? It is the angular displacement as shown in
the figure left (degree of freedom=1), thus the treatment below carries

great analogy to 1-D translational motion.

5* This part you can find detailed accounts in physical textbooks for the course of University Physics. The popular
ones are: Halliday et al “Fundamental of Physics”; Serway and Jewett’s “Physics for Scientists and Engineers”.
These are textbooks easier than KK’s, used in regular courses in university physics or honor courses in high school.
The figures I used in this section mostly come from the Serway’s 6™ edition. (Halliday’s and Serway’s are

basically equivalent, so pick one to read if you need to)
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Even for a 3-D object, we can project 7 to the plane perpendicular to
the rotation axis (z-direction in above) and find the displacement angle
similarly”. For simplicity we only consider 2-D object (like a thin piece
of hard paper) in this section’®.

Let the € be the displacement angle defined above (analogous to the x
displacement in translation), we can find its rate of change over time and

define angular velocity as:

deo
w=— 7-1
- D

The @ is in unit of radians and is defined as increasing in counter
clockwise (c.c.w) rotation, so the @ is positive for c.c.w rotation and
negative for c.w (clockwise) rotation. In 3-D, @ would be represented as

a vector with the positive direction defined as above’, which is also the

35 This is equivalent to use cylindrical coordinate (p,0,z) in the 3-D case, where z is along the rotation axis, and
p.,0 are the distance and displacement angle with respect to the rotation axis.

> There is an even simpler case that the uniform circular motion of one particle revolves around an axis. I reckon
that you are all familiar to that. What I discussed here would also apply to this simpler case.
>7 There is a subtlety here that the finite angular displacement is not a vector like translational displacement, but

the infinitesimal angular displacement and the angular velocity are vectors. (KK, notes 7.1)
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right hand rule (curl your four fingers towards the rotation direction and
thumb will give you the direction of positive ®). Another important fact
is that @ would be same for every points on the rigid body.

From the figure above left, it is easy to see that the relation between the
translational velocity (in the later parts, I shall just use velocity for the
translation) and angular velocity is:

viHlolr  (7-2)

Its direction is along the tangent line and since it is rigid body, there is no
radial velocity. You should be able to prove (7-2) before you check my
answer in the footnotes below.” For the acceleration part, refer to the

figure above right, it has tangential and radial components:
a, = réf =rad
)

rr

oV,

a=——r=-@
r

The « is called angular acceleration. The radial acceleration (centripetal

acceleration)is due to the direction change of the velocity, and its proof is

actually given a while ago (section 3.7-2), here I will just use (3-44). i.e.

for a directional change of vector due to rotation:

L ads . L . ..
58 VzTZ , T is unit vector along tangent direction, s is the arc length. ds=rd@ , this is the reason to measure

angle in radians é—ﬂ—ra)
& Codt dt
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A(t+ At)

AB
A(?)

(%)J_ = A4 %f& L =X A4 (7-4) copied from (3-44)

Here the A will be velocity v,@ would point to +z direction:
DXV =@’ r(2x0) = -’ rf

The kinetic energy of the pure rotation is>”:

K :%Zmivf :%Zmlnzaf :%(Zmz‘rz‘z)wz

We use the fact that the @ is same for the whole body in rotation in the

above equation. We shall define the moment of inertia of rotation as:

]o = Zmir;'z (7-5)

The reason for the subscript o in I, is to remind you that the moment of

inertia depends on the pivot of choice. It is obvious from the definition

that the position vector depends on the choice of origin. So for same

object with different choice of pivots, the /can be quite different. I shall

just use / in the following formula but its dependence on choice of pivot

should be remembered.

K= %]a)z (7-6)

S9I

shall use K to represent the kinetic energy from now on instead of T (which stands for translation) as before.

Also in the derivation I shall use ¥ m; as if the body consists of discrete particles. It is easily extended to [ pdV

1

for continuous distribution of mass, where p stands for density.
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Continue the analogy, we see that / is analogous to mass m in translation.
Just as we define mechanical linear momentum as p=mv, we shall
define®:

L=1owo (7-7)

And if you push the analogy further, you cannot help wonder what is the

analogous of F=ma? Is it F=Ila=1 C;—j)z%? This guess is in the

correct track, we shall see that the left hand of force will be replace by

something we call torque.

Fsin ¢

O @S Fcoso¢

~ , Line of

/ action

In the figure above, the effective force for rotation will be perpendicular
to r. This is familiar for everyone ever use wrench or just open a heavy
door, you would not push or pull the door or wrench in the radial

direction. Now back to work energy theorem:
AW =AK
AW =F -AF =F -TAs = FsingrA0

(¢ in the figure above is the angle between the force and position vectors)

50 We shall give a more general and formal definition of angular momentum and torque later when we talk about
angular momentum in general sense, not limited to the pure rotation in 2-D. The definition here would reduce to a

special case for the general definition.
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We shall define torque as:

t=Frsing=(Fsing)r=Fd  (7-8)

The last two terms show the usual way to compute the torque, either take
the vertical component of force and times r or take the product of force
and vertical distance d. Then the work kinetic energy expressed in torque

and angular properties are:
[
TAQ:EIAa) (7-9)
gf 1
Or in integral form: J 7d@ = 5[ (a); ~@’)  (7-10)

6,

From (7-9), we have:

A0 =LA @) = Tono =120 Ap= 122 A0
2 At At
Aa)At—>0 dL (7_11)
=122 5 —jg=%
At dt

This is the fundamental relation between torque and change of angular
momentum in rotation analogous to F=ma=dP/dt. We can also derive the
angular impulse-change of angular momentum from (7-11):
At=1Aw=AL (7-12)

So you see that the relations in translation motion all have counter parts
in rotation. Which is no surprise since they all originate from Newton’s
laws, and here are just expressed in terms suitable for the study of
rotation.

First point need to be stressed here is that the torque and angular
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momentum are all dependent on the choice of pivot like the moment of
inertia, this is clear from their definition of (7-7) and (7-8). (7-9) (or
7-10), (7-11) and (7-12) are used often in the study of rotational motion.

Second point is regarding to the sign of the torque. The convention is that
it obeys the right hand rule consistent with our definition of angle and
angular velocity. If it creates c.c.w rotation, the torque is positive and if it
creates c.w. rotation, it is negative. In the figure below, F; would generate
a positive torque 7, =Fd, and F, would generate a negative torque

7, =—Fyd,

Third point is that under different forces, what is the form of the above
relations? Well using the principle of superposition of forces, it would be
straightforward to see that:

T = D Frising, (7-13)

And this total torque (with their sign convention) will be in the relations
(7-9) to (7-12). In principle, the force should include both external and
internal forces, but we shall see that the torque by the internal forces will

not play roles in relations like (7-9) to (7-12). The argument is
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straightforward and you should try it yourself.

The combined torque due to a pair of internal forces will be zero provided
that the pair of internal forces are 1) equal in magnitude and reversed in
direction (3™ law). 2) the directions of internal forces are parallel to the
direction joining the two particles (fundamental forces in classical
physics satisfy this). With these two conditions, you can prove the torques
due to internal forces is zero. So we shall only consider the torques due to
entirely by the external forces from now on.

As a summary for this section, please fill in the corresponding formula
for pure rotation in the table below:

Table 7.1. The Comparison between Translation (1-D)and Rotation (2-D)

1-D Translation Fixed Axis Rotation (2-D)

Position: x Angle: 6

Velocity: &
dt

2

) X
Acceleration: —
dt

. I
Kinetic Energy: —my" =—
&y 2 2m
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Mass: m

Linear Momentum: p =myv

Equation of motion: F =ma = d_p

dt

Work: dW = Fdx

Power: P=Fv

Impulse: Fdt=dp

I give you a start and try to fill the others by yourself.

7.1-2 Computation of Moment of Inertia and More on Angular Velocity

In this section we are dealing with some technical issues. It is important

to know the moment of inertia of some common shaped object. The

formula /= Zml.rf can be extended for even 3-D object:

I = Z:ml.,ol.2 ;Zmi(xf +y)  (7-14)

Z stands for the rotation axis along z direction, p; refers to the distance
to the axis. The computation of moment of inertia will become
calculation of integrals.

For example a thin rod rotates around its C.M.:

The density iseven p=M /L
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For rotation around pivot at the edge:

L

Izj—xzdxzﬂlﬁ e
L3 3

If you compare the two, they are different for the reasons we stressed
before, the moment of inertial (as well as torque and angular momentum),

the values depend on pivot of choice. You further take the difference

2

L :M(é)z. This is no

between the two I’s, and the difference is

coincidence. It is the result of a general theorem on moment of inertia:
Parallel Axial Theorem. It related the moment of inertia with respect to
C.M. to moment of inertia with respect to a shifted pivot (the rotation axis
is shifted to a distance d away from C.M., but the axis is still along the

same direction).

Axis
| __——through
ton | M

N

, g
0| > CM

I =1, +Md*> (7-15)

(d 1s distance from o to C.M., and o may not even on the body)
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The proof is easy:
xo :XCM +xcm;yo :YCM +ycm
Xem, Yeum are the coordinates of C.M. with respect to O, X, and y.n,, are

the coordinates of points with respect to C.M.
I,= Zm (o +3))= Zm (X + %) + (Vo + 90’

—Zm (xum +ylcm)+2m (X2 +Y2 )+2X,, Zml X, +2Ym2ml.yl.cm

The last two terms are zero because of the definition of C.M.,, it is the
property we invoke a few times before. The first two terms are just the
two terms in (7-15).

The parallel axial theorem can be applied to any object, but has to relate
to the Icym. There is another theorem only deals with ‘pancake’ shaped
object (thickness can be neglected), this is called perpendicular axial

theorem which will work for any pivot point on the ‘pancake’:

.
pancake

D

Pick any pivot point that the object will rotate, and if the rotation axis is

along z direction (out of the paper):
IZ = Z:I/ni(xi2 + yzz)
For the same pivot, if the rotation axis is X or y axis, we can similarly

define moment of inertia around those axes’s:
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Ix :Z‘,’ni(zi2 +yi2)9]y :Z:rni(xi2 +Zi2)

For the pancake shaped, z=0. We have:

=1+,  (7-16)

The definition and the two theorems would allow you to compute the

moment of inertia of different shaped objects with respect to different

pivot and axis. Table below list the I’s for some of typical objects. You

should confirm them yourself, mostly do the integrals using Cartesian,

Cylindrical and Spherical coordinates®".

Moments of Inertia of Homogeneous Rigid Objects
with Different Geometries

p |

Hoop or thin l
cylindrical shell & y

Iy = MR? daF
-

Solid cylinder A - 94
or disk 7

Ien=g MR N

Long thin rod < |
with rotation axis
through center

1 aprs
Ioy = i ML?

Solid sphere \4 | 1
5 -
Icmq= g MR*
R

Hollow cylinder

Toae= %M(R,? +R?)

<l
\/ *P'i,.—/'\@ Ry

Rectangular plate & Fl

Ty = ll_) M(a2 + b?)

Long thin S 4
rod with

rotation axis
through end

Thin spherical |

shell

Iom= 2 MR? L

CM = 3 4 | :
|

1 For more examples, please refer to Morin’s section 7.3.
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We have seen that the moment of inertia depends on the pivot and axis of

rotation. How about angular velocity? Consider the following situation:

AR

()

A

A circular disk with a fixed pivot at the center O, rotate with angular
velocity around z-axis. Imagine we fixed a poor bug at the edge of the
disk at A (the bug A will move along with the disk). From the point of
view of this bug, what is the motion of the disk? And if it is a kind of
rotation what is the angular velocity? You may not give the answer right
away, since the rotation is not as intuitive as the translation. The
following pictures may help:

A

The pictures show for 3 instants, the relative positions of the bug A and
some points on the disk. Noticed the coordinates are having the bug as
origins, i.e. in these coordinates the bug does not move. The direction of

the axis is invariant with time (+x always points to the right, and +y
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always points upward). This frame is called translational coordinate
system, because the origin may move (from the point of view of
somebody in the inertia system) but the direction of axis’s or the base
vectors do not rotate. In such coordinate system (the bug at origin and
the axes do not rotate), the whole disk would appear to the bug as rotating
around it as the picture shows.

To further prove this, let’s pick AB=7,,, because of rigid body, its
length never changes: |7, |'=7, 7, =cons. Then the change of this

vector could only occur due to directional change, no radial change

possible: ] e =27, ar Y =0 And from (7-4), the velocity could

rAB

be expressed as:
dt

=w,X7,,. So 1t appears AB does rotate around A

with some angular velocity @,. How about other points relative to A,
well from the rigid body, we know that the relative relations between the
points should not change (the distance fixed means the shape is fixed, i.e.
if the 3 sides of a triangle is fixed, so will the angles), this means the
angles between AB, AO,AC will not change over time. This leads to that
the AO,AC will rotate with same angular velocity as AB. Now what is the
angular velocity with respect to A, @,? It equals the @,, the original
angular velocity with respect to the fixed pivot. This may not be intuitive
to you (at least not to me), we should prove it: Let’s pick AO(since all

rotate with same angular velocity),the linear velocity of O with respect to
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A in the A coordinate is: |v,,|=R|®,|. R 1s the radius of the disk. This
relative velocity from the coordinate with o as origin 1s: |v,, |=R|®, |,
the two magnitude should be same and this gives |@,|= @, |. As to the

direction of rotation, we see from the figure both case the rotations are

: 62
clock wise, then o, =, .

From the above argument, we see that

(1)For the observer on the body (move along with the body in a
translational type coordinate), the motion would be a rotation with
same angular velocity. Even if the A is not on the body, as long as it
moves along with the body rotates (as if connected to the body with
massless rod), the above argument will also apply.

(2) The A rotates with the body experience acceleration, so the coordinate
system (even translational type) built with it as origin is not inertial.
Though the kinematic properties discussed above apply, you should
worry about what happened to the dynamic rules based on Newton’s
laws? Generally, it has to be modified to include the effect of
non-inertial frame (by introducing the fictitious inertial force).
However, we shall show later for a very special point of the body, the
C.M., even when it is accelerating, the dynamic rules are just same as

nertial frames.

82 This can be proved more elegantly later with the relation like ¥=@x7 . Then in the O origin, the velocity of any

point (say B)with respect to Ais: v, =&, x 7, + &, x Typ = &, x (P + 7o) = &, x F,, . Inthe A origin, the

relative velocity is: v, p=w %7z . Since rap is arbitrary, this will give us the two angular velocities are same.
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If we choose a fixed point in the inertial frame, say still the A, but this
time the bug is not attached to the spinning disk, it just stay on the ground
watching the disk spins. This would appear a bad choice of origin to
describe the rotation motion of the disk. The origin and the disk do not
form a rigid body in this case, the AB, AC distance change with time.
There is no single angular velocity to describe the rotation from A; AO
never moves but AB,AC will and their angular changes are not simple
with respect to A. We are going to see that later there is a way to solve
this difficulty (if we have to choose such A as origin in the first place) by
decomposing the motion as translational motion of C.M. with respect to
A, and the rotational motion with respect to C.M. (this will be covered in
section 7.2).

There is another issue about choice of coordinate system. We discussed
what happened if we shift our origin, how about coordinate axes? The
rotation not only depends on the origin but also depends on how we set
up the axis. All above, I stressed that the axis of the coordinate will not
rotate. i.e. their direction never changes, this is what I called translational
type coordinate axis. If we set up axis that rotates, the angular velocity
observed will be quite different from that of translational type. In the
rotational type axis (I call this rotational type coordinates), the angular
velocity will depend on the rotation of axis too. If the axis rotates with

same angular velocity, then the apparent angular velocity in the rotating
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frame would be zero. But we have to keep in mind that this rotation type
coordinate system is non-inertial. The corrections (in order to apply the
Newton’s laws for dynamical problems) for this non-inertial would be a
bit more nasty than the translational type. It may appear simple for
kinematic description of the rotation (i.e. angular velocity or angular
momentum appears zero), special cares need to be taken in dynamical
problems due to the inertial forces. So in this chapter, I shall avoid such
rotational type coordinate as much as possible. If I do not specify the
coordinate axis, it is assumed that it is translational type (i.e. the
directions of axes do not change over time, though the origin may move).
You are encouraged to draw the rotational type coordinate with the 3
disks figure above (for origin O and for origin A) to see the difference
between the rotational and translational coordinates.

The reason that I blibber-blubber about the choice of origin and
coordinates is because this is the source of most confusions and mistakes
arise in solving rotational problems. Because the expressions of moment
of inertia, angular momentum, angular velocity and torque all depend on
such choices, and indeed the choices can have dramatic effect on solving
the problems (The physics involving vectors do not depend on choice of
coordinate systems, but the method to get the correct answer does, and
naturally we want to use the easiest and safest).

The obvious choice for the 2-D pure rotation considered here would of
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course be the pivot point O and translation type axis. In general cases, the
easiest and safest choice are usually /) the fixed pivot point on rigid body
in inertial frame around which the object rotates; Or 2) the C.M. of the
object as origin for rotation part (this is especially true when the motion
is not pure rotation, but involves translation and rotation in the most
general cases).

As to the coordinate axes, I shall use translational type as much as
possible. We shall see the reason from discussions in later sections and

you may need to come back to reread this section later.

7.1-3 Examples for 2-D Pure Rotation and Conservation of Angular

Momentum

The most straightforward type that providing torque and object shape and
pivot (last two combined will give you moment of inertia; or the last two
combined with force distribution would allow you to calculate the torque),
finding its angular acceleration and velocity, will not be discussed; it is
just like solving the translational motion in 1-D given the force and mass.
Example 1: Equilibrium condition for static object.

Before when we only consider the translation, the object may remain
stationary if all the forces add up to zero. Now including the possible
rotation, we require besides the total forces are zero, an additional

condition that the total external torque need to be zero too for stationary
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object. This would be used to solve problems like see-saw type:

With no external force, where should we put support?

The answer is under the C.M. of course. If you take pivot as origin, this
will make the zero torque. Note this argument applies an important fact
that needs to be proved: A uniform force proportional to mass (gravity
here) applied to an object; the torque with respect to the pivot is
equivalent to all the forces applied to the C.M. The proof is in KK
example 6.7, it used definition of torque as cross product which I have
not formally introduced. An argument following this result is that if the
C.M. has acceleration, the inertial force will be in forms of —ma, which 1s
also gravity like for translational type coordinates. So the torque by such
inertial force will be acting as if on the point of C.M., and if you take
C.M. as origin, then this inertial torque will be zero. The coordinate with
C.M. as origin behaves as an inertial frame for the consideration on
rotation.

Under the situation of stationary object (object at balance or equilibrium),
actually you can choose any point as origin for the analysis, the total
external force=0 will guarantee that the total external torque will be zero
with respect to any origin (exercise for you to prove, KK problem6.1).

There are more variations for this type of problem, such as putting forces
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on the ends of see-saw, and find out the forces under balance etc. The
strategy 1s just picking an origin and analyzing both the force and torque.

Another similar example would be:

S

A uniform ladder with mass m leans against wall and ground. The friction

force along the vertical is assumed negligible, the friction force on the
ground cannot exceed . N, then find the minimum angle that the rod
can keep balance.

It 1s probably easiest to choose the end attached to the vertical wall as
origin. But you can also choose C.M. as origin. Do it yourself either ways.
(the answer would be threshold angle is cot@=2x,, )

Another typical one is:

Find the maximum tilt angle that the object won’t fall over. It is easy for
the above case by considering the position of C.M. Picking the support as
origin, if C.M. is to the right of the support, the torque of gravity will

create c.w. rotation and the object falls over. If the C.M. lies to the left of
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support, the object will fall back. A little bit nastier version is in problem
6.35.

Example 2: Atwood machine with massive pulley (KK example 6.10)

U, 7 N
- hat
” \
""P‘/f’ \
[ R R\
/
\ W ,1
St
T,

The details are in the textbook and it basically combine force analysis for
M1 and M2, and torque analysis for the pulley. Two points need to be
discussed: 1) Noticed that the tensions at two ends of the rope are not
equal. This is because the friction force between the rope and pulley.
Without this friction, the pulley will not rotate, and you will just have a
Atwood machine for a massless pulley. The friction is the source of
torque to the pulley, and the torque value can be calculated as (T1-T2)R
(T1, T2 is not the direct source of torque on pulley, the difference T1-T2
is the friction force on the pulley). 2) The condition of rolling without
slippery. This is saying that the translational distance of the rope would be

same as the arc length of the rotation. A/ =As = RA@#, then you will have

relations such as: v :ﬂ = Rﬁ =Rw, and a=Ro . Which 1is the

dt dt

constraint relation imposed by rolling without slippery condition. With

these two explanations, you will have no trouble to solve this problem.
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I will ask the similar question with slight different known variables.
Suppose that initially all are stationary, and then the masses will fall, rise,
the pulley will rotate with no slippery. If the mass M1 falls by distance h
from the original position, what is the velocity of it?

This is essentially the same problem as before, there you calculate the
acceleration and if the mass M1 travels h with the calculated acceleration,
the velocity is easy to be determined (v’ —v; =2ah). This is indeed the

method I want you to use initially. Now I want to use energy conservation
1 1
to do it: —AU=AK, (M,—M,)gh= E(Ml + M, W +§Ia)2 , this will

give me the answer quickly. And the striking thing is that this will give
the exactly the same answer as you get initially (try both methods to
convince you if you have not worked this problem before). I say it is
striking because the mechanical energy conservation works with the
presence of friction. The friction force between the rope and pulley which
as analyzed above is necessary for the pulley to rotate, but this friction
force does not create heat loss. This is because we are in a very special
condition, namely rolling without slippery. The friction does not generate
energy loss in such condition; its work is to transform the translational
kinetic energy into rotational kinetic energy. I’d better prove this once for
all. For simplicity I only consider the work by the friction force (the
gravity is turned off or cancelled by support, or in this case its work is

included in the potential change). For the M1 and M2 here, the work by
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friction force is:

F Al =AE MM, (actually T1, T2 do the work on M1, M2;but combined

1s equivalent to friction force)

The torque on the pulley is 7 = F},R, and its work is:

A0 =F},RAO = F| Al = AK

pulley
The rolling with no slippery is crucial in the above equation. From the 3"

law, F|. =-F

i =—F4, you add up the two will get the mechanical energy

conservation of the pulley+mass system.

Example 3: Physical Pendulum

I assume you all know for a pendulum by a massive particle connected by
the massless string with length L, the angular frequency @ and period T of

oscillation is (for small angle): @ = 2?” = %

Now we hang a uniform rod and we can neglect any friction at the pivot
(so the rod can oscillate forever), what is the angular frequency for this
pendulum (the pendulum with certain shape is called physical pendulum
in contrast to the idealization of mass point model)?

At first look. It may appeal to you that treating the rod as a mass point

with C.M, at L/2, and it is like a mass point m with string of /2, and the
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@ = 277[ =, /Li/2 . Well this is on the right track but the answer is off the

target. The fact that it cannot simply treated as a mass point is because in
the C.M. frame, there is rotation around C.M. So there will be rotational
kinetic energy along with the translational kinetic energy of the C.M.
(Konig theorem). The potential energy drop will be distributed into
translational energy of C.M. and rotational energy around C.M. The result
1s less translational energy, less speed and so longer period. So the simple
model above won’t work and we have to consider it from torque-angular
momentum change.

Choose the pivot as origin, since I do not want to investigate the forces
there. External torque would only have contribution from gravity with

this choice of origin:
L .
T =—-mg—sinf
£2

(the reason of minus sign is this torque creates c.w. rotation as drawn)
The angular momentum is (shoot, I just realized I choose L for length and

I have to use non-convention A for angular momentum):

A:Ia):%mLza)

Apply the fundamental equation of motion for rotation:
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dA
7=

S dr
—mg£sin0 L do
2 dt
d’é g _
dt*  2L/3

This will give us w:Z”:‘/ £ , so the equivalent mass point
T 2L/3

pendulum would be with string length of 2L/3.
This example is a special case of physical pendulum discussed in KK,
6.6.

Example 4. Conservation of Angular Momentum

: . d
From the fundamental equation of rotation, 7, = we see that under
t

the situation of no external torque, the angular momentum will be

conserved.

{ /

— Ly
{ NN g
/ lei m;
P e
|

A

Considering a disk rotating around axis as shown with initial angular
velocity @, now if I drop on top of it another identical disk and finally
the two disks will rotate together again with another angular velocity @',
find the @'. Or I spit a gum to the original disk and the gum will rotate

with the disk as that little black dot, what is the final angular velocity?
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You can solve these easily with conservation of angular momentum.
Another favorite example to illustrate the conservation of A.M. is figure

skating athlete produces fast rotation by changing moment of inertia:

(b)

(I am sorry I did not find a nice picture with pretty girl figure skating, so
please instead bear with me with this masculine guy)

It is easy to understand the guy increases the angular velocity by pulling

1
the dumbbell inward, make smaller moment of inertia. Suppose 7, = 51 0

then from conservation of AM.: [.w,=1,0, > ®, =2w,. This is nice

1
and clear. Now let’s further ask the question about energy: 51 ® . Tt is

clear that the final energy will be twice as big as initial one: K, =2K;.

Where does the increase of energy come from? An analogous scenario is
playing with the swing, in order to get higher and higher on a swing, the
person need to stand tall at lowest point and stay low at the highest point.
Please give the reasoning yourself.

Another interesting example is the legend cat landing always on 4 feet
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when falling, as the figure below, I will let you to figure out how the kitty

achieve this incredible gymnastic performance.

7.2 Formal Definition of Angular Momentum, Torque and

General Motion of Rigid Body in 2-D

In the last sections, I started from the simplest case in rotation, treating
pure rotation of rigid body in 2-D. We define the angular velocity and
from there introduced moment of inertia and angular momentum, then

derive the fundamental dynamic equation for rotation, torque=change rate
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of angular momentum,

In this section, I shall start from the formal definition of angular
momentum, since like linear momentum, angular momentum is a
fundamental physical quantity. We shall see that the angular momentum
for 2-D rigid body rotation is just a special case of the general definition.
We will also re-derive the fundamental equation for rotation with the
formal definition of angular momentum and torque, and stress on what
kind of choice of origin this equation will apply. We shall also derive a
formula in treating motions involving both translation and rotation, a
formula similar in spirit to the Konig Theorem in energy ( the kinetic
energy of a ensemble of particles is a summation of the kinetic energy of
C.M., and the kinetic energy of individual particles relative to the C.M,
review the discussion leading to equation 6-32)*: The total angular
momentum of the system is a summation of the angular momentum of the
C.M.(as a mass point with total mass), and the angular momentum of
individual parties relative to the C.M. (i.e. the angular momentum in C.M.
frame). From these we can solve the motion of a rigid body in 2-D with
translation and rotation. In next section (7.3), we will treat the general

motion involving rotation in 3-D for rigid body.

83 Actually there is also in the same spirit, a theorem for linear momentum. The total momentum can be treated as
summation of momentum of C.M. as whole and momentum of individual parties relative to the C.M. In this case,

the property of C.M. frame makes the second contribution zero.
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7.2-1 Angular Momentum

In this part I shall treat the general definition of angular momentum, not
limited only to the rigid body. Actually the property of rigid body
guarantees one @, the angular velocity for all parties on the body, so if a
relation below does not invoke angular velocity, it i1s a general case. If it
invokes angular velocity w, it refers to rigid body.

The angular momentum of single particle is defined as:

L=Fxp (7-17)

¥ is the position vector relative to certain origin, p is the linear

. . ~ ~ dr
momentum, and in mechanics, p=mvy = m? , SO:
t

—

L=rxmv=mrxv  (7-18)

Angular momentum is the cross product (it is a good time for you to
review your cross product if you need to) of two vectors, itself is a vector
perpendicular to both 7 and p (to the plane formed by 7 and p). From its
definition, it is clear that L depends on origin of choice (same as we

talked last section), consider the following simple example:

v

The particle 1s traveling with constant velocity v along the dashed line in

the figure. If we choose the origin as shown, the angular momentum is:
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—

L =mrxv =—-mvdz

But if you choose the origin on the line of v, the L would be zero. That is
why in the discussion of translations, we do not invoke the concept of
angular momentum. KK example 6.2 shows another example that angular
momentum depends on choice of origin.

In the simple case of a particle moving around center with uniform
velocity (c.c.w), choose the center as origin:

L=mixV=mr’e?

This is just like a rigid body 2-D rotation (/ =mr”). Actually you can
construct a rigid body, connecting the pivot with mass point with a
massless rod. But now consider the general case that the mass point’s
orbit may not be circular, and the definition of angular momentum still
allows us to calculate the angular momentum of the particle with respect
the center. It is still in the form as above, i.e. L=mixvV=mr'‘ew?.
(prove this yourself or check KK example 6.3)

Another example would be Kepler’s 2™ law on motion of planets around
the sun: it states that the area velocity is a constant (see KK example 6.3

for detail). This is equivalent to conservation of angular momentum:

The area swept by the planet within a short time interval can be
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approximated by a slim triangle, with 7 is one side and VAt as another

(the short one close to the arc length). The area of this triangle is:

1. . 1 |L .
| A= 5 |7 x VAL |= EAz‘u (use the geometry meaning of cross product)
m

—dl;| :H = cons., so the magnitude of L will be same for all time. Or
m

from the conservation of angular momentum under central force, Kepler’s
2" law is a natural result.
For multi-particles or a collection of them, the definition of total angular

momentum is:

L= Fxp,=> mixv, (7-19)

i

For the 2-D rigid body rotating around a pivot:

The above definition will give exactly L =/w®. (prove it yourself, noticed
the rigid body requires the |r| is fixed)

Also let’s further study the (7-19), to see what happened to angular
momentum if we shift the origin for a collection of particles. Let’s
assume that the angular momentum of some object (not necessarily rigid)

1s measured with respect to some fixed origin O, Lo. Now we shift the
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origin to some other point O’, what in particular interest is this new origin
overlaps the C.M. of the object. Please refer to the figure below. The
question is what the relation between the angular momentum with respect

to these different origins?

r,v,are referring to O; r,v are referring to O’; R,V are displacement
and velocity between O,0’. (Here O’ can be any shifted origin, I have not

invoked C.M. yet)

L= X5, = Emix D= SR L (R = S (R sy x (44

L,= ZminV+Zml.ri’x v +2Rxmivl.’ +Zml.rl.’><V
i i i i

i i

The above is correct for any shifted O’, however, if the O’ is the C.M., the
relation is much simplified because the last two terms are zero (R,V are
independent of the indices and can be taken out of the summation or
integration). For O’ is the C.M., we have:

L,=MR,, xV., + Z mr™" xv™  (7-20)

Or ZO = L(C.M. as a point to O)+L(angular momentum in C.M. frame)
(7-20) is the relation similar to the Konig Theorem for the kinetic energy
for multi-particle case. It speeds up the evaluation of angular momentum

for any choice of origin. For example, when we study the earth rotating
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around sun and spinning itself, the angular momentum can be
decomposed as orbit angular momentum (the C.M. of earth revolves
around sun), and spin angular momentum. More important as we shall see
below, the changes in both these angular momentums obey the

fundamental equation of rotation. For that, we need torque.

7.2-2 Torque and Fundamental Equation for Rotation

The torque of single force acting on some place is defined as:

T=FxF (721

The force may be decomposed as parallel component and vertical
component with respect to the position vector, only the vertical
component contribute to the torque as we discussed in previous section.
From definition of cross product: |7 |7 || F |sing, where @is the angle
between r,F, same as our 2-D case before. Also notice that the torque
depends on choice of origin. F should be replaced with total force if many
forces exist to get total torque.

For multi-particle system subject to different forces:
Fow = 20X S (71-22)

The forces need to be considered in computation of torque only including
the external forces, since the summation of torques by internal forces
between the particles will add up to zero as discussed previously (3™ law
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and f,is parallel with 7, =7 —7,).
The reason to define torque as (7-21) and (7-22) 1s that this will give us
the fundamental equation of rotation, equivalent to F=dp/dt.

(1) Single particle

dL _d

.. dri. . _ dp _ = _
—(rxp)=(—)xp+rx—=rxF=r1 7-23
7 dt( D) (dt) D (7-23)

dt

Noticed this applies to the inertial frame because we apply the 2™ law.
The coordinate system has to be inertial, and torque and angular
momentum have to be measured from a fixed point (the origin of the
coordinate system)®*.

(2) Multi-particle system
From (7-19):

dZ d — — — f — ext int — ext —
R IR W WA WAV AL G

This also applies to a fixed point (the origin of the coordinate) in an
inertial frame.

We have seen that the angular momentum can also be decomposed:

—

Ly =MRe) XV + Z mr" xvi" =L, o + Loy
L, o, is the angular momentum of the C.M. behaving as massive
point with respect to fixed origin O; ZCM is the angular momentum of

particles with respect to C.M.

We can do the similar thing to torque:

* You may find an example in 225’ /)% ##%°( ), example 6.1.4.
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i i

iot — Zf; Xﬁext — Z(Rcm +Zcm)xﬁext :R'wn % Zﬁext + Zl—icm Xﬁext
i i

=R, % Byl + 25" %
R xF“ is the torque by total external force acting on the point mass

tot

at C.M., according to (7-23), it should be equal to dLZI—tCM. And from

L. dL /8
dL, = Lo cy + Ly , then we have:

(7-24), 7, =
dt dt dt

O NI B WA R L S (h)

This says the change of angular momentum in the C.M. frame equals
to the torque measured in the C.M. frame. Basically the fundamental
equation applies to the C.M. frame (with C.M. at origin), in spite of
the fact that the C.M. may be moving and possibly accelerating, i.e.
non-inertial. This is another remarkable property and advantage of the
C.M. frame.

It is worth looking at the same result from another point of view.

The angular momentum is originally defined in the x-y inertial frame
with respect to origin. Now consider the angular momentum L’ with

respect to a point ry, where ry may change over time:
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L'=Y (7 -7)x(B, - By)

1

With 7's,p's all are defined in the inertial frame.

= TG =iy =R+ TG =R -7
=2 =) xm, (7 =iy) = D (5 = R) < (" + f™) = 2 =7y xmi,
=2 (=) % [ = (omE, = MR

mei | is just the deﬁniti(;n of C.M., it equals to MR, so:

3 - R)x 4 (MR, - ME) <,

We see that if the possible moving point 7, is just C.M., then the
second term is always zero and the first term is just the torque with
respect to the C.M., which gives us exactly (7-25).

There is one more subtlety in applying the (7-25), the torque-A.M.
relation in C.M. frame. We see that we have to choose C.M. as origin
in order to use(7-25), but that still leaves the question on the choice of
coordinate axis (or the base vectors) for the computation. It requires
translational type coordinate axes! The reason is (7-24) applies only
for inertial frame. As stated before, I will choose translation type
coordinated system with C.M. at origin (i.c. base vectors are unit
vectors not changing with time) in application of (7-25). It is also

possible to evaluate the change of vectors in the translational type

85 There will be other situations that the second term will be zero for some other special r, on the object, suchc%

the contact point in a rotation without slippery, sometimes called instantaneous center, where the (R ar ~ ) L 70
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coordinate with choice of rotational type coordinate (you may wonder
why taking trouble doing this, see the footnote 66 below). However, if
you choose rotational type coordinate system (base vectors rotate with
time), the computation of vector change over time will be a bit tricky,
so I will leave that part when we deal with rotational frame when we

talk about non-inertial frames next chapter“.
7.2-3 General Motion in 2-D

Now we can treat the general motion, including both translation and
rotation for rigid body. The reason for rigid body and 2-D is mainly
because the rotation is easiest in this situation. I will leave the general
rotational motion to section 7.3. The basic model is Chasles Theorem we
mentioned at the beginning of this chapter, that the motion can be divided
into translational motion of a mass point at C.M., and a rotation around

C.M. From the discussion above we see that the rotation in C.M. frame

% 1f you read ahead or are just curious now what happened for the expression of time derivative of vectors in a

rotational coordinates: There is a difference in the vector change viewed from translational type and rotational type

7 Y o , dA4 .
coordinate: (%) Lab:(%)mﬁQXA . Ais avector that can change over time: (W) Lab 18 the change of the

dA
vector viewed from a translational type coordinate (called lab frame here), (W) is the change of the same

rot
vector but viewed from rotational coordinates. Q is the angular velocity vector of the rotation of coordinate
(viewed from lab). I shall leave the detailed proof later. Just by looking at it, it makes sense. Consider a constant
vector 4 in the lab frame, it won’t change. However in the rotating frame, it is changing, rotating with - Q. On
the contrary, ifthe 4 appears constant in a rotating frame, it will appear rotating with Q in lab frame. To avoid
such complexity, I will stick to translational type coordinates as much as possible. To say as much as possible
instead of absolutely always, is because in the general treatment of rotational motion, such as Euler equation, we
have to adopt rotational type coordinates(the reason will be given in section 7.3). Since we are not going too deep

on this, it won’t be a big issue here.
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obeys fundamental equation, thus all formula we derived in section 7.1
(treating the pure rotation of rigid body in 2-D) would apply here in the
C.M. frame! (Please review the relations in section 7.1, or the table 7.1 if
you finished it yourself). The motion of C.M as a massive point is just the
motion of mass point we are already familiar with (with Newton’s 2" law,
or apply momentum, energy and angular momentum you learned in this
chapter); the rotational motion in C.M. frame is reduced to what we
discussed in 7.1 for 2-D (It obeys (7-25) and formula in table 7.1). This is
best illustrated by some examples.

In KK example 6.14, 6.15, 6.16, they solved problems with two methods.
Method 1 is what I preferred and follows the strategy outline above.
Method 2 is choosing a fixed point in lab frame, and solves it from
fundamental equations of rotation. Both are equivalent, you pick your
preference.

Here are some more examples:

Example 1: Similar to KK 6.17

The disk rolls without slippery down an inclined slope, it drops in height

h, what is the velocity of the disk?
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You can solve this by C.M. point translation and rotation in C.M. frame,
the analysis of forces and torque will give you equations of motion, and
with the constraints of rolling without slippery, you can solve for the
acceleration of translation of C.M. point, and rotational acceleration, then
the velocity after traveling a distance /=//sin fcan be computed.

The easier way is to use energy conservation, we have already discussed
that the energy conservation holds under rolling without slippery. The
kinetic energy are consisting of two parts (Konig Theorem): Translational
energy of C.M. point and rotational kinetic energy of the disk. If
everything starts at stationary, then the increase of kinetic energy equals

to the decrease of potential:

mgh =lmv2 +lla)2 =lmv2 +l(lmb2)(z)2 =§mv2
2 2 2 22 b 4

(note: v=-wbhere from definition of positive of v and , it does not
matter in the square)

The translation velocity will be smaller to that of a mass point with no
rotation.

Consider another example (similar to KK problem 6.30): If I throw a disk
with radius b, mass m with initial velocity v, on a horizontal friction
surface, due to the friction the disk will reach the stage of rolling with no

slippery, find its velocity at that moment (please think about yourself
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before peek the hint in the footnote)®’.

Example 2: Elastic collision involving rotation:

(0

As the figure shows, a mass point m with initial velocity vy, hit a uniform
rod with mass also m, the hitting happened at h above C.M. of the rod.
The collision is elastic and the mass point will not change direction after
collision. The whole system is on a surface with no friction. Then what is
the motion of the system after collision? i.e. what are the velocity of mass
point, the motion of the rod (the translation velocity of C.M., and angular
velocity, sorry in the drawing the two velocities are same)?

There will be 3 unknowns the v,, of the mass point, the v, and @. We
will need to invoke all conservation laws. There is no external force, so
the total momentum and angular momentum for the rod+mass point
system will be conserved, so is the mechanical energy for the elastic

collision.

57 You will need impulse theorem for both linear and angular momentum. The energy is not conserved here,
because during the skidding process before reach rolling without slippery, the friction will do negative work to the

disk. fAr = mAv At=fbAt=IAw , when rolling with no slippery, v=—wb and you will get answer by cancelling

Tem
At . Of course you can also solve it from conservation of angular momentum by choosing a fixed point in lab
frame where the torque due to friction is zero, the weight and support force will cancel in torque so the angular

momentum with respect to this origin will be conserved. Both methods are equivalent.
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Conservation of liner momentum (in a lab fixed frame):
mv,=mv, +mvy,_
Conservation of energy (in lab fixed frame):

lmvé =lmv,2n +lmvfm Jrllcma)2
2 2 2 2

(Konig theorem is applied in the rod’s kinetic energy part)

Conservation of angular momentum (you may use impulse theorem for
the change of angular momentum and relate to change of linear
momentum, the results would be same): This is to find the relation

between w,v,,v, ,there are quite a few ways to achieve this using A.M.

conservation, since you have choices of origin (they will of course all

give same answers provided you do it correctly):

(a) Choose the origin overlap and travels with C.M.(along x only) i.e.
moving with v, in the lab frame.
In this choice of origin, the initial angular momentum is (from mass
point and the rod. Don’t forget the rod, it would appear translating
with -v ., before the collision with respect to this choice of origin, but
it turns out zero, because of r, v are parallel. I still write 0 below to
stress this point):
L =-m(v,—v, )h+0 (the signs follows right hand rule)

After collision, the mass point appears v,-ve, to C.M. of rod, and rod

angular momentum would be a pure rotation:
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ml*

L, =-m(v,, —-v) h—1,0=-m@, —v,)h —Ew
2
-m(v,—v, Yh=-m(v, —v, )Yh— %a)

2
mv h+ UL mv,h
12

Combined with conservation of linear momentum and energy, all

unknowns can be solved.

(b)Choose the origin a fixed point in lab frame, overlap initially with the

C.M. of rod:
L =-mvh
2 2
L,=-mv,h+Rxmy,, M o= —mv, h —ﬂw
‘ 12 12

(the contribution of the C.M. of the rod after collision with respect to
this origin is zero, because R is parallel with v,)
Conservation of A.M. will give you exactly same results as in (a).

(c) Choose a fixed point in lab frame initially overlaps the lower end of
the rod as origin. (this will be left as an exercise for you to finish, you
should get same relation, also noticed that you cannot choose the
origin as a point moving with the lower end of the rod or if you insist
doing so, then the inertial forces has to be taken into consideration)

I hope this will illustrate the subtleties and possible pitfalls in

computation of angular momentum, so please specify your choice clearly

in solving problems. The fixed points in inertial frames and C.M. of the
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rigid body are all valid choices (because fundamental equation apply to
these choices), but the computation details may vary.

These (section 7.1 and 7.2) conclude our easier parts in the discussion of
angular momentum and rotation. We are going to wade into some deeper
water in the next section. I hope you are better prepared by what you have

learned so far. If not...ch, *! drowned?

7.3 General Rotation of Rigid Body

In this section, I shall talk about the rotation of rigid body in most general
case, not 2-D object, fixed axis rotation necessary. I shall first give a
detailed discussion on angular velocity vector, a new definition of angular
velocity and also one of the most important relations in rigid body; Next I
shall relate the angular momentum vector to the angular velocity vector, a
new ‘beast’ called moment of inertia tensor will emerge and you will see
how we handle it. We are also going to derive the Euler equation that

handles the general rotational motion.

7.3-1 Angular Velocity Vector

The note 7.1 in KK proves that though the finite angular displacement is
not a vector, the angular velocity is a vector. The angular velocity of

rotation with respect to the rotational axis is defined as:
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r(t+ A

Origin

Axis of
rotation

5= (72206
dt

i is the unit vector specifies the direction of rotational axis,
0 1is defined increasing according to right hand rule. i..e. facing the
positive direction of the 7 (looking down in the above figure), if the
rotation i1s counter-clockwise, then € increase. This is same as we
defined angular velocity in 2-D case (there the 7 is always the +z
direction, here 7 could be any direction in a frame).
If we choose the origin on the rigid body that rotates with it: then the

position vectors will be a vector with fixed length, and the velocity is:

Here I just use (3-44) where replace the general fixed length vector A
with 7in rigid body. A proof with simple geometry and definition of
cross product is also provided in the KK pg 290. Actually in the proof,
there is nothing particular about7, you can replace it with any fixed

length vector A and get (3-44).
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(7-27) 1s simple and important, most of formula in this section will
originate from it, and I call it the most important relation for rigid body.
In principle, we can choose any origin that rotates along with the rigid
body (remember the bug moves with the disk?), but to apply the
fundamental equation, we generally only choose a point on the body
which is also fixed in inertial frame (then the point has to be on the axis
of rotation) or the C.M.

(7-27) can also be used as definition of angular velocity, since we know
the definition of v and r very well. This is useful when sometimes the
rotational axis is not obvious. This definition is also useful when we
combine the angular velocities together. The @ is a vector and we
expect it can be decomposed into components as vector does, which is
true. When we have motions involve a few @’s, we expect they add up
as vectors, which is also true. But this last point is far from intuitive, so
I’d better explain it more clearly.

Let’s take a look of an example to illustrate this not-so-intuitive addition
of angular velocities: Consider a very general case like earth rotates
around the Sun. Let’s take the Sun is motionless and can be the origin of
an inertial frame. The earth rotates around the Sun and also spins around
North-South pole. How we describe the motion of earth in solar system?
We know the answer from the last section: decompose the motion into

C.M. point of earth around the Sun and rotation with respect to C.M. of
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earth ( we cannot treat the motion of earth in solar system as pure rotation,
since viewing from the sun, the r’s are not fixed in length). That is correct.
The C.M. point revolves around the Sun with angular velocity 9) (|f2

|=2 r /year). What about rotation with respect to C.M. of earth? 1 should
state this more clearly: If we choose a translational type coordinate whose
origin is C.M. of earth, what is the angular velocity of earth in this
coordinate system? It is tempting to answer it @, pointing along the N-S
pole, with |@|=2 7 /day. But this is not the correct answer! @ is not the
angular velocity of rotation of earth in the translational type coordinate at
C.M,, it is the angular velocity in a rotational coordinate centered at C.M.
of earth, the axes rotate as the earth moves around the Sun. Even when
earth does not spin around N-S pole, the revolution around the Sun will
appear as a rotation for the translational C.M. coordinates. In the figure
below, I setup a C.M. coordinate (I am tired of put “translational” ahead
every time, so assume it if I do not mention otherwise). Assume no spin of
earth itself, then the point A on earth (say Beijing) will be always facing
away from the Sun. As earth revolves, the motion of earth in the C.M

coordinate will be a rotation with Q'
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Beiling

Sun—-----—-¢ Beijing

1,2 are directions of axis’s (or base vectors). With the inspection of angle
change, the rotation of spinless earth in the C.M. frame has angular
velocity Q. Now if we turn on the spin of the earth, the total angular
velocity in the C.M, coordinate will be Q+a.

Actually there 1s a theorem on this kind of addition of angular velocity
just like addition of translational velocity between translational frames. It

says: If an object rotates around some axis with angular velocity @, ,

in frame 2 (just a coordinate system I call it 2); and the frame 2 is
rotating around some axis with angular velocity @, with respect to frame
1. Then the angular velocity of the object in frame 1 is:

E)obj—l = a_}obj—Z + @, (7-28)

Using this theorem, we can get the earth rotation in C.M. frame quickly.

—

Frame 2 is the rotational C.M. frame, and @, =@®,, ,, Q=0a,.
I’d better prove 7-28, with the angular velocity is defined as in (7-27), it

i1s quite like the translational velocity case, please refer to the figure

below:
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For the translational case, the black frame is 1, the blue frame is 2, and it

1s moving with some velocity v,; with respect to 1. We have

_ . dr_dr dr L .
=F +7,, —L=—2+-2L% 50: § =%, +7, (the familiar case)
dt dt dt

—3

For rotational case, frame 2 rotates with respect to frame 1 with angular
velocity @,,. Let’s consider the case, initially the two frames overlap at
t=0, and the position vector of some point is shown as r(0) (it overlaps
with the x and x’ axis at t=0, this is just for easy drawing). After a small
At . The vector will rotate to a position indicated by 7(At). The change
of vector viewed within frame 1 isA7; viewed within frame 2 is A7,
they are related by: A7 = A7, + Af,, s0 asAt —0:

v,(t=0)=v,(t=0)+V,,(t=0), same as translational case. Now we use
(7-27), the angular velocity for the vector rotates in frame 1 is @,, in
frame 2 is ®,, and frame 2 rotate with @, respect to 1, then:
v, =@, xF(0) = w, x7(0) + @,, x7(0), r(0) 1s arbitrary and this will lead us

to (7-28)%.

88 Of course I am using Galileo transformation, neglecting special relativity here.
% Noticed due to my poor drawing, I cannot draw the most general case in 3-D, with @ ’s point to arbitrary
directions. So I made the drawing in 2-D, all the rotations are along the z-axis (perpendicular to paper). In this

special drawing, you can just use relation between the angles to prove (7-28).However, in the general case in 3-D
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The reason I elaborate on this is because I think it is not very intuitive (at
least not to me). If you think the above argument helps you understanding
the addition of angular velocity, then that is great. If you think the
addition is pretty obvious, then neglect my blibber-blubber.

Now let’s take a look on one example to see how well you understand the

above (example taken from Morin’s book, problem 8.3)

A cone as shown is rolling without slipping on a table. The geometry of
cone 1s shown in the figure. Let the speed of the center of base P is v.
What is the angular velocity of the cone with respect to the lab frame at
the instant shown?

I will choose the coordinate and view the rotation as rotating around h of

cone and the rotation around z-axis in lab frame as the figure below:

@,, 1s the angular velocity of the cone rotating around z axis, the rotation

and arbitrary rotational axis, the above argument using vectors relations may be easier.
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of frame 2 (a rotating frame with origin overlapping of frame 3 the lab
frame)with respect to lab frame:

1%

Wy X T, (—2)

V,S0 | @y |hcosa=v,and @,, = ;
cosa

®,, 1s the spin of cone within frame 2, the direction is known, the

amplitude can be computed from rolling with no slipping:

- . r
v W, =] Wy | ——
sin o
- v
|y, |7 ——F—
hcosasina
- % v
=< >

. 9
hsina hcosa

The angular velocity with respect to lab frame 1s @, :

v

W, = W), + @), =< ,0>, along the horizontal.

hsina

Another quick method is by observing the tip of the cone which is
stationary in lab frame always, and there is another point that is stationary
at that particular instant in the lab frame, it is the point on the circular
base of the cone that touches the table, it is velocity in lab frame is zero
from the rolling without slipping (if you do not see it right away, try the
rolling disk first). Both of these points are on the axis of rotation so that
their speeds are zero, then the instantaneous rotation axis in lab frame is

the line joining the tip and the base point as shown:
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v

Using: ox7,=v, |@|hsina=v, |o|= , same result.

hsina

7.3-2 Angular Momentum in 3-D and Inertia Tensor

With the relation (7-27) between velocity and angular velocity for rigid
body, we can write the general formula for angular momentum in terms
of angular velocity (for rigid body), relate the two important physical

quantities in rotation.

(@xF)  (7-29)

~
Il
Ng
S
Tl
X
=
Il
Ng
S
=
X

For rotation within 2-D, we are used to the fact that the angular
momentum is parallel with the angular velocity, L =/w, where [ is just a
number in 2-D. We will see that such simplification generally no longer
exist for 3-D, unless the rigid body possesses certain symmetry and
rotational axis overlaps with the symmetry axis. One easy proof is using
the relation between cross product:

Ax(BxC)=B(C-A)—-C(4-B) (7-30)"°

Then we see that:

7 1 just pull this rabbit out of hat as magic. Certainly you should prove it (directly from definition of cross

product). Also noticed the order of vectors A,B,C, does (AxB)xC=Ax(BxC)?
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L= mix(@xF)= D m@(F 7))~ mi(@-F)= m|[ & mi(@-7)
We see that the first term 1s similar to the /@ in for rotation around
z-axis in 2-D, but the second term is not always zero in 3-D. In the 2-D
case, because @ L7, the last term is zero and we have the simple
relation.

In the 2-D rotation, you certainly can also directly put the vector in
components into (7-29): 7. =<x,,,0>,0=<0,0,w, > and get the simple
relation in 2-D.

For the more general case: 7 =<x, y,,z, >,0=<0,,0,,0, >

[

=X

1

<3

]k
= a)x a)y a)z = (a)yzi - a)zyi)i + (a)zxi - wxzi)j + (wxyi - a)yxi)k

Xy oz

1 1
XV, =y, - Ziviy)i +(zv, —xv,)Jj+ (xiviy — YV, )k
(1,2 2 0
_[(yi +z )wx —X )0, —Xz2,0, ]l +
2 2 g
[ - X))o, + (xi +z )a)y - yizia)z]] +
2 2N17
[ - X 2,0, — V,Zz,@, + ()Cl. + ) )]k

Now you can throw in the Z m, in front of each terms.

1

The formula for the relation between the angular momentum and angular
velocity is quite a beast. However, if we use matrix representation of
vector (a column matrix represents a vector), we have a nice bookkeeping,

and the above equation can be expressed in matrix form as:
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L] (1.1, 1. o
L|=|1,1,1, || (@31
LZ IZ)C IZy ]ZZ a)Z

If it helps you to remember this matrix equation, you may replace the
x,y,Z with 1,2,3 as indices.

=>myi+z), 1, =) m(x+z)), I.=) m(x+y}) (7-32)
These diagonal elements are called moments of inertia with respect to
X,Y,Z axis.

= Z—ml.xl.yl., =1 Z mxz 1, =1, = Z—ml.yl.zl. (7-33)

These off-diagonal elements are called products of inertia.
The whole matrix is called inertia tensor’', it just like the transform
matrix we encountered before linking the two vectors. In short hand (7-31)
can also be written as:
L=1& (7-34)
Iis the symbol for inertia tensor, a shorthand for the matrix and to
remind you it is not a number (scalar) or a vector. For easy typing, I will
use 1 for it in notes.

(1) The meaning of the elements in 7/

Write out the formula (7-31):

"' This is called 2™ rank tensor, which can be represented as a squared matrix (scalar is also called 0™ rank tensor
and vector is 1% rank). There are higher ranks of tensors too, they will be tensors relating tensors. Those higher
rank tensors cannot be expressed in terms of regular matrix. Also not all squared matrix are tensors (just like not all
ordered numbers are vectors), the tensors have to satisfy transformation rules in the coordinate transformation (like
vectors). However, from what is called quotient rule of tensor: A=BC, if A and C are tensors, B will be a tensor too.

The 7 here is indeed a tensor bcause L,w are vectors (1st rank tensor)
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L=ILo+1 0 +]. 0,
This tells us the 7 relates to the contribution of x component of
angular velocity @, to the x component of angular momentum L_.
This is sort of intuitive, a rotation around x axis (@, ) will contribute
the angular momentum along this direction. However, the L_has
other contributions too, from rotation around y and z axis’s. [, relates
the rotation around y axis to L, . [  can be interpreted as contribution
coefficient of @ to L, thatis why use xy in the subscript of indices;
It is also easy to remember its formula in Cartesian this way as in
(7-33). 1 1s the contribution coefficient of @_to L .

(2)1 1s a special matrix: Symmetric Matrix
This is clear that the matrix is symmetric with respect to diagonal, i.e.
(7-33), 1, =1, etc.Inlanguage of linear algebra, we have:
I=I", I' is the transpose of the matrix. This property is important when
we talk about eigenvalues and eigenvectors for this matrix.

(3)1I depends on the shape (geometry) of object and choice of coordinate
system
This is clear from the definition of its elements in (7-32) and (7-33). If
we choose the coordinate axis overlapping with symmetric axis of the

object (if it has any), the form of inertia tensor will be simple.
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Solid cylinder |
or disk i

Ien =+ MR? e

Consider the cylinder I listed in section 7.1 dealing with rotation in
2-D. I treat it as 2-D object though it is indeed 3-D. The reason is if
the rotation is overlapping with the symmetric axis, and this is the

only rotation we have in simple cases, then I can call this rotation axis

Lx I I IXZ O Xz
z, then |L |=\1, 1,1 |0 |=a@|I, |, or L= 0, L= 0,
Lz ] ] ]zz a)z zz

L=l o . I.= ”j —pxzdV , but using symmetry, this integral is zero,

because for every xz, you can always find on the object another point

whose x’z=-xz, a perfect cancellation. Similarly 7 _=0 too. The only
contribution to angular momentum is L_=/_w., that is the formula we

used to treat the rolling of cylinder and treat it as if only in 2-D.

(4) Generalized Parallel Axis Theorem

We have a relation between the elements of inertia tensor measured at
the C.M. and the elements measured at some other origin (a translation
of coordinate system with a shift of origin).

[ =I"+M@Y*+2Z%)

I,=I"-MXY ... (7-35)
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1 )f;” is the elements with C.M. as origin, M is total mass, X,Y,Z are
coordinate of C.M. in the shifted coordinate system. The proof will be
trivial, similar to what I did in 2-D case, applying the property of C.M.
frame. [ won’t repeat them here.

We’d better to work a couple examples to get used to 1.

Example 1. Rework KK example 6.2 with inertia tensor and compute the

angular momentum and its change over time in a lab frame:

Of course for this simple problem in this example, it can be directly
solved without even using the 3 methods discussed below, just directly
from definition of angular momentum: r x p. The point is to using this
simple example to introduce you the methods involving inertia tensor.
Method 1:Choosing B (the fixed point) as origin. It is always good to
specify clearly the coordinate system we are using (the axes are
translational type).

At time t=0, let’s say the particle m is at <r,0,-z>, z=/cosa =r/tanc,
angular velocity will be <0,0, >, so only need to evaluate those elements
whose last indices is z: I_=mr’, I_=-mr(-z)=mrz, I,.=0.So at

Xz
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time t=0: L = mrlo , L. =mrzew, L, =0. L =<mrzew,0,mr’w> for
t=0. As time goes on, this L rotates around z.

To compute the change of angular momentum over time:

We have computed the angular momentum at t=0 in a lab frame. The
change of L with time will be rotating around z axis, its magnitude won’t
change. Then for fixed length vector, the change over time can be

calculated as:

-

dL . - o
— =woxL=<0,0,0>x<mrza,0,mr’ o >=mrze’

dt

(This change will be equal to the torque mgr; )

Method 2: The inertia tensor computed in method 1 is in a lab fixed frame.
It 1s at the instant t=0. At later time, as the particle rotates, I and L will
change over time. In the lab frame, we have to calculate L(¢) =1 (2)d(¢)

for the angular momentum at any time.

If we choose a rotating frame, i.e. a coordinate system whose X,y axes
rotate with @ around z-axis in this problem, the I will be a constant in
this rotating frame, its elements will have same value as calculated at t=0
above and won’t change over time. The angular momentum vector in the

lab frame” will have a simpler expression when viewed from this

2 The reason I stress this is that what we computed will not be angular momentum measured in the rotating frame,
which will be zero, because the @ will be zero in such frame. We want to calculate the L in lab frame (or other
inertial frame, translational type at C.M. etc.) the reason for this is to apply the equation of motion which works for
translational type frame without introducing inertial forces . If for some reason (mostly because of simpler form of

inertia tensor as we shall see), the L in lab frame may be easier to be computed by expressing it in a rotating frame:

['=I'&'. L', & are the expressions of L, @ in the rotating frame, I’ has simpler expression in the rotating frame.
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rotating frame: L, =<mrzw,0,mr’® > . The vector L when viewed from

the rotating frame will be a constant vector that won’t change over time,

. dL
r.e. (—). . =0.
( dt )rot

Of course the L when viewed from lab frame will be rotating, and its
change over time can be computed from the expression in the rotating
frame and the rotation of frame:

dL. .

dL _
—), ., =(—) +wxL
(dt)lab (dt )Iot

The reasoning for the above relation is briefly discussed in footnote 66

and I will provide detailed proof in next chapter.

Since (d—L)mt =0, (d_L)lab = (d—L)m, +@x L =ddxL.Same as method 1.
dt dt dt

Method 3: For this simple problem, the coordinate of the particle in lab
frame is: 7(t)=<rcoswt,rsinwt,—z >, and the relevant elements of
inertia tensor at any time can be computed:

1. =mr’,I_ =—mrcosot(—z) = mrzcos ot 1, =mrzsinot

L(t) = I (t)@&(t) =< mrzwcos ot, mrzosin ot, mre >

Comments: The method 3 seems to be the most complete answer, gives
the explicit expression of L in lab frame at any time. But this is least used
method unless the problem only involves a couple particles in simple
motion. Generally for rigid body doing some arbitrary rotation, the inertia

tensor may be too complicated to evaluate at any time.

Method 1 is the preferred one before, it is has advantage to be in lab
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frame where the equation of motion can be applied, and physical
interpretation is clearer. It has disadvantage in treating the general
rotational motion, because of the same difficulty as method 3, evaluation
of inertia tensor. We can compute the inertia tensor at one moment
(instantaneous). At other time, due to the motion of the body, the inertia
tensor has to be evaluated again and again which is not a pleasant job.
However, this method is still useful when we deal with some simple
problems (most problems in this chapter fit in this category), such as due
to symmetry, the inertia tensor do not change over time (KK example
7.13); or some kinematic problems which can be solved from
instantaneous equation of motion (as the later example shows). So this
method will still be preferred one when dealing with these problems in
this chapter, but you should aware its limitation. Basically the strategy of
this method is: At a particular time (one instant), we set up a coordinates
and compute the inertia tensor and angular momentum at this instant. At
later time, if the problem is simple enough (or special enough) for us to
predict what the change of angular momentum to be (like in the example
above, the A.M. has fixed magnitude only rotating with certain angular
velocity), we can then equate the change of angular momentum to the
torque.

Method 2 will be useful when dealing with general rotation. By choosing

a rotating frame that rotates with the body, it has advantage of simpler
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form of inertia tensor and it does not change over time in this frame, and
thus the computation of angular momentum expressed in this frame. This
is the basis for the Euler equation to deal with general rotation. The
disadvantage is of course the non-inertial rotating frame, and the relation
between the rotating frame with the lab frame can be complicated as well
as the physical interpretations are not as straightforward as in method 1.
The detailed handling will be the job in analytical mechanics, but I feel
obligated to mention it here because it is the general method for general

rotation motion.

Example 2: Simplified KK’s 7.4 and 7.14.

At time zero, with the lab fixed coordinate chosen as shown (again this
statement of choice of frame should be what you ought to do first), please
compute the L and torque.

The two masses coordinate are: <0,/,0> and <O0,-/,0>.

2ml* 0 0
o =<wcosa,wsina,0> . I1=\0 0 0 . (the I in this
0 0 2ml’

coordinate has the simplest form, and that is why I choose such frame)
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L=1&=<2ml*wcos«,0,0 >
The L will rotate around the vertical axis as time changes, and its change

over time (fixed vector length):

~ ~ ~

. : j 2
L . - | | i
= ox L =|wcosa wsina  0|=—-2ml*®* sin & cos ak
2ml*wcosa 0 0

This torque is pointing inward to the paper (-k direction), and cannot be

supplied by the gravity of the two masses (they cancel each other). The

torque has to be supplied by the force on the ‘sleeve’ on the pivot axis:

The problem is a uniform rod is spinning as shown in the right figure.
Find the angular velocity @, assuming the angle with vertical 6 is
known.

The coordinate is chosen as shown in the left figure, a lab fixed one with

origin at pivot so that we do not need to worry about the torque by the
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force at pivot. The x,y direction is chosen to ease the computation of
inertia tensor. At the instant shown, the inertia tensor and @are:

(x and z are zero for any points on the rod), all products of inertia are

zeroes. [ :lmlz,l =0,/ :lml2
xx 3 » zz 3
lml2 0 0
3
I1=|0 0 0 , ®=<msinf,mwcosd,0>
0 0 lml2
L 3

Then, the angular momentum at this moment is:

L=1d=< lmlza)sinH,O,O >

W

To find the value of @, we shall apply the equation of motion:

7= mgésin O(—k)
The angular momentum will rotate without change in length, so:
dL 1

= ox L =—ml*&* sianos@(—lg)
dt 3

%mlza)2 sin@cos @ = mgésin@

w=—2=5
(2/3)Icosb

(It is like a mass point hanging at 2/3 of /)

This example is also good to test different choices of coordinates. Instead
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of choosing the fixed point on the rod as I did above, you may choose
CM translational type frame since we know the equation of motion works
well in such frame. Please try this yourself, the inertia tensor will be
somewhat different, the angular velocity would be same as above, and the
torque is due to the force at the fixed point now, and the force there can
be evaluated using the motion of C.M. The procedure would be similar to
the detailed calculation above just a little more complicated. You may
even try the lower end as origin, but then the inertial force (a force
pointing away from the rotation axis here) and its torque has to be
considered. Of course the last choice is most inconvenient in this example,
I only state it to show you the variety. You may choose a lab fixed frame
with the center of circle as origin too, but then you need to decompose the
motion into CM motion and motion around CM, and the motion around

the CM is just same as choosing the CM as origin.

Example 4: This is addressed to a technical issue: evaluate inertia tensor
at one instant, since we have seen we need this to get angular momentum.
It is here because I will use it again in next section when we talk about

principle axis.
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] . a
For a squared cube as shown in the figure, at t=0, the coordinates are
setup as shown in the figure, the pivot is at one corner of the cube. What
1s the inertia tensor at this time? The cube is uniform with total mass M,
side length=a. What happened if we choose the pivot at the center of the
cube?

The computation of elements of the matrix is just integration based on

definition in (7-32) and (7-33):

L= [ pec +yHav = pjdzjdijzdx+...(y2 term)
0 0

Volume 0
a a a 1 M 2
pj dzj dyj x’dx = p§a3aa =2 , and y* term will give same value, so:
0 0 0
I_= 2 Ma?
3

From symmetry, it is easy to see that I, I,y will have same value.

I, = fﬂ—pxde = —pIdZIdnyydx —_ pf =

The rest of products of inertia will have same value.

So the matrix is:
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_%Maz _Ma2 _Maz_
3 4 4
2 2 2 8 _3 _3
po| M 2y Mo Mo og g
4 3 4 12 3 -3 8
_Ma2 _Ma2 zMaz
4 4 3 |

Now provided with the angular velocity (say rotation around z axis or an
arbitrary direction), the angular momentum can be computed at this
instant.

The form of inertia tensor will be much simpler if we choose the pivot at

center. In this case:

2
[ o= = =Ma

XX » zz 6

The products of inertia will all be zero due to the cancellation from
symmetry. The matrix will have a simple diagonal form:

100

a)x
0 10| Ifthe o=|w,| Theangular momentum is this case
001 o,

Ma*

I =

will also take a simpler form: L=<I oI o, o>

xx X2y Ty zz 7z

7.3-3 Principal Axes

In the last example, we have seen that the matrix representing the inertia
tensor can be complicated as the pivot-at-corner case; it can also be

simple in diagonal form as the pivot-at-center case. We like the simple
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diagonal form, because in that situation, the relation for angular

momentum and velocity is simple:

—

L=<l o,] o, o > fordiagonal I (7-36)
It turns out for any pivot on the rigid body, we can always choose the
proper directions of coordinate axes to make the I diagonal”. Let’s
suppose we have chosen the axes properly so that (7-36) satisfies, let the

3 directions of axes be ¢,e,,e,. If we have the angular velocity only

along direction 1, i.e. @ =<®,,0,0>, expressed in components along

L=1d =10 (7-37)

[ used I, for the old I, here. Similar relations (replacing the Ijj and @, )
for angular velocity only along direction 2 or 3. In short, for special
angular velocities along certain direction, we have:

16, =6, (1-38)

On the left hand side, it is a matrix acting on a vector, it generally will
change the input vector, give us an output vector. The output vector can
be in any direction for the general case. However, for some special input
vectors, the right hand side tells us the output would be a vector parallel

with the input, the matrix will not change the direction of the vector, only

3 This is because the matrix of I is symmetric, and linear algebra tell us for symmetric matrix, the eigenvalues are
real numbers and the eigenvectors are orthogonal. The orthogonality of the eigenvectors are good, meaning they
are independent, can form a new complete base on which the matrix form of 7 will be diagonal. The details won’t
be covered here or in supplementary (we already have a long math supplementary). Please pay attention in linear
algebra course on this. Or read the linear algebra textbook on symmetry matrix and eigenvalue. (for example:

“Introduction to Linear Algebra” by Gilbert Strang)
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its magnitude by some number A . These particular vectors satisfying
(7-38) are called eigenvectors of the matrix, and the A 1is called
eigenvalue.

The principal axes for a pivot on rigid body, is defined as the directions of
the eigenvectors of the inertia tensor. So finding the principal axes given
a pivot is solving the eigenvalue and eigenvector problem in Linear
Algebra. The general procedure is to choose a coordinate system with the
pivot as origin. This coordinate (base vectors) is sort of arbitrary, may not
be the eigenvectors, and the matrix of inertia tensor in this basis may not
be diagonal. After we have the matrix form in the chosen basis, we can
find the eigenvalue and corresponding eigenvectors (also expressed in
components of the chosen basis). The point is if we chose the
eigenvectors (normalized, i.e. with unit length, since we only need the
directions) as new base vectors, the matrix expressed in the basis formed
by eigenvectors will be diagonal. It is easy to prove that in the basis by

the eigenvectors, the matrix will take the form of:

2 0 0
I=|0 4, 0| (7-39)
0 0 A4

the diagonal elements are just the eigenvalues which equals to the
moment of inertia here. So by solving the eigenvalue and eigenvector
problem, we get two birds with one stone: get both the principal axes and

the moment of inertia.
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The above general statement is a bit abstract and I’d better illustrate the
points with a concrete example. Let’s take the cube with the
pivot-at-corner as in last example. I have shown that if we choose the

axes at certain instant as x-y-z in the figure above, the matrix for inertia

2 2
3M2 2 e | w2t 7
tensor is: [ =|— a “Ma® - a 124 -3 8 —=3|. The
4 3 4 12 3 -3 8
_Ma2 _Ma2 %Maz
4 4 3 |

x-y-z basis chosen is not an eigenvector basis, otherwise the matrix will
be diagonal. In order to find the principle axes (i.e. eigenvectors), we
need to solve (7-38), rewrite it as:

—

I&—-A&=0,(I-A1)@=0, 1 isthe identity matrix’*.

111_/1 112 ]13 o,
Ly Ly-21, | |=0 (7-40)
131 132 133_1 ,

In order to have non-trivial solution for the above equation (the trivial
solution is all components of @ are 0, that obvious satisfies the equation.
It is trivial because it basically states that if the input is zero, the output
will be zero too), the matrix has to be non-invertible, equivalently the

determinant of the matrix has to be zero. i.e.:

™ Here is another awkward moment where the conventional symbols for inertia tensor and identity matrix clash,

so I use symbol 1 for identity.
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111_1 112 113
L, I,-41, |=0 (7-41)
[31 [32 [33_1

This will give us a characteristic equation (a cubic equation in 3-D here)
with A as variables, and it can be solved for the roots of A. These roots
are the eigenvalues we are looking for. For the cubic polynomials, we
have 3 roots for A and will give us 3 eigenvalues, A,,4,,4,. There will
be cases that two of the roots are equal (also called double degenerate
eigenvalue), 1.e. A, =4, #4,, this is called symmetric top for rigid body
rotation. If all three eigenvalues are equal (triple degenerate), it is called
spherical top. After we solved the eigenvalues A, for each A, we can
solve for the eigenvectors (usually we just need to find the normalized
eigenvector).

Now back to the specific problem:

The characteristic equation is:

8—1 -3 -3
-3 8-14 -=3/=0
-3 -3 8-4
Ma’ : : : :
Here I neglect o =u , just treat it as unit for the eigenvalues, and attach

it afterwards.
The expansion of the 3X3 determinant and factorize is a bit boring and

lengthy, so I just present the results here:
(A=2)(A-11)*=0
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This will give us the eigenvalues:

2

A =2,1,=1,=11, putin the unit

=u , the eigenvalues will be:

A =2u,l, =4 =1lu
For A =2u, put this back into (7-40) to solve for @,, the eigenvector

associated with this eigenvalue:

8-2 -3 3| o, 6 -3 3| o,
ul-3 8-2 -3 o, =0,or|-3 6 -3 o, =0
-3 -3 8-2 w, -3 -3 6 w,

I will solve the above linear equations with Gauss elimination method,
after elimination:

6 -3 -3 ||ow

X

0 45 —45| o, |=0
00 0 |ow

This tells me that there is no unique solution for this equation (we expect

this, because anyway the eigenvector would only be a direction), there is
one free variable we can choose, here the free variable is @, . I will set

the nontrivial one @, =1, then ®, =1 and o, =1. So the eigenvector

for 4 =2u is: @, =<LL1> and we can normalize it to unit vector:

A

@, =% <1,1,1>. This will be the direction of one principle axis (along

the main diagonal of the cube).

For 4, =1, =11u, put it back to (7-40):
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§-11 -3 -3 o, 3 -3 -3]e
u-3 8-11 -3|@ |=0->|-3 -3 -3 |w |=0
-3 -3 $-11 ||, 3 -3 -3

After Gauss elimination:

o o =
o o =
o o =

This is also expected, for this double degeneracy case, there are two free
variables. I will chose @, =1,0, =0 for one nontrivial solution, and this
givesme o, =-1.S0 @, =<-11,0>.

Similarly if T choose @, =0,0, =1, I will get o _=-1. So the other
solution (also the choices of free variables make sure that this one will be
independent of the ®; ): @; =<-1,0,1>

The eigenvalue and eigenvectors problem have been solved. However, I
should make it better for the double degenerate case. The two
eigenvectors there are associated both with eigenvalue=11u, these two
vectors are independent (they are not collinear), but they are not
orthogonal! I'd better choose two orthogonal vectors as eigenvectors.
This can be achieved by Gram-Schmidt orthogonalization:

I will not change @) , just make it normalized:

. 1

W, =—
© 2

=/

@, - @; =1, so they are not orthogonal. I could manufacture an orthogonal

<-11,0>

vector (with respect to@, ) out of @; by eliminating the projection of
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@; along a,, as the figure below suggests:

1 I 1
o, =0, — (@, @,)0, =<—-1,0,1>——<-1,1,0 >=< —,——,1>
3 3 ( 3 2) 2 2 2 2

You can check this is indeed orthogonal to @, (both of them are
orthogonal to @,, this is guaranteed by the property of symmetric matrix,
that the eigenvectors associated with different eigenvalues are orthogonal.
Try the dot products if you are in doubt)

Final step is just normalization:

. 1

), = —
* e

So the principle axes for the cube inertia tensor are directions specified by

<-1,-1,2>

A ~

@,,0,,0, . If we choose these unit vectors as our base vectors (the

direction of new x-y-z coordinate), the inertia tensor is diagonal:

2u 0 0
I »=|0 1lu 0 |, P stands for the principle axes basis.
0 0 1lu

One comment: Actually we can choose any perpendicular unit vectors in

the plane spanned by ®,,®, to replace @,,®, as basis vectors. This

will not change the form of inertia tensor. This is the result of a general

theorem, that if the @,,®, are eigenvectors associated with degenerate
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eigenvalues (i.e. A, =24,), then any linear combination of @,,®,, i.e.
aw, +ba, 1s also an eigenvector with the same eigenvalue. Please prove
it yourself from the definition of eigenvalue and eigenvectors. So the
principle axes for the cube with pivot-at-corner are main diagonal of the
cube (@,), and any two orthogonal vectors in the plane (passing the origin)
perpendicular to the main diagonal.

This is a pretty long example, because I tried to solve the
eigenvalue-eigenvector problem in detail. You can imagine this is not a
pleasant job for some odd shaped object. Fortunately for the objects
considered in this course, it will have some apparent symmetry, so that
the symmetry axis will be one of the principle axes, and the other two
principle axes will be lying in the plane perpendicular to the symmetry
axis. You will have no trouble to locate the principle axes for such object
with certain symmetry.

The reason I showed you the procedure here in detail is not specifically
for this course. It rather points out one important application of
eigenvalue-eigenvector problem in physics. You will see more such
applications in the following courses in physics, especially in quantum
mechanics. You cannot survive long in quantum without linear algebra.
Suppose we find out the principal axes at certain pivot on the rigid body
(stressing again, most often the pivots will be either a fixed point in

inertia frame, or at the C.M. of the body), either by symmetry or detailed
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calculation as above or even lucky guess, we want to setup coordinate
axes with principal axes. This will lead to simplest relation between
angular velocity and momentum: relation like (7-36).

(1) Euler Equation”

We have seen that the advantage to setup a coordinate with principal axes
of the rigid body. The trouble is these axes are attached to the body (you
can imagine the principal axes are three orthogonal directions painted on
the body). As the body rotates with some angular velocity @ (viewed in
lab frame), the principle axes rotate with the body at same @. I will use
x-y-z for the coordinates that fixed in lab (also called translational type),
and 1-2-3 (represented by unit base vectors: ¢,é,,é;) for the principal
axes attached to the body (also called body frame), as shown in the figure
below. The origin O of the body frame will be chosen always at C.M.,
because we know we can apply the equation of motion with this choice in

the translational type coordinates.

X

At one instant, suppose the instantaneous 1-2-3 axes are as shown in the

> This part (1) is not required for this course
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figure, @& =<w,,w,,,> are the expression of the angular velocity in
body frame; (stressing again: @ is the angular velocity measured in lab
frame, but we express it in components in the body frame, the reason to
go through this treacherous detour is to get simpler expression of angular
momentum in the body frame) so the angular momentum at this instant

expressed in body frame is:

—

Ly, =< Ao, 4w, Lo, > (7-36)
The fundamental problem is from the torque, solving the motion of the

body, i.e. change of @ over time. To apply the equation of motion:
. dL L . .
T= (Z),ab (lab subscript is to stress that it is the change of L in a lab

frame or translational type at C.M.). We will need the relation for the
vector change viewed in lab frame and body frame, this is topic in the

next chapter and also briefly discussed in footnote 66:

L dL dL .
T :(E)lab :(E)body +wxL (7-42)

This is a vector equation, and in real applications we need to specify the

coordinate. In order to exploit the (7-36), we need to express the equation

with components along ¢,,¢,,e,, in body frame:

g 6 4
oxL=lo, o, o |=¢(4-4)o,o+eé (4 —A)oo,+e(4, - 4)ow,
Aoy 4o, Ao,

dL . . -
(E)body = Awe + Lawe, + Loe,
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Equate each component will give us so called Euler equation:

Ao, + (4, —4)o,o, =1,

Ao, + (A, —4)ow, =1,

Lo, + (4, - Ao, =1, (7-43)

The three coupled differential equations are Euler equation. The 7,,7,,7,
are the projections of torque in the body frame. This makes the Euler
equation awkward to work with. Because at one instant, like shown in the
figure, we can project the torque along the 1-2-3 axes and solve the
equation (not easy) to get the ,’s at that instant. But as the body rotates,
the projections 7,,7,,7, will change too. Euler solved this by introducing
3 angles, the Euler angle to relate the body frame axes to translational
type axes (lab frame axes), the angular velocity and torque components in
body frame will be expressed in terms of these Euler angles, solving the
motion of the body becomes solving coupled differential equations to get
the change of Euler angles with time. The detail on Euler angle and
solving coupled equations won’t be discussed in this course, it is quite
messy in general case.

For some simple cases, especially the case with no external torque, Euler
equation can be used to solve the rotation of rigid body with relative
simplicity. Some examples are given in KK section 7.7and beyond.

(2) Rotational Kinetic Energy

We have seen that rotational kinetic energy in 2-D rotation for rigid body

253



1
is: K =51a)2 , actually from what we have discussed, it is

For the rotation in 3-D, what is the expression for rotational kinetic
energy? With the C.M. as origin, the motion of rigid body will be pure
rotational (the total kinetic energy according to Konig theorem is

K, +K,, ofcourse), the rotational kinetic energy in C.M. frame:

1 —
K=y 2l = Em@x,) (057,.)

It is quite nasty if you expand above in some coordinates, you may try it
yourself and you can get the same answer as below. So I will adopt the
trick used in KK (p314). The trick is using the relation of triple product of
vectors:

(AxB)-C=A-(BxC)  (7-44)"°

—

Let A=&,B=7,,,C=(&x7,,),we have:

_Zm (a)x lcm) (a)x l(,m)__a) Zml lcm X(a)x lcm)__a) L (7_45)

Actually in the derivation of 7-45, I do not use any specific property of
C.M,, so it could be applied to any point on the rigid body, and L of
course has to be evaluated with respect to the chosen point. The reason to
stress the C.M., is of course to use the Konig Theorem.

If we have principle axes as coordinate axes, the (7-45) will give us

7 This can be proved by hack way, expanding everything on both sides. There is a nicer geometric way by seeing

that both sides express the volume of a parallelogram formed by these 3 vectors.
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something like the 2-D case:

K —l(/La)2 + A @ + Lw})= L + L, + L, (7-46)
rot 2 1 2 3 24 22/2 223
7.4 Gyroscope
(1) Free-of-Torque Gyro
Gyroscope Spin axis

Gimbal | Rotor
L

A gyroscope is a rotor, usually spins with high angular velocity only
along one principle axis (usually along the axis with largest moment of
inertia). The rotor is usually mounted on sets of frames called gimbal
mount that each gimbal mount allows free rotation about single axis. The
gimbal mount can be arranged liked the ones shown above, to make the

rotor ‘feels’ no external torque, thus the angular momentum of the rotor

—

will be fixed, L, =1®,, [ is the moment of inertia along the spin

rotor s778 0

axis(one of the principle axes), @, is the angular velocity along spin axis,

and if it is the total angular velocity, then from conservation of A.M.

under no torque, we have constant angular velocity @, too (if the
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angular velocity is not along one principle axis, the angular momentum is
still conserved under no torque, but the angular velocity will change, it
can rotate around the fixed L, the angular momentum). Such
free-of-torque gyroscope is very useful to specify an inertial direction in
space. The application of it includes measuring angles in a rotating frame,
such as the rolling and pitching of the airplane. Put the free-of-torque
gyro in the airplane, if airplane rolls (wing-wing rotation) or pitches
(head-tail rotation), the gyro’s spin axis will form a measurable angle
with the frame of airplane, and this angle can be measured and used as
feedback on controls of small fins on the wings of airplane, to adjust the
fins making the airplane fly smoothly. Similar mechanism is applied to
ships and yachts to make the boats more stable under waves. Now the
iPhone and iPad contains a ‘gyroscope’ inside to detect the rotational
motion of chassis. It is not a real mechanical gyroscope, but a piece of
electronic design called MEMS (mirco-electromechanical system) that
mimics the gyro, detecting the angular displacement of the chassis.

(2) Gyro under Torque

When the rotor of the gyro is subjected to an external torque, the motion
of the gyroscope is a little bit unexpected. It won’t rotate along the
direction of the force as a stationary object would do, but rather rotates in
a direction perpendicular to the force, a motion called precession (This is

in analogy to the motion under gravity: a static object will fall to the
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ground, but a fast moving object will travel in parabola or even circular
orbit provided with enough initial velocity). The reason of precession
lying in the high angular speed of the rotor, the angular momentum of the
gyro is almost all from its spin, Lg; under the external torque, the L, will
rotate in the direction of the torque, so that AL =7Az. It is along the
torque not the force, and the torque by definition is always perpendicular

to the force. Let’s analyze it more quantitatively:

The gyro configuration for gravity pulled precession and simplified figure
with coordinate setup (an instantaneous translational type coordinate,
either with origin at C.M. of the rotor, or at pivot. I will choose C.M.
below).

Under the torque by gravity (choose pivot as origin) or by the supporting
force N at the pivot (C.M. as origin), there is actually another force at
pivot pointing along the shaft to supply the centripetal force but has no
torque to the C.M. As the figure below shows the gyro which spins with

@, about the spin axis would rotate around z axis with angular velocity

(), the precession angular velocity. We’d like to find this (2.
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(a) (b)

Due to the symmetry of the rotor, the x-y-z axis are principle

axes(instantaneous ones). Let the moment of inertia are:

I,=1.,1,=1_=I,.

zz

The total angular velocity vector is:

@, =o, +Q=<ar_,0,Q>

L=1&,=<10,01Q>

As the gyro rotate about z axis, this angular momentum will not change
magnitude but changes direction’, i.e.:

—

A OxL=1000
dt

The torque by the supporting force N=mg is:
T =mgly

Then: I o Q=mgl, so:

Q= }"—gl (7-47)

s S

It is a little surprising that the rotor does not rotate about y direction.

Actually, it did. That is called nutation. It has to be there from energy

" 1 did not prove this. The @, is constant because there is no torque along x direction. From Euler equation:

Qo +H(=Ay)wymy=11, =A,=I ,with zero torque, the o will not change over time.
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conservation. The rotor spins with K., and now it also precesses around
z with €, this increase of kinetic energy has to come from somewhere. It
comes from dropping of potential energy of the rotor. The rotor will drop
to some lower level and this drops can be periodic up and downs as
rotation around y axis, and this motion is called nutation. The detail
treatment has to use Euler equation or the method in KK note 7.2. Under
the usual condition that / @  is the dominant factor, the nutation would
be a small effect.

For a tilted gyro as shown in the figure:

/"
N
\-.—-——v—

-
o /1 ‘W
y

The method would be exactly similar. The origin is better chosen at the
pivot (for simple torque analysis) and the x-y-z can be chosen
overlapping principle axes (Not as shown in the figure, I will tilt the z
axis overlap with the L) at this instant. Then the procedure will be
similar to above, and you will need to use the gyroscopic approximation:
o, >>Q for simple result, which will give exactly same answer of
as (7-47).

By using gyroscopic approximation, we essentially treat the total angular

momentum as L;, and since @, will not change (see argument in
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footnote 77). The change of angular momentum with time is just Qx L,
as in KK’s example 7.7.

(3) Some Applications of Gyroscope Motion (KK 7.4)

The applications of Gyro motion are listed in the textbook as some
examples (7.9-7.12). I will discuss the Gyro-compass in detail with the
formal treatment, as a supplementary to the book’s intuitive argument
(example 7.10, 7.11). As to the precession of earth’s spin and stability of
rotating object (why the bullet out of rifle can hit target more accurate),
please read the examples (7.9, 7.12). Noticed that for the earth precession
case, this effect is the result of two facts: A) the earth is not a perfect
sphere, it is actually a football shape with a bulge at equator. B) The spin
axis of earth is not along the same direction as orbital axis. i.e. the spin
axis has the famous 23 degree inclination to the orbit (the orbit around the
sun is called ecliptic) axis. These two facts combined result a none zero
torque to the C.M. of earth from the gravity of Sun (actually Moon has
bigger effect, the reason is similar for the Moon case). If the earth is a
perfect sphere, or no inclination of the spin axis with respect to ecliptic,
then no net torque from gravity of Sun, and no precession of the earth
(please figure this out yourself from symmetry).

Now I will focus on the gyrocompass motion:
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N

—_—

Put the gyro on rotating table as shown in the figure. The force on the AB
shaft would create a torque as shown in the figure up right, and the L will
flip toward that direction. So the motion of the rotor will flip towards the
direction of Q, and will oscillate around the Q back and forth. A
detailed analysis is needed to quantitative understand this oscillation
besides this intuitive argument. The KK book offers a simpler method, I
intend to solve this by the formal method and introduce approximation
later to get the same results. It is more systematic and rigorous than the
simpler method, but also more slow.

The crucial fact is that along the AB shaft direction, there will be no
torque. The external force acting at A,B, the torque with respect to the
C.M. will always be perpendicular to the AB shaft. This will give us a
relation in the equation of motion, and that is what we are going to
exploit.

a) Choose coordinate system:
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The axes are chosen overlapping with the instantaneous principle axes

of the rotor, CM as origin, sothat [ =1, I =1_=1

zz 12

7.=0

b) Angular velocity and angular momentum

Notice besides w,,Q, there is an extra degree of freedom for rotation,

rotation around z axis (the shaft BA): @, = 49

—

Q=<Qsind,Qcosb,0 >

@, =<Qsinb,ow, + Qcosl,w_ >

L=<1,Qsin0,I (o, +Qcosh), I, o, >

Angular momentum change and equation of motion

The angular momentum change (here only need to consider the z

component) along the z comes from two parts: one is the @, change
over time, the other is the angular momentum as whole rotates with
Q) in lab frame. (Combined is essentially the Euler equation along the

z direction):

(%)Z =10, +(QxL).=7.=0
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(QxL). =1 (o, +QcosO)Qsin@ — I, Q*sinHcos b
~1 wQsinf

Here I used gyroscopic approximation Q << @,
Il o +1wQsnd=0
Use small angle approximation, € ~siné:

d*o d@+4@9

—+1wQ0=0 or — 0=0
dt dt 1,

[J_

This 2™ order ODE (ordinary differential equation) is in standard form

with standard solution, the & will do a periodic oscillation, with

9

IS a)SQ — \/ LS‘Q

angular frequency: [ =
1, I

6 =6, sin(ft + ¢,) where the amplitude 6, and initial phase ¢, can
be determined with initial conditions. (say initially the angle is at %

radian and zero @_, you work out the detail)
This gives you same result as the simpler method in the book, but I

explicitly showed you what the approximations are in order to get that.

For the real setup for the gyrocompass at certain latitude on earth, use the

same method above you can find the solution as that in the book, and you

can see why the Q sinA term of the earth spin has no effect on the

motion of the gyrocompass, try it yourself.

This concludes our lengthy and detailed discussion on rotation and

angular momentum. I hope you enjoyed it, if not at least you find it

systematic and clear.
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Chapter 8 Non-inertial Frame

All the discussions in previous chapters I stick to inertial frames on
purpose. However as we had seen in last chapter we have to deal with
non-inertial frames sooner or later. We actually live on earth, and we
know earth orbits and spins (though the effect is small in many
applications, it cannot be neglected in some cases), so strictly speaking
our earth frame is non-inertial by nature. To understand some phenomena,
such as tide of ocean and weather system on earth, we have to resort to
non-inertial frame. So in this chapter we focus on the effect of
non-inertial frame, both in translation or rotation. We shall see that
Newton's laws are still applicable in such coordinate systems, provided
we add some ‘extra’ forces arising from the fact that the frame is
non-inertial. These forces are called inertial force or more appropriately
the fictitious force (the two terms are interchangeable). It is fictitious
because it originates not from real physical interaction between parties,
but from our choice of coordinate system. However its effect on the party
in an inertial frame is real enough to be felt by the party, you all have
experience of push and pull in a accelerating / decelerating or centrifugal
force in a turning automobile. Its effect on the motion observed in a

non-inertial frame is just as real as a real force. We shall first look at the
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translational accelerating frame, and the fictitious force is simple in such
frame, just like an extra gravitation field. This part is easy and
straightforward. It is important for the understanding of tidal force and
equivalence principle between gravitation and acceleration. Then we shall
treat the rotational frame, and see how the centrifugal and Coriolis forces
come into picture. This is a bit more complicated, but we had some
experience from last chapter, so this one would not be as hard as the

stuffs we discussed in the last chapter.

8.1 Translational Accelerating Frame

XB

As the figure shows, there are two frames (coordinate systems), the one
labeled « 1is an inertial frame in which the Newton’s laws apply; the one
labeled S is accelerating with respect to « at some acceleration A, but
their axes are parallel and will not change over time, so this f is called
a translational accelerating frame (with respect to the inertial one).

We know the Newton’s laws apply in ¢ and we would like to know
what the equation of motion looks like in /f:

F,=F,+S
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7, and ryare the position vectors of the same point in the two frames,

Sis the position vector of the origin of B in «. Take time derivatives

on both sides:

n,=r+S
Fa = ?'ﬁ +A times mass on both sides and applies 2™ law for the inertial
frame

m?'ﬁ:ﬁ—mﬁ (8-1)

This is the equation of motion in the translational acceleration frame
(what an observer sees in such non-inertial frame). It is still in the form of
Force=ma, but now the acceleration is what observed in the non-inertial
frame; and force has an extra component: besides the real force applied
on the particle m, the particle also ‘feels’ an extra force—mA . This —mA
arises solely from our choice of a non-inertial frame, and is called
fictitious force or inertial force (it may be a little confusing, the inertial
force is ‘felt’ because we choose a non-inertial frame).

With the inclusion of this fictitious force, —mA, the dynamics in the
translational non-inertial frame could be solved exactly same as in inertial
frame, as the example below illustrates:

Example: The pendulum in an accelerating car.

As the figure below shows, the pendulum is hang in a car accelerating
with A, what is the equilibrium position of the pendulum and what is the

period of its oscillation?
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The equilibrium angle (vs. the vertical) is:
tan ¢, = 4
g

The total force of Fg+tmg will be along this direction and it can be
treated as an effective weight, with an effective gravity:

— —

Wy=W+F

Jfict

Wy l=mgy =my|g* + A°

So in an accelerating car, the effective vertical has angle ¢,, 1.e. this is
the direction of a plumb bob at equilibrium will tell you, and the effective
gravity constant is g, i.e. this is the pull “felt’ by the bob at equilibrium
and also the weight shown by a weight-meter (the value |T |[=mg.s).

As to the period of the bob, the analysis will be exactly same as the

pendulum under gravity with g replaced by g.s:

0=, /&,T = 2 =2r L for small angle oscillation around ¢, .
) @ 8o

Besides simplifying analysis in some situations as shown above, the
fictitious force in the translational acceleration frame finds its application
in explaining the tidal force and equivalence between acceleration and
gravity (also called equivalence principle in general relativity).

(1) Tidal Force
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This term originates from the observation of tides in ocean on earth. We

know that the ocean has high and low tides (climax and ebb) every day,

and it happens twice daily. The question is how to explain this
phenomenon. The effect comes from two facts:

a) The gravitational field of Moon or Sun is not uniform, the gravitation
force is proportional to 1/distance’ (the potential energy is
proportional to 1/distance), and the earth is big enough to sense this
non-uniformity.

b) The earth is in free fall”® towards Sun or Moon, so the earth is a
non-inertial frame.

If we only consider the fact a), we will get wrong conclusion that there is

only one high tide per day as shown in the figure below:

Ocean Earth

Moon_

Q

(a) Wrong
To get the correct answer, we have to consider both a) and b) and include
the fictitious force due to the free fall of earth for an observer on the

earth.

"8 The earth is orbiting around Sun, not flying straight toward it. But the effect is the same as free fall, i.e. the

acceleration toward the sun is same for an orbiting earth and that of free fall.
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The figure shows the gravitation force on different points on the earth due
to Sun or Moon, since the effect of Moon is larger, so in the calculation
below I will only use Moon:

P Muam ) G F
m

WL

G is the gravitation constant, d is the distance of point on earth to the

A

center of moon, d is an unit vector from center of Moon towards points
on earth, as the figure below shows. The earth is big enough so that
different points (a, b, ¢, d, o in the figure) feel different forces. This is fact
a) above.

Now take the fact b) into consideration, the earth is accelerating toward

the Moon with acceleration:

—

;i — o — _G Mm;on 6;10
m d

o
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So the total apparent force on the points on earth for the earth-bound

observer is:
oy by Mmoonm 3 Mmoonm 3
appa,em =F-mA=-G e d+G e d, (8-2)
. F d d
G =2 — _GM — 0 8-3
m moon(dz doz ) ( )

For the point a in the figure at last page: ‘;’a = a?o =X

é; = _GMWIOO}’! (;2 - Lz -i:
(dO - Re) dO
d2(1- B 1+ 2
d —RY 4, (1 / v (
é; = _GMmoon 2655 ~ _2GMWIOOI1R€ E = _%'i

The apparent force felt by the points on earth is called the tidal force, it is
smaller than the gravitation force (because it results from difference
between the two gravitational force, as (8-3) indicates), and is roughly
proportional to the 1/distance’.

The calculation for G’ is similar but will point toward +X.

The calculation for tidal force on points b, d are give in the KK’s book

which will give (for b):
MR, . GMR, . o .
2 VIR V=T E)
d d, d 2d

The tidal force distribution over the earth surface would be something

like:

270



d

The points a, ¢ are locations for high tides and b. d for low tides, that is
why every day you have twice the high / low tides (corresponding to a, c,
b, d duo to spin of earth). We could also estimate the height of the tides
(KK gives one account for this calculation, here is another from the
argument of potential energy). Let’s suppose initially the water around the
earth is spherical, uniformly distributed with same height above sea-level,
so that the gravity potentials due to earth are same. Due to the tidal force,
the water from b, d will flow towards a, c. The sea-level at a, ¢ will
increase and at b, d will drop. This change of earth-gravitation potential
energy (change of height) is compensated by the change of potential
energy due to tidal force, i.e. The increase of earth-potential (increase of
height) is compensated by the decrease of tidal-potential for points at a, c.
At final equilibrium under earth gravity and tidal force, the total potential
U

=U,+U, will be a constant for the surface of water around the

total t

earth:
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At equilibrium, the PQR water surface will be an equal-potential surface

— —

+F

t

for U

total

=U,+U,. And the total force an =—VU

total — * earth total

will be perpendicular to this equal potential surface (a property of the
gradient vector), so the water will not be driven by the external force on
such surface (of course the water still moves due to inactions with
internal factors, such as wind etc). From this equal potential, we can
estimate the height of the tides:
UPp)=U.(P)+U(P)=U(Q)+U(Q)=U(Q)
U.(P)=U,(Q)=mgh=U(Q)-U,(P)

The potential of tidal force can be computed from the force formula (8-2):

A

The first half of the tidal force is just —G%d , gravity due to moon,

and the potential associated with this is (which is just the potential due to

the gravitation field of the Moon):

The second part of the tidal force is a constant force which arise from the

~

. M
fictitious force: GMd

2 0

o

or in the coordinate shown in the figure:

m . : : : : :
G —"2¢"—x, and the potential associated with this force is:

o

m

moon

U, = -G y

d2

Thus, the potential associated with tidal force is:
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U =U,+U,=-GM m(l+%)

moon d
For point Q, x=0, d =/d’ + R’ =d \1+(R,/d,)’
1 2
U,(0)=-GM = (1+(R 1, ) * =~ (1= %

ForpointP, x=-R,d=d,-R,=d (1-R,/d,))

1 R GMm R R R GMm R2

U,(P)=-GM, —— 1+ < 1+
(Py==GMi( =y~ (g e = = e (s

In the above derivation, I used Taylor series for (1—x)'1=1+x+x2+... and
keeps 2™ order terms so that the approximation would be similar at point
P with respect to the approximation at Q, if you stop at 1+x, the

approximation is a bit too crude for P.

3 GMmR2
mgh=U(Q)-U,(P)=7—;
h — E GMmoonRe2
2 gd,

This is exactly same as in KK’s book derived from another model. You
plug in the number for Moon or Sun with their mass and distance to earth,

you will find that:
h ~54cm

moon

h,, =24cm

So the effect of Moon is twice as large as that of Sun, because of its close
range and thus bigger non-uniformity of the its gravitation field over
earth.

From the argument above, we see that when the Moon and Sun along the
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line of (PR, or ac) with respect to earth, their tidal effects enhance each
other, and we will get largest high tide in the month: It happens also twice
per month, when the sun and moon on the same side (new moon) or on
opposite side (full moon). The height of wave will be ~78 cm. But at
some geological locations, such as narrow straight or channel, due to the
constraint, the tide can be much more dramatic (this is indeed the reason
of the famous tide where the Qian-Tang River meets the sea). When the
Sun and Moon location at P and Q direction respectively, their effect
cancels and we will have smaller high tides, also twice a month.

half moon
small tides

/ ? N
new moon = full moon
@ large tides O @ \“ large tides
€

half moon
small tides

(2) Equivalence Principle and Eotvos Experiment

We have seen that in a translational accelerating frame, the effect is
equivalent to introduce a fictitious force F=-mA. This adds an additional
force to every point in the system, just like a gravitation field. The

effective or apparent gravity constant would be:

gp=8-4 (84
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Acceleration
a=g

| !

ﬁ@u f@u

|

Gravity g

Considering the physics in the figures above, the right figure is an
non-accelerating frame with gravity g (a stationary elevator on surface of
earth), and the left is an accelerating frame without gravity (an
accelerating elevator in outer space). The physics observed by the
observers in each individual frame would be exactly same: F=-mg for the
“apple” in each elevator. The observer cannot tell the difference by doing
experiment within each frame: i.e.

The physics in a non-accelerating frame with gravity g is equivalent to
the physics in a frame without gravity but accelerating with A=-g.
Equivalently, suppose we are in a free fall frame, that is the fictitious
force cancels the gravity, A=g. The “apple” in such free fall frame will
not feel any effective gravity. If you drop the apple, it just hangs in the air;
if you push it to give it some initial velocity, it just travels in straight line
(suppose no other external forces of course). So the free fall system is just
like a perfect inertial frame neglecting the gravity force. i.e.:

Physics in a free fall frame in a gravity field is equivalent to the physics

in an inertial frame without gravity.
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The above two expressions are usually called Equivalence Principle in
general relativity, which is the “happiest idea” by Einstein. It shows the
equivalence between acceleration and gravity, and offers a way to deal
with physics under gravity. One simple application of this equivalence
principle is discussed in Note 8.1 of KK, to explain the gravitational red
shift of light frequency, please read that yourself though it is out of the
scope of this course, we only need that fact when we explain the
twins-paradox in special relativity.
There are two subtleties need to be addressed to this equivalence
principle.
a) Itis alocal effect.
Local means our ‘elevator’ has to be small enough so that the
gravitational field can be treated as uniform, though the force varies
with 1/distance’. If the gravity source is far away (be it the center of
earth or other stars) compared to the size of the elevator, the local
approximation is good, and the gravity can be cancelled completely
with the uniform acceleration. If the size of ‘elevator’ is big, then the
non-uniform of the gravity need to be considered, result in the tidal
force we discussed in (1).
b) The equivalence between gravitation mass and inertial mass
The equivalence principle resides on this fact. The total force felt by

the object in the accelerating frame is (from (8-4)):
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Fom g-m, i

For the equivalence principle to be always true requires that the
gravitational mass (defined by the Universal Gravitational Force) and
inertial mass (defined by 2™ law) has to be same (or same ratio) for a/l
materials. We have discussed this in chap.4 of this notes, and I asked
you to think about experiments to demonstrate this. The simplest ones
will be free fall objects of different compositions, such as dropping
different balls from Pisa tower and confirm that they all reach the
ground simultaneously (as Galileo did). Or use pendulum of same
length but with bobs made of different materials and confirms that
they all have same periods (As Newton did). Please do the math
yourself to confirm that these experiments indeed can show the
equivalence of the two masses defined.

A more accurate version to confirm such equivalence is by Hungarian
nobleman and physicist von Eotvos and its modern version (by R.

Dicke) shown in the figure below:

A, B are bobs that are made of different materials with same
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gravitational mass (say measured using a balance on earth”).

The total force felt by A for observer on earth:

_ -GM m ~
FA = ; = — ;er
s
=  —GM :
G, = 75 , the free fall acceleration of the earth.
. —-GM m: -
F B = ; = — miﬁerGo
v

N

Since we have A,B with same gravitational mass, the first part of the
force are same for A and B. The force will be same (so that the torques
by A,B w.r.t. pivot will be same in magnitude but cancel each other)
only if the inertial masses are same for A,B too, then there will be no
torsion detected by the balance in the apparatus shown above, this is

indeed the case for bobs made of different materials.

8.2 Rotational Frame

For the rotational motion, the velocity will change over time, so that you

always have nonzero acceleration associated with rotation, this implies all

rotational frames are non-inertial, there will be fictitious force by

™ As we shall discuss in the next section, due to the spin of earth, the measured balanced mass is actually a

combination of gravitational mass (most part) and inertial mass (a very small part). Because of the centrifugal

force of the earth spin, the effective gravity on earth is a little bit off the true gravity. Of course you can measure

the mass with balance at North/South pole to null the spin effect. Actually using the effective mass measured by

balance has the advantage so that we do not need to consider the effect of earth spin and concentrate on the

analysis on the force due to Sun (or Moon).
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choosing rotational frame. Sometimes, we have to use rotational frame.
For instance, we are living on the spinning earth, so the earth-coordinates
are rotational type; we had also seen in last chapter dealing with rotation
of rigid body, it is has advantage to choose the coordinate axes
overlapping with the principle axes of the body. Since the body rotates
and such coordinate system will be a rotational frame.

The biggest difference between translational and rotational frame lies in
the fact that how the base vectors change over time. In the translational
type coordinate, base vectors are constant vectors over time; but in
rotational type, the base vectors change over time. In order to see the
formula for the fictitious force in rotational frame, we first need to study
the relations in the change of vectors viewed from an inertial frame (has
to be translational type) and viewed from a rotational frame, and prove
the most important relation in this section, i.e.: for any vectors A, its time
derivative (dA/dt),,r viewed in an inertial frame is related to the

derivative viewed in a rotating frame (dA/dt), by:
dA dA - -
). =(—). . +QxA4 8-5

( dt )mer ( dt )rot ( )

The Q is the angular velocity vector of the rotating frame with respect
to the inertial frame. (8-5) is the relation I mentioned in the footnote 66
with some explanation but no proof, I will remedy that here.

Comment: a common confusion arises from the vector A, so I need to

address it to make it clear. The vector A in the formula (8-5) is the one
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same vector but viewed in different frames. Example: Beijing-Shanghai
position vector A, viewed by ground observer is stationary and not
changing with time; but for an observer in a rotating frame (say
astronauts in spaceship) the same vector will appear rotating. This is easy
to grasp for such vectors whose definition is independent of rotation. But
there are vectors whose definition depends on the rotation, the most
obvious example is that of angular velocity. The angular velocity vector
viewed in one frame is @; but in a rotating frame, the angular velocity
may appear as @', an different vector. This is nothing new, the point I’d
like to stress is the vector used in (8-5) is the same one. i.e. @ (or @')
on both sides of equation. You cannot put @ on the right hand side and
@ on the left side arguing that is the angular velocity in the rotating
frame. That is not what (8-5) tells us! For the angular velocity case here,
though the rotating frame observers see the angular velocity as@’, but
just imaging what happened he sees the change rate of @. That is what the
(8-5) tries to tell us, relating the change rate of same vector viewed by
different observers. You may wonder why we adopt such treacherous
method, this is because we need to such as in case of treating the general
rotation in 3-D. On the one-hand the equation of motion applies to inertial
frame, we need to express the change rate of the vector in inertial frame
(lab frame); on the other hand the expression directly calculated from lab

frame would be difficult (such as due to non-diagonal, time varying
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inertia tensor) but can be evaluated relatively easy in a rotating frame

applying (8-5), that is exactly what Euler equation is about.

8.2-1 Prove (d—A) = (d—A)m, +Qx A4
dt dt

iner

The proof can be carried out in two ways: Geometrical and Analytical.
Both have its own merit so that I will show both below (KK provides the
geometrical one in 8.5 and analytical one in note 8.2).

(1) Geometrical Proof

[
Zjz

- r(s)
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|
|
¥ v’
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Suppose we have inertial frame x-y-z and a rotating frame x’-y’-z’.
The two frames share same origin (if the rotating origin accelerating
translationally, we had already discussed this situation, a fictitious
force F=-mA shall be added. We neglect translational motion of the
frame here to concentrate on rotational effect), x’-y’-z’ rotating with
angular velocity Q with respect to x-y-z. I shall choose Q to be the
z and z’ axes for simplicity of drawing but generally it can be any

direction or magnitude.
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Consider the change of vector r over time. In the inertial frame:

AP =F(t+At)—7(t)

In the rotating frame, the initial vector will rotate with the coordinates,
so for the observer in x’-y’-z’, he/she will think the 7'(¢)as the initial
vector:

AF =F(t+At)—F'(1)

In the above relation 7'(¢+ At) is the same vector as 7(¢+ At), but
the 7'(¢) is not same as 7(¢). So there is a difference between the

change of vectors viewed from the two systems:

(AF)er = (AF),,, +F (1) = F (1)

iner

Now we can derive the relation between the time derivative of vectors

viewed from two systems:

The (AF),, /At is the time derivative of vector in an inertial frame,
(A7),,,/ At is the time derivative of the same vector in rotating frame.
The question is what is(#'(¢) — 7(¢))/ At? This term is nothing but a
change of vector with a fixed magnitude and rotate over time, we have

known such change rate:
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A —r) _ .
dt

Of course this can also be worked out from the figure above where

F(t)—7F(t) =rsin@QAt, 6 isthe angle between r and Q.

Put all above together:

dr dr =
2y =), +QxF
(dt )mer (dt )rot

because the subscript already implies

rot >

I dropped 7'and use (%)

that the vector needs to be expressed in the rotating frame.
In the above derivation, nothing special about the position vector, so
we can replace it with any vector A, and thus we get relation (8-5)

(2) Analytical Proof

The x’y’z’ and xyz are shown in the figure,  1is chosen to point in
arbitrary direction (for we do not need drawing in this method). For a
vector A, it can be expressed in both coordinates:

A=A %+ A,y+ Az  inthe inertial frame

A=A4X+ 4,3+ A"  in the rotating frame

Let’s take time derivative of the vector A:
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ad _ AR+ /ly P+Az= (%)W using the expression in inertial frame.

Using the expression in rotating frame, take time derivative, this time
the base vectors also changes over time:

dfa T TN Al 1AL r AL 1 Ar
(E)iw =Ax"+ V' + Az + A X"+ ) + Az

Ay TN Y Ar A .
X+ Ay + Az =(%)m the change of vector viewed by the

observer in the rotating frame who does not notice the change of base

vectors.
x'is the change of base vectors with rotation(2. It is the change of

unit vector (length fixed) over time, and we know its formula:

x'=Qxx', similar formula for y’,z’, thus:

dA dA - - -
—). =(—) +AQxxX+AQxP' + AQxZ
(dt )mer (dt )rot X v y z
dAd. = 7
=(—)  +Qx(Ax'+A Y +A4AZ2)=(—)  +Qx A
(dt )rot ( X yy y4 ) (dt )rot
Q.E.D.

8.2-2 Relations between Accelerations in Inertial and Rotating Frames

and Fictitious Forces

Acceleration is just the second derivative of position vectors over time,
also the first derivative of velocity. For the velocity vectors, we have:
viner = vrot + Q X7 (8_6)

Now take the time derivative again for velocity, i.e. take 4 =7, in (8-5):
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& Diner = = (¥, + QxF)], +Qx (¥, +QxF)
dt dt
:( dvmt )’m " (dQ)mt X + Q y (dl/' )mt + Q o ‘_}mt N f) y (f) y ]7-')
dt dt dt

ainer. = c_irot + Q X (Q X }_;) + ZQ X v}‘ot + cil_? X ’_; (8-7)80
Multiply the mass on both sides and apply the 2™ law for the inertial

acceleration:
S om = — dQ
ma,, =F —mQx(Qx7)—m2Qxv,_ —mzxr (8-8)

There are three extra terms on the right hand side of (8-8), each defines a
fictitious force (I shall omit the fictitious below):

Centrifugal Force:

F_=—-mQx(Qx7) (8-9)

cen

Coriolis Force:

F,, =-m2Qx7¥,,  (8-10)
Azimuthal Force:
_ dQ
=—m(—)xr 8-11
w ( 7 ) (8-11)

For the most simplified cases considered in this class, the rotating frame

rotates with a constant angular velocity with respect to the inertial frame,

80 Comparing the (8-7) to (3-52) which is the acceleration in an inertial frame expressed in terms of polar
components, you will find striking similarity. The four terms on the RHS of (8-7) are just the terms on the RHS 0f
(3-52). This is no coincidence of course, because in the polar coordinate, we can choose a rotating frame so that

Q=0 (i.e. in such rotating frame, position vectors only have radial motion), and (8-7) will give us (3-52). So (3-52)

is just a special case of (8-7). We derived (3-52) based on the fact that the base vectors 7,0 are changing with time,

same as we derived (8-7) here.
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i.e. Q is constant, then the Azimuthal force would be zero®. We shall
focus on the Centrifugal and Coriolis force henceforth.

With the inclusion of these fictitious force (adding them to the real
forces), we can apply the 2" law to the rotating frame: (in the absence of
Azimuthal force)

md,, =F+F,, +F, (812)

In the following I shall give a detailed discussion on these fictitious
forces.

(1) Centrifugal Force

This force is the easiest to understand since we all have experience with it
sitting on a turning car, you will feel the force pushing you away from the
center of turning.

Imagine you are sitting on a carousel which is rotating with @. In the

rotating frame of the carousel, you are motionless:

-
-

E

cent
L >

—_—

The force on you when observed in this rotating frame will be:

Centripetal force by friction (or tension of strings etc.) which is the real

81 Sometimes you may see the azimuthal force is expressed in terms of % in some textbooks, with respect to the

inertial frame. This expression is same as given in the note, because for the angular velocity,

dQ dQ - ,
(;)iner:(?)mﬁQXQ , the last term is zero.
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force:

F =m’r(—F) pointing towards center.

The centrifugal (fictitious) force in this case is:

F. =-mdx(®xF)=mo’rF pointing away from center (try it with
right-hand rule, or use cross-product relations between 7, é, z)

The centrifugal cancels the centripetal in the rotating frame, as required

by (8-12).

Example: Effective gravity on earth.

-m® x (M xr)

The real gravity on a particle at surface of earth is F way = Mg, pointing

towards center of earth®. For anyone lived on earth (an earthling), we

choose a local coordinate (North-South as y, East-West as x, and up-down

as z) which rotates with earth spin Velocityﬁ , which has a small value
~7.3x10"radian/s . For a stationary particle (be you or me or
skyscraper standing on the ground), there will be a centrifugal force with
value:

F._ =mQ’Rsin@ and its direction is shown in the figure.

cen

82 Here I assume the earth is a sphere, which is a good approximation. The actual shape of earth is a ellipsoid with

slight bigger diameter in equator due to the centrifugal force.
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0 is the polar angle (which is related to the latitude angle A by
T

O=—-1).
M)

Because of this centrifugal force, the effective gravity force felt by the

—

particle is: F; =mg, + F

cen

and the effective gravity constant is:

By =8+ F,Im.

The exact value can be computed using the figure above and cosine laws
of triangle (KK problem 8.10). Here I would use some approximation:
Decompose the centrifugal gravity along radial and tangential direction:

g .. =g,—Q’Rsinfsinf ~ g,

2. =Q’Rsinfcosd

The angle a between the true vertical (pointing towards earth center)

and apparent vertical (the direction shown by a plumb bob hanging from

ceiling, or the vertical perceived by us) is:

S _ ’Rsinfcosd
grad gO

oxtana =

At latitude of Beijing (approximate it at 45 degree latitude), this angle is
about 0.0017rad.=0.1 degree.

(2) Coriolis Force

This fictitious force is more subtle than the centrifugal, so let me first
discuss it from some intuitive point of view. Let’s suppose a particle on
the equator of earth, which moves along east and west direction with

same speed of earth spin, which is 1000miles/hour (1 mile~1.6km). So
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the particle does not move along east-west direction for the earthlings at
equator. Now suppose that the particle also has a North velocity so that it
moves towards higher latitude in North-Hemisphere. From an inertial
frame if there is no external force (the gravity is balanced off by
supporting force), the particle’s velocity will not change. But viewed by
an earthling at higher latitude where the spin speed is smaller, say 700
miles at 30 degree latitude, the particle will appear to have an east-ward
velocity of 300 mi/hour relative to the earthling, so he concludes that
there must be a force pushing the particle towards east (or right if viewed
along the direction that the particle travels), this force is the Coriolis force
arising from the rotating frame chosen by the earthling.

Another intuitive example is as figure shows below:

1, \
q L
A
AN &
m?"“ s -

X
/ *,
N d % ',
S, o X

i s

Va

- e

{a} As sean fn rotaing frame b} As seem in vovcotating frame

A frictionless disk is rotating with angular velocity. A particle initially
starts at point A and travels upward in the inertial frame. For the lab fixed
observer (in non-rotating frame), the particle will simply travel in a
straight line. But for an observer in the rotating frame whose up direction
1s defined by ABC, the particle’s trajectory would be that shown in (a),

bending towards right, the Coriolis force is the reason for this ‘bending’
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for the observer in rotating frame: —Qx v with Qupward for c.c.w.
rotation. If the disk (rotating frame) is rotating clockwise, the Coriolis
force will bend the trajectory towards left.

This same effect plays important role in the metrology system of the earth

on the atmosphere motion (KK example 8.9,8.10)

The local coordinate x-y-z on the surface of earth is shown, with +x
corresponds to east, +y to north and +z to up. This x-y-z rotates as the
earth spins. Let’s consider the surface motion of some particles along the

earth surface, i.e. v in the x-y plane. At latitude A, the Q) can be

expressed as:

—_

Q=<0,QcosA,QsinA >, v=< Ve, v,,0> for surface motion

The y component (or the Horizontal H component in the figure) of Q,
will produce a Coriolis pointing along the z direction, its order of
magnitude is about 2QvcosAsind <2Qv. Since (2 is a small number,

so as long as v is not too big, 2Qv<<g (the gravity constant), and this

Coriolis force due to € can be neglected for this kind of problems.

The z component (Vertical V) of the Q, will produce a Coriolis force in
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the x-y plane (called F,, in KK). It always pushes the motion to the right

side (viewed along the v and in the North Hemisphere):

s
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(@) (b)

This effect is important in the weather system on the north hemisphere, it
explains why the hurricanes, cyclones or typhoons(with low pressure

center) rotates counterclockwise as shown in the figure (a) above and the

real photos below:

(This part is just for fun) There was once a ‘myth’ about the rotation of
the toilet water, i.e. if you flush the toilet, which direction the toilet water
rotates? (or you fill the sink with water and unplug the stopper, water will
form vortex and what is the direction of the vortex?) The ‘myth’ attributes
this to the Coriolis effect, especially publicized with one episode in the

famous cartoon series “The Simpsons” (“Bart vs. Australia”, season 6
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episode 16). In the cartoon, Lisa (the younger sister) claims that the
vortex will rotate counterclockwise in the North Hemisphere, and
clockwise in South Hemisphere due to Coriolis force. This intrigued Bart
and he made long hour phone calls to Australia to confirm it and the fun
began. The ‘myth’ is busted. If the Coriolis force is responsible to the
formation of vortex, it will indeed make the vortex rotating
counterclockwise as Lisa claimed. However if you observe yourself, you
will find the vortex can rotate either clockwise or counterclockwise in
North and South Hemisphere (The toilet in my bathroom forms clockwise
vortex, but the other one (in another bathroom of course) forms
counterclockwise vortex). This is because the Coriolis is a small effect
compared to other forces influencing the formation of vortex in a drain
(such as the design of the sink and water jets etc). I hope Myth Busters in
Discovery Chanel will make one episode on this ‘myth’©.

Now back to the serious stuff. The first example is free fall of object on
the surface of earth:

Example 1: Free fall of object on the surface of earth at latitude A
(KK’s 8.8 is a special case on the equator).

The graph and the coordinate is same as the figure above. Initially and
object is at position:

7(t=0)=<0,0,4 >, and initial velocity is zero. The centrifugal force will

be included in the effective gravity constant as discussed in the last
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example, so we do not need to worry it here (i.e. our vertical +z is the
direction of effective gravity and g is also the effective gravity constant).
As the object fall, it will pick up the velocity downwards (-z direction) v,,
Coriolis force will push it eastwards: i.e.

—Q, (along y)xv_(along —z)— along x. (€2, has no effect in this step)
Then the particle will gain velocity along X, v,. This v, component will
also generate further Coriolis effect: —Q 4 XV, > along zZ(up), this will
modify the gravity constant; —Q, xv_— along — y(south), this will
create a velocity along y direction. The detailed motion will be
complicated as you have seen from the above analysis.

Approximations are introduced to make the life easier: The velocity will
only has significant part in —z direction, we shall neglect the Coriolis
effect due to vy, vy (these are called higher order Coriolis effect, because
vx,Vycome from Coriolis effect in the first place). Also the modification
on gravity constant due to the Coriolis effect is also neglected as argued
above (2Qv<<g). With these approximations, the problem is easy to
solve:

The motion along z is just a free fall under gravity:
N | P
Z=—-g,z :h—Egt Vv, =—gt

Along the x direction, due to the Coriolis force:
X=-2Q,v =2QcosAgt

x=QcosAgt’ +C, C is 0 from initial condition.
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_ QcosAgt’

X + C, C s 0 too from initial condition.

2h
Putin t= [—:

g

3
x:lﬂcos/’ig(%)2
3 g

As in KK’s example, if you are at equator (A=0), and h=50m, the
deflection along x (east) is only 0.77cm. Along the y direction (a higher
order effect due to vy) is much smaller and is neglected.

If you really want to have rigorous treatment, I shall show you the
procedure below:

Q=< 0,QcosA,Qsin A >,v =< VeV, Y, >

—Qx v =< v, Qsind —v Qcosd, —v Qsind, v Qcosd >

¥ =2(v,QsinA—v_Qcos )

y=-2v QsinA

Z=-g+2v QcosA

These are coupled 2" ODEs, hard to get exact solutions. Approximation
we used above is clear by comparing these exact equations to the
approximation equations used above. If you want further improvement,
you can substitute the approximation results into these exact equations
and solve for better approximation. This is called reiteration process.

For the problems of effect of Coriolis force on the shooting projectile
(such as battleship firing cannons toward North or East over a distance of

30km at certain latitude), the Coriolis force will deflect the projectile by
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100 meters (order of magnitude). The computation will be left as

homework.

Example 2: Foucault pendulum

This is a device first demonstrating (by French Physicist Foucault in 1851)

the Coriolis Effect and thus proved that our earth is spinning. The x-y-z

coordinate for the pendulum I chose would be same as in the problem

above. The detailed calculation on the motion of a pendulum on earth

including the Coriolis Effect is quite complicated (similar to the above

example, coupled differential equations need to be solved)®.

Let’s first see whether we can get some useful information without

solving complicated equations.

a) The centrifugal force will be included in the effective gravity so no
need to consider it separately here.

b) The motion of the pendulum with long length, the vertical motion
(up-down) is small, and the bob is almost traveling (oscillating
backward-forward) within the x-y plane. Thus the Q, part of the

C-force will only modify the gravity constant and can be safely

neglected. The period of oscillation would still be about 7 =27 \/z :
g

The Q,  component will generate horizontal ‘bending’ force towards

the right side of travelling. So the pendulum oscillation plane will

8 A detailed account on the solution can be found at Greiner “Classical Mechanics: system of particles and

Hamiltonian dynamics™ (his 2™ book on mechanics), chap.3
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rotate clockwise (viewing from top). The trajectory of the bob over
time will be something like: (the left one is the trajectory over one

period of oscillation)

(c) The precession velocity @ can be estimated without complicated
calculation. Suppose we put the pendulum at North Pole. The
pendulum will oscillate in a fixed plane for an inertial observer. The
earth will rotate c.c.w. with angular velocity € in this inertial frame.
So for the earthling observer, the oscillation plane will rotate
clockwise with angular speed Q. i.c. 6=-0 (- means clockwise).
Now suppose we put the pendulum at latitude A, the angular velocity
responsible for the precession, the Fcy only comes from Q =QsinA
as argued in (b). So this is just like put the pendulum on the north pole
of some planet spins with Qsin A, and the same argument would lead
to: 0 =-QsinAZ. This s exactly the same as that given in KK’s.

Now I will show you some simplified formal treatment on this (not

required for this course):
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z (up)

0 v (north)

X (east)

The position vector of bob m is: 7 =<x,y,z>=<x,y,—L>, I used the

small angle approximation and going to neglect motion along z direction
(this 1s the approximation stated in (b))

T the tension force is parallel with r, T =< T.1,T. >

T x7 =0, this will give relations of the components:
T, T
ITy+TL=0->T, =—fy,sz+TxL=0—>7; =—fx

The 7, ~mg. This is in accordance to the approximation neglecting
up-down motion. Then:

L L

y

The Coriolis Force (contribute to the Fcy) is same as computed before:
—QxV =< v, QsinA—v,Qcos A, —v,Qsind, v QcosA>, v, ~0 here.

Now the equation of motion of the bob in the earth frame is:

i=2v Qsin —%x—)jc'—2Qsinﬂy+%x =0

j}:—ZVXQsinﬂ,—%y—)j}+2Qsinﬂ.)'c+%y=O
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Let’s assignQsinA=Q_, ==, then:

~ |09

¥-2Q y+oix=0

J+2Qx+@]y=0

Above is a coupled 2™ ODE, and can be solved using standard method
(which I shall omit here), the solution is:

iQ

x(¢)+iy(t) = Ae ™' coswyt

The x(t),y(t) can be solved by equating the real and complex part on both
sides, the amplitude A can be determined from initial conditions. It is
more illustrative by leaving the solution as above. This shows the time
change of a complex number (also called ‘phasor’, a vector-like

representation for complex numbers), the magnitude changes as

Acosw,t , the direction (the phase angle) rotates with —QQ_ =—-Qsin 4.

Chapter 9 Two-Body Motion in Central Field

This chapter is more like an exercise to apply what we learned in the
Newtonian mechanics so far. There won’t be many new physical concepts
in this chapter. However a useful model will be developed: We can reduce
the motion of two particles in a central field by a one particle problem.
The particle is somewhat fictitious with a reduce mass subject to the

central field. This only works for the two-body in central field, so in this
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sense, it is quite special. On the other hand it is also a model finding wide
applications in various physical problems such as planetary motion,
hydrogen atoms and two-particle scattering process etc. This is because
as I mentioned before, that fundamental forces (be gravitation,
electrostatic or nuclear) are central field forces, i.e. it only depends on the

relative distance between the particles, i.e.:

AU,

F=f@r)yr= (9-1)

ris the relative distance between the particles andris the unit vector
along the line of centers,U(r) is the potential of the central field.

The successful explanation of planetary motion and discovery of
universal gravitation is among the earliest and most important
achievements of Newtonian mechanics. We shall study this in detail in
this chapter™. It gives the Kepler’s empirical laws on planetary motion a

deeper and solid physical ground.

9.1 Reduction of Two-Body Problem to One-Particle, C.M. and

Reduced Mass

This is not completely new stuff. We had seen that when we deal with

¥ The development of human knowledge from Ptolemy’s Geocentric (‘geo’ is Latin for thing related to earth)
model to Copernicus’s Heliocentric (“helio” is Latin for Sun. The element Helium, second lightest, was first
identified existing at Sun (He is more abundant in Sun due to nuclear fusion) before its discovery on earth) is a
fabulous story. This led to Tycho’s observation and Kepler’s summary of his three laws regarding to the planet
motion in solar system. The story is usually covered in astronomy books and won’t be discussed here. Interesting
students can refer to “An Introduction to Modern Astrophysics” 2™ edition by B. Carroll and D. Ostlie, Chapter 1
and 2. Or Chapter 4 in “Astronomy” 6™ edition by M. Seeds and D. Backman for a lighter treatment.
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multi-particles system, the common ‘trick’ is to decompose the motion
into motion of the C.M. (a fictitious mass point containing the total mass
of the system), and the motion relative to the C.M. In the rigid body case,
this will be pure rotation with respect to C.M. In the general two-body
which is not rigid, the decomposition of motion will become motion of
C.M. plus a motion of a particle with reduced mass (another fictitious

mass point). Here is the proof in math:

The two mass points are specified by vectors 7,7, 1n an inertial frame.

The same system however equivalent well represented by another pair of

independent vectors: R,7, with:

F=R-R,r=lF] (9-2)

Reversely the 7,7 can be expressed as R,7 (directly read from the

figure above right):
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F=R+—2 7
ml+m2
(9-3)
s oom
/h=R———F
m1+m2

In information of the system (its various physical properties, such as
velocity, energy, angular momentum...and their time evolution) can be
derived from the 7,7, as well as from R,7. It turns out it is simpler to
work out problems using R, 7 .

Let’s take a look of equation of motion for the R,7 (noticed we have
already worked out for the R before). For the central force case, we have

equation of motion:

mp, = f(r)f

myr, =~ [ (r)F

Adding and subtracting the above two equations will give us what we

(9-4) 3" law is applied here.

want:

mnn + m,r,

mi +mi, =M “MR=0 (9-5)

This is just the special case of (5-5) when we introduced C.M. in the
discussion of momentum, here the total external force is zero. The C.M.
will be stationary or travel with constant velocity representing the shift of
the complete system. The more interesting result comes from the relative

motion between particles, 7 :

(T2 ) R = it = f(r)F (9-6)
I’l’l1 +m2

(9-6) comes from subtracting the two equations in (9-4) (each divided by
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m; or m, first). u is the reduced mass (we have seen it before in (6-63))

defined as (6-63) again:

m.m
p=—"—"=(9-7)

m, +m,
This complete our argument that the motion of two particles in central
field are decoupled into independent motions of two fictitious particles
with M and . The interesting part is the motion of £ governed by (9-6)

which is nothing but a single particle motion under a central force.

9.2 General Properties of Central Field

Here 1 shall concentrate on the reduced mass part, i.e. motion governed
by (9-6). This is one-particle moving in a central field, and the coordinate
is set up by choosing the center of the field as origin, as figure below

shows:

X

(1) The angular momentum (associated with ) is a constant
This is obvious from the figure, the torque by the central force is zero

with respect to origin®. Actually we can prove this angular momentum

% This could also be argued from our general theory on angular momentum chapter 7. There is no external force,
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(the momentum of the fictitious particle in the central field shown in the
figure) is equivalent to the angular momentum with respect to the C.M. in

two-particle system:

c

L :’/icxplc+r20><p2c:I’lcxll'lv_i_chx(_/'lv)
=R —hH)xuv=rxu =L,

—

. d
Here I used results from (6-62) on p, ., p,., and V :?:. The constant

angular momentum implies that the motion of  will be constrained to a
plane. This is great, not only one particle but also a 2-dimensional
problem.

(2) The mechanical energy (associated with £¢) is a constant

The central force is a conservative force, as proved in example 2 in
section 6.2-2 of this notes. This means the total mechanical energy is
conserved, a constant of motion (This could also be equivalently argued
from the two-particle system, similar to the angular momentum case).
This energy is just the mechanical energy of the two-particle system with

respect to the C.M.:

1 L 1 L r . - - .
E :Eml(vlc .Vlc)+5m2(v2c .v2c)+U(r) za(plc .Vlc +p2c .v2c)+U(r)

c

1, . . - | .
=§(yv-vlc—uv-v20)+U(r)=§yv-v+U(r):Ey

so the total angular momentum has to be constant. The C.M. is at stationary or under uniform velocity, so its

angular momentum will be constant for any origin of choice. That leads to the angular momentum associated
with £ has to be constant too, this angular momentum is nothing but the angular momentum with respect to the

C.M. for the two-particle system.
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(3) Equation of motion of u

The (9-6) is the vector equation and in real applications need to be

expressed in a coordinate system. In the 2-D central field, the natural

choice is the polar coordinate we discussed in section 3.8. Expressed (9-6)
in polar coordinate is:

pi —urd® = f(r)  (9-8a)

u(r@+2r0)=0  (9-8b)

Above is just direct using 2™ law in polar coordinates. It is worth to take

a detailed look at these two equations. As I discussed at the end of section

3.8, the (9-8b) will give us (after a small ‘trick’):
o 1d s .
u(ré +2r6) = _E( ur 0) =0, what is ur 6 ? It is the angular momentum
r

of particle 1, i.e.:

L=ur*ws=ur0z, 1=|L|=w'0 (9-9)

So (9-8b) is a restatement of the conservation of momentum.

Let me rewrite (9-8a) to shine more light on it:

uii = f(r)+urf*  (9-10)

This appears like a one-dimensional motion, subjected to forces
f(r)+ ur6*. You can easily recognize ur6” is the centrifugal force.
Suppose we are in a rotational frame that rotates with the particleQ =8.
In such frame, the particle gwould appear only have radial motion with
a fictitious centrifugal force wr6”, and its equation of motion along r is

that given by (9-10), and is equivalent to (9-8a). How about Coriolis and
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Azimuthal force associated with rotating frame? They are perpendicular
to r (in this 2-D case) and they are exactly the two terms in (9-8b). Since
no motion perpendicular to the r in rotating frame, the acceleration
perpendicular to r is zero in rotating frame. Then the fictitious force
would add up to zero (real force is also zero along this direction in central
field), that leads to (9-8b).

Sometimes it is also useful to express ur6* in terms of angular

momentum [ = ur’6, because [is a constant of motion:

123 +f(r) (9-11)

ur

pi = f(r)+ pro® =

It is also instructive to look at (9-8a) or (9-11) from the energy point of
view. We shall see that it is equivalent to motion of a particle in a
conservative potential Ug(T).

The total mechanical energy of the particle is:
E:K+U:%yv2 +U(r)  (9-12)

The mechanical energy can further be written in radial motion and

angular motion of the particle:

2

1 : 1 [
E=—u(+r’0)+U(r)=—wi’ +
2/1( )+U(r) S H 2

+U@r)  (9-13)
The second term of the RHS is just the angular (rotational) kinetic energy
2

(recall K, :E). Because / is a constant of motion, this term only

depends on r. It can also be treated as a central field in addition of U(r). It
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2

is also easy to see that the force associated with this potential > s

2ur

: : : I’ d I
just the centrifugal force in (9-11): =—(

. This justifies
ur’ dr 2,ur2) !

define an effective potential for the radial motion:

2

U, (r)= 25”2 +U(r) (9-14)

2

The

part is called centrifugal potential.

2ur’
(4) Effective potential and energy diagram for radial motion

We can learn quite a few qualitative results from the energy diagram of
the particle in a potential. The effective potential is provided by (9-14), it
certainly depends on the detailed form of U(r). For the centrifugal
potential it increase as r decrease, i.e. it is repulsive and prevents (a high
potential means barrier for the particle to penetrate) particles getting too

close because the need of conservation of angular momentum. Let’s take

the U(r) to be one important form of attractive potential for gravitation:

G C
r r

C=Gmm,

The plot of potential curve is given in the figure below. The qualitative
radial motion of the particle (note this is only part of the total picture of
the particle motion which should also contains angular motion) can be
understood by its total energy E, and energy E alone determines the type

of orbit (this fact may worth remembering; of the course the detail shape
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of the orbit requires angular momentum, we shall see these two energy

and angular momentum determine the orbit in central field problem):

Energy

\2,ur2
\
\
\
\
\\
U
eff \
N Case 1: E>0
\\
>
~——
Case2: E=0 ,
\ Case 3: £<0 e
.——"”-‘_
Cased: E=E //"
Pt
-~
-~
-
//
7 Gmym,
/ - r
/
/
/
/

. E>0. The particle motion is ‘unbound’. It will reach a certain

minimum radial distance 7 (the intersection of the E line and the

effective potential curve) and then fly away. (we shall see later the
trajectory of the particle is a hyperbolic curve here)
E=0. Similar to case one except later we see that the trajectory is

parabolic.
E<0. The motion is bounded between to radial limits, r_ .7 .
Corresponding to the intersections of E line and potential curve.

E=E..in. The particle will have a circular motion around the center with

fixed radial distance r,.

It is interesting to look the case 4 in gravitation field. The minimum point
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of the potential is:

12

. C
= +U(r)] ‘rg: 00— ﬂemfugal(re)wa(re) =0— urﬁz =—
2ur

e

[

d
dr
This is the familiar form of circular motion under gravity in high school

(you can also express the left hand side of the last relation as uv* / r,).
It is also interesting to know that if the U(r)=—— (A positive, n is any
r

real number), you can prove that in order to have a stable equilibrium
(means a minimum in the effective potential®®), 0<n<2, which the
gravitation field satisfies (n=1).

KK example 9.2 and 9.3 further illustrate the qualitative description of
motion from energy diagram, do read them yourself. (ex.9.2 can also be
worked out by using what you learned in the scattering of two particles;
9.3 needs the harmonic approximation close to equilibrium point. i.e.

Taylor expansion around equilibrium)

9.3 Solving the Equation of Motion

We discussed general properties of motion in the central field above, and
showed a qualitative picture on its radial motion. For a complete picture

of the motion, of course we need to solve the equation of motion of

% In such case, if the particle is away from the equilibrium (the point subject to no force, a local extreme, could be
maximum or minimum in most cases), the force will pull the particle back towards the minimum. In case of
unstable equilibrium happens at local maximum, if the particle is a little away from the equilibrium, the force will

push the particle further away.
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particle .

This is usually carried out by two approaches. The most direct way is
solving the coupled differential equation (9-8a), (9-8b) to get the
r(t),0(¢). This is unnecessarily complicated. It is much easier to start
from (9-11), applying the fact the / is a constant in central field. Solve
that 2™ order ODE and get r(t), then angular momentum (9-9) to get 6(¢).
This approach involves solving ODE, but mathematically quite
straightforward thus is preferred by many authors®’.

Another method is explicitly using energy and momentum conservation,
and solve r(t) from energy relation (9-13), then solve &(¢) from (9-9).
This approach has the advantage of expression the integration constant in
energy and momentum explicitly. KK’s book adopts this approach and it
will be introduced below.

Starting from the (9-13) energy relation, taking the E,/ as constants.
They are indeed computed from the usual initial conditions, such as initial
position and initial velocity (you should know the calculation from these

to get E,/by now).

ar, 2
—) =—(E-U
(dt) ﬂ( o)

d. 2
& J_r\/;[E U, O-16)

%7 For example, in Goldstein’s Chap.3; Taylor’s Chap.8, they all adopt this approach.
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Ty

| - dr =+(t,—t)  (9-17)
" |ZIE-U
\/ u[ o ()]

This is generally a nasty integral to handle unless for some specific forms
of U(r) (still you may need integral table), and fortunately most important
potentials do belong to these specific forms.

The angular part can be solved then(in principle):

ggzlz (9-18)

dt ur
¢

(1) 6, = dt (9-19)
{uﬁﬁ)

Both (9-17) and (9-19) are not easy to solve, and a lot of times we are

interested in the orbit function, i.e. 7(#), and this can be computed by

dividing (9-16) with (9-18):

dr_ w2 _
dﬁ_i ] \/y[E U, (r)] (9-20)

At least in principle we can do the integrals to find out the time evolution

of the particler(¢),0(¢); or its orbit functionr(d). Let’s work out a

specific example (@) where the U(r) is gravitational field as in (9-15)*°.

9.4 Orbit Function for Planetary Motion

The effective potential is:

8 Which is also applied to all forces obeys inverse squared of distance, such as Coulomb force.
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I’ C

U,(r)= —— 9-21
o (1) Y (9-21)
Put this into (9-20):
df =+ Z - dr=+ \/ - Z - dr
Wz\/z(E_ P, r2uEr + 2uCr —1
Y7, 2ur® r

To solve above, I checked integral table:
bx+2c

dx 1 :
= arcsin(
J.x\/ax2+bx+c v—¢ | x |b* —4ac

The solution then is:

) for ¢ <0,b*> —4ac >0

uCr -1
1 1P C? + 2 pEl

)+ const

+(6 - 6,) = arcsin(

The integration constant can be moved to the left and combined with 6

as some constant angle:

_]? 2
+(0 - 6,,) = arcsin ucr -1 — sin[£(0-6,,)]= pCr -1
”\/,Uzcz +2uEl r\/yzCz +2uEl’
Solve for r:
I/ uC
r ad (9-22)

11+ QEP / uC?)sin(0-6),)

By taking the convention (this is achieved by choosing the direction of

: V4 .
the coordinate axes), set 6, = 5 and group the combination into
parameters:

12
r=—— 9-23
= C (9-23)

e= 1+ (QEF / uC?)  (9-24)
The orbit will be in the form of:
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_ o
1t &cosd

(9-25)

(9-23) and (9-24) are important in a sense that they tell us the relation
between the constants of motion (E,/) and parameters for orbit function
(this is what I mean by saying that the energy and AM determine the orbit)
This orbit function is the polar coordinate expression (shall be proved
explicitly for ellipse below) of a group functions called conic sections
because its geometry can be obtained by cutting a cone®. It represents a
group of curves that are either elliptical (including circular), hyperbolic or
parabolic, depending on the value of ¢. & is called eccentricity’.
(9-25) is the expression of these curves with the center at one of the foci
of the curves (circle and parabola only has one focus point). + in front

of the &depends on which foci we choose as origin and how the axes

related to the curve. We shall see this in detail below.

8 Refer to Thomas “Calculus”, chapter 10 for details on conic sections.
% This eccentricity is closely related to the one kind of geometrical definition of the conic curves, i.e. It is the ratio

between the distances. The distances are that from a point on the curve to focal point and that from the point on the

curve to s straight line (called directrix): & = P Fi / P D1 =P sz / P D2

Directrix 1 Directrix 2 Directrix | ) Directrix 2
C J (& A4
__a —a  *=-¢ x=¢
X =-z b X=73 \\ /
E & [, Y
pra B le D, /Pl.\. y)

)
ﬁmﬂﬂh Fy(c,0)
* I | > \
D4 === J2 -
sy 72 Fi(=,0) | Olea,
-

P‘.. »
|\_\l\\ / /

S
b

~C = (1€ > / —aq—>

r / <«C = ae-=|

312



(1) &=0, then r=r, This is obviously a circle with radius r,

2
Vy = e here just gives usur,§’ = % = Gm—12m2 =—f(r,)which is the
To To

familiar equation of motion under circular orbit; and the energy is at

the minimum of the effective potential curve.

P Cc_1C_ uc

E

this indeed gives ¢=0.

B 2ur; o, 2, 207

(2) 0< g <1. The orbit function is elliptical.
Because closed orbit is among the most important in the application of
central field, such as satellites orbiting around the earth and planets
around star. I shall devote more time on this than the other cases.

0<e<1 means E<O (of course it needs to be larger than the

2
). Before I show you that

minimum of the potential which is —Z B

the (9-25) here indeed representing an ellipse, it is maybe a good idea

to summarize some of the facts about the ellipse.
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Directrix 1 Directrix
a

X =

The above figure summarizes the important relations of an ellipse,
with the coordinate chosen above, this ellipse in Cartesian is the

2
X

familiar form: -+ 2 1.

2
bZ
The focal distance is: ¢ =+a’* —b*

N

Eccentricity is: e= < (It could be also defined as in footnote above)

F.P+ PF, =2a 1s the most common geometric definition of ellipse.

PF, / PD, =e 1s second geometric definition of ellipse.

T : : .. : :
r=—-2="— looks quite a different because it is written with polar
1+ ecosf

coordinate and the origin is not at the geometric center but at one of

the foci (F, or F;). Now let’s show it explicitly that it is indeed a

ellipse when 0<eg<I1.

. 7
x=rcosd,y=rsin@,r =x" + 1>, take r:ﬁ for example
— £C0S

314



(replace r,0by x,y):
X+ VY =rtex > xt+y =1 +2rex+&°x° rearrange it:
(1-&*)x’+y* —2rex—1, =0

This is a quadratic function of x,y, and it is an ellipse’":

2 2
(=x)”  »

2 2
a b

a’,b’,x, can be computed by brutal expansion and equate the

coefficients:
A A &
a= ,b= , X, = 9-26
1-¢° 1= &2 L ( )

This 1s an ellipse shifted towards right by x,, or equivalently the

origin is shifted towards left by x,:

a7
N

a’—b*=x, so x,=c and the origin is just at the left foci of the

ellipse.

x,/a=¢& sothe &=e,and this justifies that we call it eccentricity.

This concludes the proof that r=—T20 i the polar
l1—-&cosd

representation of eclipse with origin at left foci. Similarly

%! This can be tested using the general theory that for: Ax*+Bxy+Cy*+Dx+Ey+F=0, if B>-4AC<0, it is an eclipse.
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o

= is also the polar representation but with origin at the
1+&cosf

right foci:

They both represent the ellipse with different choices of origins, KK
chose the left one, and others may prefer the right one. In real
application, this choice seldom matters. For example the earth orbits
around the sun, the sun will be chosen as origin. The earth will orbit
around it with sun at one of the foci. Which foci then, the left or right?
That really depends on observer’s choice of coordinate. If observer A
chooses the sun to be the left foci; observer B could just rotate the
paper 180 degree and see the sun at right foci. What I want to state is
which expression (+ or -) to use depend on how you setup your

problem. So for the rest of the discussion, I will follow the convention

7
1-&cosd

in KK, using r = with the choice of the coordinates stated

above.

We have seen that if we know initial conditions, we can compute the E,

[. This will allow us to determine the orbit parameters r,,&. Quite

often, we also specify the orbits by the minimum and maximum

316



distance r_ ,r  (these are called perigee and apogee for satellite

min ® " max

around the earth; or perihelion and aphelion for earth around the sun):

"o
L =— T = 9-27
min 1+8 max 1 —c ( )

There is another property at these points: the radial velocities are 0 at

r,r__. This is obvious from the energy diagram on pg 305; as well

min > " max

as from the orbit, that at these points the instantaneous velocities are

perpendicular to r, only has angular components.

So knowing any pair of these (E, /; r,&;r . 7 ;or a, b) parameters,

min > " max ?

the orbit can be determined. The relations of a, b withr,,& 1s given in

(9-26); their relation with E, I:
C [

= p=
T T e

Example: Harley Comet

(9-28)

The famous comet approaches the sun. You could only see it when it is
close to the perihelion. Suppose you did observation and measured the
perihelion distance . =0.64U . This is not sufficient to get orbit
of the comet around the Sun. Then you recall that the comet has a
period of about 76 years. From these, the orbit of the comet can be
determined.

One important relation need to be used is Kepler’s third law: The

%2 AU: Astronomical Unit. It is distance from the earth to sun, 1 AU= about 500 light second or 1.5x108 kom .

Measuring celestial distance is not an easy task;the simplest one would use trigonometric method.
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period of the planetary motion around star is related to the major axis
of the orbit, 1.e.:

T°=KA  (9-29)

Kisaconstant, 4=2a=r_ +r

Let me first prove this famous relation (It is used often by

astronomers):

2 2
L N7 I M —
dt ur [ [ (1-&cosB)

T 221w
J-dt:,uro do :
0 [+ (1-¢&cosB)

Another nasty integral to evaluate on the RHS. I just checked table:

T a0 2z
(1-gcosf)* (1-¢&°)"

0

Throw in (9-23) and (9-24),express 7,,¢in E, I:

T & 2 _2mu*C
/,lCz (_2El2 /ﬂC2)3/2 (—ZE)3/2

2 2 2 2 2
T2:7Z-/’JC; :ﬂ-/u(c)3:ﬂ-/'lA3_ T A3
—2F 2C -E 2C 2GM

sun

(9-30)

Hence, we prove the Kepler’s 3™ law (KK’s offered another 2 methods
of this proof in their section 9.7) Equipped with this relation, we can
calculate 4=2a=r +r, from T=76 years, and get r . From the
Vi Ton » the 7y,€ can be computed from (9-27) and the orbit will be
known.

Now imagining that a small meteoroid making an inelastic collision

with the comet at perihelion, how the orbit will change?
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The change of course depends on the collision. We know the velocity

of the comet at perihelion (it only has angular part):

The initial v, can be computed either from energy E or angular

momentum /, which are known from above data. First consider the

simpler case, where the meteoroid also travels along v, with mass m

and velocity vy. After the inelastic collision, the whole thing has a new

velocity that is also alongv,, i.e. perpendicular to the radial direction,

but with a new velocity vy’. This vy’ can be calculated from
conservation of momentum during the collision. Thus the new angular

momentum and energy /” and E’ can be calculated. Then 7;,&"of the
new orbit can be calculated too. The perihelion of the old orbit will

still be a perihe1i0n93, this means the new orbit will still be in the form

of r= i , this solves the problem.

1-&'cos@

What happened if the collision has an angle withv . The final velocity

can still be computed straightforwardly, but this time v, is not along

% If the meteoroid has enough momentum that is against the comet, the comet after collision can be slowed down

so much that the perihelion of the old orbit may becomes the aphelion of the new orbit.
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v,anymore. It has both radial and angular components. This means

the old perihelion point is NOT the perihelion (or aphelion) point of
the new orbit. The new orbit will be tilted compared to the old

one(there will be an angle between the major axes of the two orbits):

!
7

' 1-¢&'cos(8-0)

(9-31)

This will be the new orbit function. 7,,&'can still be determined
similarly from the new angular momentum and energy. How to
compute the tilt angle o ?

There 1s actually another condition, the collision point is on both the

!

N N

= and in this
l-gcos(d) 1-—¢'cos(d —9)

old and new orbit:

question ,since the collision is at perihelion of one orbit, & =, and
o can be determined.
This example, though the detailed values are not computed, outlines
the method you may use to compute the orbit and orbit change in the
central field problems.

(3) € > 1, the orbit is hyperbola
This is when E>0, the particle has non-zero kinetic energy at very

large distance.
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FIGURE 10.20 The foci and directrices
of the hyperbola (.\':,,n"a:) — (_\'3.,:"!)3) = 1.
No matter where P lies on the hyperbola,
PF, = e+PD,and PF, = e+ PD,.

A standard hyperbola with the origin at geometric center is shown

2 2
above with the form of: x_2 - 2/—2 =1.

N

Focal distance: ¢* =a* + b*

Eccentricity: e=c/a

X

Q|

Asymptotes (dashed lines in the small figure): y =+

PF, — PF, =2a 1s the common geometric definition (for right branch)
PF, | PD, =e 1s the second geometric definition.

7

For r= , 1f we use the convention 7 >0, this will limit the

1—¢&cosd

range on the angle:

1 1 :
cosfd <—, cos@ =—corresponds to r=o and is the angle of the
g £

asymptotes. We will see this corresponds to the right branch of the
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hyperbola.

Similar procedure from polar to Cartesian will lead us:

(& =Dx>—y* +2rex+1] =0

(x"'xo)2 y2
e
a=—0_ ph=—10 W (9.32)

b 9'x =
g -1 Je? =1 et -1
This is the right branch of a hyperbola shifted to the left, or the origin

is shifted to the right byx,. x,1s the focal length and the origin

overlaps with the right foci.

for p=—To
1-¢&cos@
.‘.
s \
~ \.C ¢
b= K
) N—b‘ V\A
/ r’,'K(l
d for,___ "
1+ ¢&cos@
The r=—-2"—— case will be similar but the origin is shifted to the left

1+ &cosd

foci and the hyperbola is the left branch. Still the choice of + or — sign
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depends on how you set the problem and we shall adopt the KK’s
convention, this corresponds to the particle flies from infinity on the right
side towards center or from center flies towards right.

The parameter b is called impact parameter, it is related to the angular

momentum and energy as:

Suppose the speed of the particle at infinity i1s v, then:
1,
E :Eyvo; [=puvb  (9-33)

So the motion can be described by a pair of parameters such as E,/;r,,¢;
v,,b , or other combinations (such as a, b or asymptote angle etc).
Example: Suppose a particle with mass m with speed v, and impact
parameter b flies towards Sun, what will be the closest distance to the
sun?

We could work out this two ways.

First without using orbit function, the closet distance will be a perihelion
point where the particle will have only angular speed, no radial speed,

then: Ezlmvgz r _C _mbzvg _C
' 2

2 - 2
2 mrmin rmin 27" min 7 min
2.2 2.2 _
voro +2qr.. —bvy;=0,g=C/m

Take the positive root for r:

. :—q+\/q2+b2vg‘ _ b*v; _ b*v: /q
min Ve q+m 1+1+b%, / ¢°

The reason I am writing this is to compare with the second method.
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The second method is using the orbit function:

2 2.2 2.2
A _ T mbvy by,

Tl+e’ " mC C ¢

min

&= \/1 +(2EI’ /mC?) = \/1 +mvim’vib’ | mC? = \/1 +b%v) /1 q°

The two methods gives the same results as expected. The famous
Rutherford scattering experiment also apply the hyperbolic orbit in data
analysis, there the interaction i1s Coulomb interaction (similar to
gravitation).

(4) € =1, the orbit is a parabola

This 1s when E i1s exactly 0, not a usual situation in real life.

v . :
r:ﬁ corresponds to the parabola opens towards right, with
—Cos

o

corresponds
1+ cos@

the origin at the focal point of the parabola. r =

to the parabola opens towards right.

(5) There 1is actually another possibility, that is /=0, no angular
momentum with respect to the origin. This corresponds to a particle
dropped with 1nitial zero velocity (or velocity along the center line).

The particle clearly will travel in a straight line and in the collision

7 D
course. r =———>— also represents this situation. Here, r, =0, =1,

1—-cosd

r will take none zero value only at £=0.

In all above discussion, strictly speaking, I solved for the fictitious
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particle with reduced mass. To get the real picture of the two-particle
motion, I will need to combine this with the motion of center of mass and
use relation (9-3) to get the motion of each particle. In many applications,
such as planets orbiting around star, satellite around earth, or electron in
the field of nuclei. One of the particles (the sun, earth, nuclei) will have
the dominant mass, and the C.M. can be treated overlaps with this heavy
particle, and the motion of the reduced particle we focused above will be

that of the light particle.

9.5 Kepler’s Laws of Planetary Motion

Actually we have already proved three Kepler’s laws.

The first law which states the motion of planet around the sun has
elliptical orbit with sun at one focus. This is just the case of motion with
total energy <0 in central field.

The second law states the planet moves with constant area velocity, this is
the consequence of constant angular momentum, and we proved this
constant area velocity in Chapter 7.

The third law states that the square of the period of the motion is
proportional to the cube of the major axis of the orbit. This is proved in

the previous example leads to (9-30)
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Chapter 10 Vibration (Oscillation) and Waves

As the figure shows, if you drop a ball in a bowl (frictionless), the ball
just rolls up and down periodically. This kind of periodic motion is
vibration. It happens in many natural systems (both in macroscopic such
as the rocking motion of floating object in water, wind etc; and in
microscopic, such as molecular vibration) and such vibrations are the
source of the wave (the sound wave coming from vibration of musical
instrument; light coming from vibration of electric dipole). It is this kind
of motion we shall study in this chapter.

The simplest model will be that of harmonic oscillator’*. A mass is under
a linear restoring force, i.e.:

mx=—kx  (10-1)

The mass-spring system, the simple pendulum or the physical pendulum
we discussed in chapter 7 all fit in this category, and many more (such as

a block floating in water due to balance between buoyancy and weight,

9 There is little difference between vibration and oscillation, so I shall interchange them freely. Harmonic comes
from the original study of Greek on the sound coming from musical instrument, such as Harp. They found that

when the string satisfies certain lengths for a harp, it produce sound pleasant to ear.
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push it down and release, the block will display oscillation). The wide
application of this simple model comes from the fact as the above figure
shows and as we already discussed in section 6-3: For any potential
energy curve (such as that of a bowl, it is more hyperbolic than parabolic
in the figure above) close to the minimum point, it can be approximated
by:

dU 1d*U 5
Ux)=U(x,)+— —x,)+— x
(x) =U(x,) e L, (Xx—x;) > ,

The first term is taken (set) as zero for the minimum (or any number,
since it’s the potential difference that matters, the absolute value has little
importance here); the second term is zero due to the fact of local
minimum; and the third term will be the dominant factor of potential
change due to displacement from equilibrium (higher orders are neglected
at small x—x,=Ax). Usually we shall use x to symbolize this
displacement from equilibrium (effectively as taken equilibrium point

x, =0), then the potential will be in forms of U =ax’ and force will be

F = —Cfi—U =—kx , and the equation of motion will be that of (10-1) close
X

to the equilibrium point for all kinds of potentials. The simple periodic
motion with single frequency is the result of this equation of motion as
we shall see below.

The math we need in the derivation below involves solving ordinary

differential equation (ODE) and is discussed in some detail at
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supplementary III, please make sure referring to it for the math details

there if you are new to this math.

10.1 Free Oscillator without Damping

PN TN ™ '——-ﬂ

4 p A R !
vy o g |

vov v Ny

We shall use the mass-spring model for the rest of discussion.” A free
oscillator is the mass is under no other external driving force besides the
restoring force —kx of the spring; no damping means no dissipation force
such as friction. This is of course the simplest the one can get. (10-1) will

be rewritten in a standard form:

i+wix=0 o,=~k/m  (10-2)

(1) Displacement Motion

Solving it with the standard method of 2™ ODE:

The guess of the solution will take forms of e*, and throw the guess into
equation:

A+ =04 =iogh =-iv, (i°=-1)

% Other models will be reduced to (10-1) too, with a different meaning of m, k and x. For example, in pendulum
case, the m will be related to moment of inertia, and —k will be related to torque coefficient and x will be angular
displacement. Discussions on these other systems besides mass-spring can be found in French’s ‘Vibration and

Waves’ chap.3.
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From the discussions in supplementary III (under the 2" order linear
ODE), the general solution of (10-2) is:

x(t)=¢ce™ +c,e™

The displacement function is obviously a real function, so:
x(t) =c cosmyt +c,sinwt = Acos(wt +¢)  (10-3)

The constant A,¢ depends on the initial conditions: x(0),x(0).

So the motion is really periodic with period T of:

oM =271 >T=2Z  (10-4)

@,

The reciprocal of period is called frequency and @, (previously in

rotation we call it angular velocity) is called angular frequency:

1l o
L= T —7‘; (10-5)
A is called amplitude of the oscillation and ¢ is called initial phase. If
¢>0, the cosine curve will be shifted towards left (origin is shifted
towards right); @<0. The curve is shifted towards right (origin is shifted
towards left). The convention is to choose the interval for ¢ to be either
[0,27] or [-m,7]. The meaning of period and amplitude and initial
phase is shown in figure right below, it is a cosine shifted towards left,
corresponds to some positive ¢ (the figure on the left shows a simple

device to plot the cosine motion of oscillation, electronic device such as

an oscilloscope uses similar principle):
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One useful geometric representation of (10-3) is rotating ‘vector’ (also
termed ‘phasor’) method as the figure below shows. The arrow has length
A (the amplitude) and forms a initial angle@with the axis of choice, it
rotates with angular velocity @, (c.c.w. for positive @, ). The projection
of such arrow along the horizontal direction is exactly that in (10-3):

~<~Z X &)0

A
¢

We won’t use this method much in this course. However, this ‘phasor’
representation will be very useful in the discussion of superposition of
oscillations and waves, which will be among the most important
principles when we talk about wave theory and light in later courses.

You may notice that this rotating ‘vector’ representation is very much
similar to the ‘vector’ representation of complex numbers (as shown in
supplementary III), both are called ‘phasor’. This is no coincidence, since
complex numbers are used mathematically to describe oscillation and

waves; the origin is the Euler formula.
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(2) Velocity and Energy

Take time derivative of (10-3), we get velocity:

v = % =—Aw, sin(wyt + @) = Aw, cos(w,t + ¢ + %) (10-6)

The velocity has a phase difference of % (it is called lead’® in phase by

%) comparing to the displacement. This difference in phase makes

perfect sense from energy conservation. As the mass reaches largest

displacement (highest potential) when wyt+¢=0,2x...), the velocity

and kinetic energy are zero, and vice versa. The potential and kinetic

energy are:
1 2 1 2 42 2
U zzkx :Ema)oA cos’ (wyt + @)

K=Lm= %ma)gA2 sin’(w,t + @)

E=U+K :%ma)g/lz :%kAz (10-7)

The total energy is conserved (no change over time) and it is proportional
to the square of the frequency and amplitude.
The angular frequency is determined by the parameters of the system in

(10-2); it is called natural frequency of the system and won’t vary once

% This can be understood by picking a reference point, say the maximum, and the velocity will reach maximum at

earlier time ( a)ot+¢+§ =0) than the displacement.
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the system is fixed. The amplitude depends on the initial conditions and
does vary in many cases. So we sometimes claim that the energy of the
oscillator depends on the amplitude. This is a general property of
oscillators and waves generated by such oscillators. We shall see in optics
that intensity of light is also proportional to the square of the amplitude.

Though the total energy is conserved, the kinetic and potential energy do
vary with time. It is interesting to calculate their time average, which is

defined as:
1 T
<A>=—[4dt  (10-8)
T 0

T is the time period of average process.

11 5 2T ) 11 2 2T1
<U>= ?Ema)OA '([cos (a)ot+¢)dt—?5ma)oz4 j5[1+C052(wof+¢)]df

0

T T
1 11 1 1
=——mw A | =dt + ——ma? A | =cos2(w.t + @)dt =—maw} A
T2 " !2 T2 " !2 (@ +9) 4 "

The cos2(w,t +¢) term drops out because if we average over a long
time T (need to be larger than the period of oscillation), this term is
negligible because up and downs cancels with each other for the cosine
function in the integration (or if the time of average is just the period of
oscillation, then the integral of sinusoidal functions over its period will
always be zero; isn’t this obvious?). Similar result is for the kinetic

energy (a time average of sin’(@,t + @):

<K >:ima)§A2 =<U >:%E (10-9)
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10.2 Damped Free Oscillator

Equilibrium
position

We shall study in this section a more realistic case where the oscillator is
subjected to a friction force (called damping force), such as the
suspension system shown in the figure above. The damping force would
be always against the motion of the oscillator, and is assumed to be
proportional to the velocity (which is equivalent of Taylor expand the
friction force vs. v and keeps the lowest non-zero order) i.e.:

f,=-bv

The equation of motion will be:

. k b .
X=——Xx——X
m m

And this is usually expressed in another form:
¥+yx+ajx=0  (10-10)

y=b/mw,= N

Characteristic equation for (10-10) is:

A +yl+a; =0  (10-11)

—y .y —4a;
//11,2: 2 = —

2
+ 7——@3
4

N =
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2
Case A: % —o; <0 weak damping (most important for us):

Introduce:
?/2
o =0} -~  (10-12)
4
v,
ﬂ'l,z:_zilwl

General solution is:

7, _7,
x(t)=e ? (c,cosot+c,sinwt)=e * Acos(wt+¢)  (10-13)

When the damp is very weak, @, >> y, the solution is like a oscillator

7,
with a slow decaying amplitudee 2 4and a shifted frequency (comparing

to its natural one), as the figure below (on the left) shows. The right

figure shows a comparison between the 3 cases.
2

Case B: % — @, =0, critical damping, 4, = —%

The general solution would be:

7,
x(t)=(c, +cyt)e ?

It approaches to zero at longer t. It actually approaches zero faster than

7

case C. This is called critical damping, —@; =0 is the critical

damping condition. This has wide applications in situations where

oscillation is not wanted, such as suspension system in automobile.

2
Case C: % — . >0, strong damping

A, A, are real numbers, general solution:
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x(t) = c,e™ +c,e™
Note 4,4, are negative numbers, so the x(t) will decay to almost O at

long run.

Energy and Quality Factor Q for weak-damping case:

Let’s consider the situation y << a)097, then the calculated total energy
can be approximated very good by (details in KK) the formula similar to
(10-7), except the constant amplitude in no-damping oscillator needs to

be replace by the decaying amplitude in (10-13):
1 2 _—yt
E= 5 A’e (10-14)

The lifetime can be defined as the time for the energy drop to e from
the initial value:

r=1/y (10-15)

The quality factor Q is defined as:

initial energy B initial energy

O=2rx (10-16)

energy loss per cycle - energy loss per radian

°7 Such case is quite common in microscopic system. For example, the electrons inside atoms oscillates on the

-9
order if 10" Hz, its decay timez = 1/ y is on the order of 10 s.
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This tells you how good the oscillation is, the higher Q, the oscillator
would be more like a harmonic oscillator. From (10-14) the energy loss

per radian (or cycle) can be computed:

AE / cycle =|‘;—f|Az —yET = yE2E

o

initial energy o o,

0=2r (10-17)

energy loss per cycle - y oy
Another interpretation of Q is also from energy point of view:

The time required for the energy decay is characterized by 7=1/y, this

lifetime corresponds to how many cycles of oscillation?

number of cycles=£: o _Q (10-18)
T 2y 2rx
So Q could also be interpreted relating to the number of cycles in a

lifetime, i.e. time for energy drops by factore™.

10.3 Oscillator under Driving Force and Resonance

Up to now we only considered free oscillator, here we shall investigate
the oscillators under a driving force. We only consider a very special type
of the driving force’: that is the driving force itself is also a harmonic
function, with angular frequency®. An interesting phenomenon called

resonance will arise when the driving frequency is close to the natural

% For the treatment of a general force other than harmonic or exponential type, we will need Fourier Transform
(or Laplace transforms; but for frequency analysis of the system response, Fourier Transform is more common).

We shall study Fourier Transform in detail in optics, so I shall not dig into it here.
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frequency of the system. The system will response violently

(energetically) in resonance.

F

drive

= F, cos ot
(1) Equation of motion and solution

The standard form of equation of motion will be:
R S 1t
X+yx+w,x=—coswt (10-19)

m

The solution for this 2™ order ODE is quite different from that (10-10).
The details are in supplementary III under 2™ order ODE. (10-19) is an
inhomogeneous 2" order ODE, and its solution contains two parts:
x(t)=x,+x,

The x, is one solution that satisfies (10-19), it is called particular
solution of the equation; x,is called complementary solution which is the
general solution to the homogeneous equation (10-10). I have already
shown you the solution forx, in (10-13), so only x,, is needed here.

The derivation of x, using method of complex number and Euler

formula is presented in the supplementary, so only the result is shown

here:

_K cos(at + @)
m (@} —a*) +(yo)’
_f !
m (@} —a*) +(yw)
p=—¢ =tan” (=)
[0} Q,

— %

Xp

= Acos(wt + @)

4 (10-20)
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Take a time and look at the result. The particular solution is also an
oscillation that has same frequency as the driving force, and it also has a
phase delay or lead depends on the sign of@. You may wonder where is
the property of the oscillator itself, how about its natural frequency @, ,
dampingy? Well it is also reflected in the amplitude A, we shall see this
will give rise to resonance. What is more, (10-20) is not full story for the
solution yet, but it will be the dominant one at longer time. The complete

solution of equation (10-19) is:

2,
x(1)=x,+x,=Acos(wt +P)+ A'e > cos(wt+¢) (10-21)

A" is the amplitude for the complementary solution. At longer time, due
to the damping, the complementary will decay into obliteration. The
dominant part will be thex  given by (10-20), and we shall only focus on
this part in the later discussion. This does make sense that the oscillator
will finally yield to the driving force if the force persists, so it will
oscillate at the same frequency. However, the characteristics of the
oscillator itself are not lost. They are reflected in the response through the
amplitude and phase delay.

(2) Resonance

Here we discuss how the characteristics of the oscillator affect its
response to the external driving force. The A and ¢ of the response is

given by (10-20) and are plotted in the figure below:
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We can see that when the driving frequency is close to the natural
frequency, the amplitude has its maximum. Actually we can calculate the
driving frequency that gives maximum amplitude by usual differentiation

method: dA/dw =0, this will gives:

2

At this driving frequency, the amplitude of the response of the oscillator

is the largest, and this is called resonance. Under the weak damping

condition, wherey << w,, then:

a)

A—max

rw,, fory<<w, (10-22)

The oscillator will have largest amplitude and its phase will be %

behind the driving force (i.e. ¢=—§)99. For other frequency, the

9 Actually when w=a, , from (10-20), we see that tan ¢ = oo . This implies that the phase difference could either
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amplitude and phase are also shown in the figure.
The energy curve of the response could also be computed from (10-20):
X =—Awsin(wt + @)

K = %mxz = %ma)zA2 sin’ (ot + @) >< K >= %ma)zA2

U= %kx2 = %ma)gA2 cos*(wt + @) ><U >= %ma)gA2

o+
2 2\2 2
(0 —@")" + (yo)

<E>:<K>+<U>:lmA2(a)2+a)02)=C
4

Under the weak damping, we have seen that the amplitude 1s very small
when thew 1is far away from @, , this implies the energy of the oscillator
will also be small in such cases; so we shall focus on the case whenw 1s

close to the @,. The above equation on the average energy will be

simplified to:
EeeC o+ - 20; - 2w;
(wg _wz)z +(7w)2 (0)0 +a))2(a)_a)o)2 +}/20)§ 40)5(0)—(00)2 +72w§
¢ ! (10-23)

"2 (@-m) + () 2)

The energy above is in a function form called Lorentian:

be + % . The reason we only take — % is a physical one: the driven oscillator’s response would be delayed in

time from the driving force, so that its phase would be behind that of the driving force.
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@y
For y << w,, its maximum at @, (as expected from the maximum of A),
and has a width of Aw@ at the waist, where the energy dropped to half of
its maximum value at the waist. This width A® defined this way is

called Full Width at Half Maxima (FWHM). A can be computed as:

(a)—a)o)zz(g)z—)a)i:a)oigeAa)E@—a)_:y (10-24)

If you recall the definition of Q and expression of it, we see that Q can be

expressed as (under weak damping):
O=—"=— (10-25)

From the (10-24) and (10-25), we can see that the smaller y or larger Q,
the sharper the peak of resonance. The reason of close relation between
the line width A@ and damping constanty (10-24) carries an important
physical model: The uncertainty relation between frequency distribution
and temporal distribution. Let me rewrite the (10-24), and express the

damping constant with the lifetime of the oscillator using (10-15):
1

Aw=y=—or Aw=1 (10-26)
T

We will see (in later courses) that (10-26) is a result can be proved with
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Fourier Transform in the study of Optics and is a general property for
oscillation and waves; it will also give uncertainty relations in quantum
mechanics.

The phenomena of resonance have good and bad effects. The good ones
involves receiving electro-magnetic signal by antenna (fundamental in
communication, and the hearing mechanism of human ear is also based
on the resonance) and probe the atom/molecule with light (the frequency
of light (the driving force) has to be tuned close to the natural frequency
of the atom/molecule (or electrons inside it) to be effectively absorbed).
The dramatic example of destructive resonance is the collapse of Tacoma
Bridge in 1940: whether the famous story that a marching Napoleon’s
army caused a collapse of a bridge be true or not is a mystery, the
collapse of a suspension bridge, Tacoma Narrow Bridge in state of
Washington, is kept in film. The wind (not too wild) drove the bridge into
rocking motion and that frequency matched that of the bridge, and the
bridge shook violently under resonance and finally collapsed as the figure

below shows.
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(b)

10.4 Waves (Mechanical Wave)

Let’s first consider the picture where the term wave comes from, a water
wave. You perturb the water locally with some device (drop a stone at
some point, set off a bomb under water surface, or just keep tapping one
point on the surface of water etc.), you will observe water wave propagate
from the source (the center of perturbation): a peak-trough water front
(the ripples) moves from the center and across the surface of water.
However, locally the water molecules do not travel far away from its
original position as the wave propagates. This is best demonstrated by
putting a rubber duck Dave on the surface of water. You tapped water and
created a wave. When the water wave passes through the position where
Dave 1is, the duck will start moving upward-downward, or left-right, a
kind of oscillation up-down or left-right. It does not drift away as fast as

the water wave.

343



f/As the wave pattern passes the rubber duck, the duck stays put.
The water isn’t moving forward with the wave.

Similarly if you attach a rope with a vibrating end, you will observe a

wave motion across the rope:

—
s
- = P =
—-
= o e

£ |

As shown in the left, you can create a lump of displacement and it will
travel along the rope (this lump is called wave packet), you probably see
this in the show of artistic gymnastics with ropes. The one on the right is
with a vibrating end that keeps oscillating, and this will create a
sinusoidal wave along the rope. These are not strange phenomena, the
point I want to show is like that in water wave: The local perturbation

creates wave (a jerk at the end on the left; an oscillation on the right here);
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the wave propagates along the media (the rope here); the local point (P
point above) only does some oscillation around its equilibrium position
(up-down oscillation above), while the wave propagates far away. We see
it clear that it 1s not the particle P moving forward along the rope; it acts
as a media so that its oscillation will relay the perturbation originated
from the source to the point next to it, and such perturbation (carries
energy) travels along the media. What we observe of the wave 1s the
propagation of this energy, generated at the source of perturbation and
relayed through the media. This wave is a collective motion of many
particles in the media (many water molecules, particles in the rope, and
for sound wave many air molecules in the relay of passing the sound),
individual particles only do some local oscillation while through
interaction with others, the energy is passed on further away.

The examples above are called mechanical waves. From the discussion
above, we see that it has following properties (as I already stressed above,
below is a summary or reiteration): A) The wave is created by a source of
perturbation. B) It propagates through a media, and its energy is
transferred forward through the physical interaction between particles of
the media like in a relay race, i.e. the energy propagates forward'®’
though the media particles only do some local oscillations. So the wave

motion is the result of collective motion of many particles in the media.

1% From the study of relativity, we shall see the equivalence of energy and mass. So physicists assign

‘particle-like’ stuffs to the wave propagation: phonons for sound wave and photons for electro-magnetic wave.
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An analogy of this is motion of a parade or demonstration where
tens-of-thousands people crowded in the street. Though each individual
person only moves as particle-alike, observed from far away (say on a
helicopter above), the motion of the mob as whole (a collective motion)
will be like a wave.
Besides mechanical wave, we are going to study another important wave
later, the electro-magnetic wave (E-M wave). It has similarity and
difference from the mechanical waves we discussed here. It still requires
source of perturbation (an accelerated charge for instance), but this wave
can propagate through vacuum (no need for media molecules) due to the
elector-magnetic interactions are self-induced. The electrons that created
the field may only drift at a very small speed (order of cm/sec. in a
conducting wire), and the field (and the energy of E-M interaction) will
propagate at the speed close to that of light in the wire.
The study of wave can be quite different from our study of motions of
single particle where this course has treated in detail already. It will be a
major part when we study Optics and Quantum Mechanics. Here I shall
only briefly discuss the mechanical wave and leaves the detailed
treatment on wave to later courses.
(1) Wave Equation

We are going to work out the equation that gives the motion of the

mechanical wave here. But first question is how we represent this
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wave? i.e. what is the function form describing the wave? I shall use
the rope in the figure above as an example. Under the disturbance,
each point on the rope is doing some kind of oscillation, i.e. taking
point P as example: its displacement from equilibrium is changing
over time:

vp(t) = y(x,,t). y 1s the vertical displacement in the rope case, x, 1is
to specify its position on the rope (say we cut the rope in small
segments and consider the p™ segment) and this displacement is
changing over time. For the collective motion of all points on the rope,
the description would be a function with variables of both x and t, i.e.
y(x,t), and it is called wave function.

Let’s take a very small segment of rope centered around some point x

with small length Ax :

T

/rt?,:

Ax o

T

The tension along the rope is same everywhere (we shall prove this
below with assumption that the rope does not accelerate along the x
direction, and the piece is small enough to neglect weight). Now let’s
bend this small piece a little from its equilibrium position (y=0). The

tension of the rope will be always along the tangential direction (this
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is true for the soft rope that there will be no shear force in it, 1.e. if you
make a cut of the rope with a cross section, the tensional force will be
normal to the cross section and the shear force will be parallel with the
cross section. Here we assume only tensional force exist). The force at
the two end forms angles 6,,6, respectively w.r.t. x axis. The rope
has density p.

With the conditions given above, we can analyze the dynamics of the

rope. First the force:

F =Tcos8, —Tcos0,
F,=Tsin6, —Tsind,

For a small displacement of y, the angles will be small ones; and the
difference between the anglesd,,6, would be also very small, i.e.:

cos@, =cosl, =1; sinf, —sind,~0,-0,=A0:

F.=0
F, ~TA0

There will be no motion along the x direction for this little piece as
expected.

Along the vertical displacement:

oy

d’y
TAO = pAx(—2) = pAx
P (dtz)x pAX—3

Also from geometrical constraint, at certain time t:

tan@ = (ﬂ)t = 8_y
dx Ox

348



¥
(8)(,' |xB 8)( |xA) _ 82

oy oy y
A(tan® =—| —-=] = Ax = —2 Ax
(tan6)s, 0, ox " ox ™ Ax ox*
small 6
A(tan), ,, =180y A0 00
AT do cos @
2
So: A@:a—fm and
ox
82)/ 82)/
T —Ax = pAx—=
P P

Rewrite the above into a standard form:

o’y _12%
27 .2 2

10-27
ox V- Ot ( )

v=_[—  (10-28)
yo,

The (10-27) is called wave equation and (10-28) is an expression of v
in terms of tension and density for the rope model. We shall see that
the physical meaning of this v is the velocity of wave propagation'".
Though (10-27) was derived with our specific simplified model of
rope under tension, it turns out that other waves will satisfy same
equations including the E-M wave. This justifies that it is being called
wave equation' .

(2) General Solutions and Harmonic Wave

191 Strictly speaking, this velocity is the phase velocity of the wave. There are other velocities on the propagation
of wave and we shall not discuss this in depth here (We will in Optics course).

192 Of course the expression for v will be different in different cases. Also the waves here are limited to the
classical waves, which obeys Newton’s equation or Maxwell equation in the classical theory. In quantum, the wave

equation (the Schrodinger Equation) will be different from (10-27.)
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The wave function y(x,¢) (or w(x,t) more generally) need to be
solved from wave equation (10-27), this requires solving partial
differential equations (PDE) with boundary conditions or initial

103

conditions. It is out of the scope of this course to solve PDE ™, so I

shall just give out the general solution directly:

y(x,t)=f(xxvt) (10-29)

The general solution to the wave equation (10-27) is in this form, f
1s some function (need to be defined by initial conditions) with spatial
and temporal variables grouped asxtv¢! You can test that (10-29)
does satisfies the wave equation by plugging it into (10-27). The
f(x—vt)represents a wave with some initial form f(x) (at t=0)
traveling towards right (positive x direction) as tine progresses and it
1s shown in the figure below, displayed as ‘snap shots’, i.e. displays

the wave function at some fixed times:

(b)

19 The PDE in forms of (10-27) is not too hard to solve. It can be solved with separation of variables or with the

Fourier Transform method. We will come back to it in the Optics course.
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f(x+vt)will represent a wave with initial form travels towards left.

The detailed form of f depends on initial conditions and can vary
from simple functions to complicated one depends on situation. The
simplest form and also the most useful'® of the wave function will be
that of harmonic functions, 1.e. f is in form of sinusoidal forms, and
the waves represented by such functions are called harmonic waves.

The convention is to choose cosine function (of course you may

choose the sine function, but that only means a phase difference of% ):

y(x,t)=Acos[k(x—vt)+¢]  (10-30)

This is the general function form for a harmonic wave. A is the
amplitude and ¢ is the initial phase. It represents a traveling wave
propagating towards +x direction. The meaning of k is going to be
discussed next. First the figure below shows a traveling harmonic

wave at two ‘snap shots’:

The wave propagates towards +x with velocity v:

1% Tt is useful not only because these harmonic function are generated easily by a harmonic oscillation, but also

because of the method of Fourier Analysis in which other complicated function forms can be expressed as

superposition of these harmonic functions. So the harmonic wave functions discussed here are going to be building

blocks for complicated wave forms.
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As the figure shows, the wave function in (10-30), at t=t,, for a point
X, , its displacement is: y(x,,t,) = Acos[k(x, —vt,) + ¢], as shown by
the vertical dashed line. Suppose you monitor how this point on the

wave travels (of course you can pick other points such as the maxima

or minima or zero). At later time ¢ =1, + A¢, this displacement moves
to the position at x,+ Ax, this means the phase inside the cosine

function has to be same, 1.e.:
k(x,—vt))+@=k[x,+ Ax—v(t+At)]+ ¢

vAtzAx—>v:g
At

Which is exactly the meaning of velocity (since this velocity is how
the equal phase point travels, it is called phase velocity for the wave).
Also in these snap shots of the wave, at a fixed time t and for
simplicity I just take t=0, the wavelength of the wave i1s defined as
spatial interval at fixed time so that the phase difference is27 :
k(x, +A)+d=kx, +¢+2z  (10-31)

2
k= - (10-32)
k 1s called wave number (angular wave number to be more precise,

: : : _ 1
since wave number sometimes is defined as 0 = z)

Now pick a fixed point x,, and see how its displacement y(x,,?)

changes over time, it is a harmonic oscillation as the sketch below

shows:
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T is the period of oscillation which is defined as time interval so that

the phase difference is by2r :
klx,—v(t,+T)]|+¢=k(x,—vt)+¢-2r
T =27

27
y=—
Tk

We shall define frequency o and angular frequency @ as;

v a)E27w:2?7Z (10-33)

1.
T 9
The phase velocity would be:

o A
=—=— 10-34
E T ( )

(10-32) to (10-34) are basic definition and relation between the
parameters used to describe the harmonic wave, so given a pair of
parameters such as 4,7 or @,k , you should be able to compute the
others. The harmonic waves are usually expressed in terms of @,k :
y(x,t)=Acos(kx —wt +¢)  (10-35)

This represents an ideal wave with single wavelength and single
frequency. It is analogous to a mass point with definite momentum and

energy in the particle case which is an idealization, but a building
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block for complicated cases.

(3)Rate of Energy Transfer

As we stated earlier, though the individual particles does not move far
away from its equilibrium position, such as those on the rope, there is
energy carried by the wave that propagates along the rope. In the rope
case, the vibrational energy from the oscillating source transfers along
the rope in form of wave. This energy carried by wave in the rope case

1s stored as the kinetic and potential energy of the rope and thus can be

computed.
T
e ds '
A 7;{_/1: :dy
0.~ A dx ¥
T

Consider a small segment of the rope with length of Ax along the x
direction (this is the length when the rope is totally relaxed). The mass

of it is: dm = pdx . Its kinetic energy is:

1 1 oy
K =— pdxv? = — pdx(—=)? 10-36
5P 5P (az) ( )

For the general solution this isy = f(x —vt) = f(q),g=x—t:
1 d 1 ,

K =2 pade’ Ly = Lpawi g (1037)
2 dq 2

It 1s more proper to define an energy density, i.e. the energy per unit

length in this case:

K 1 L, .
pK—E—EPV[f(q)] (10-38)
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For the special case of harmonic wave, f(g) = Acoskg :

Py = % PV A sin® (kx — o) = % pw’ A* sin® (kx — wt) , its time average
would be:

< Py >:%,oa)2A2 (10-39)

The above is taking the time average of the (10-38) while use the

I —cos2x
sinusoidal relation: sin sz, the sinusoidal (cosine here)

time average is zero. (10-39) is quite similar to the (10-9), the
average kinetic energy by an oscillator. There is no surprising, as we
have seen that at certain fixed special point, the harmonic wave
function reduced to a particle doing harmonic oscillation. Then
following the result of (10-9), you probably could guess that the
averaged potential energy density stored in the rope < p, > would be

also in form of (10-39) and the total energy density would be

5 pw°A> . This is an excellent guess, with the sound physical

argument that it is harmonic oscillation for any fixed spatial point.
However, let me be a little more rigorous and derive the potential
energy density and not limited to harmonic waves.

The potential energy of the rope must due to the stretch (or compress)
of the rope from its natural length dx. As the wave propagates through

the rope, this dx segment would be stretched to length ds, and the
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potential energy due to the tension is:

U =T(ds —dx)

ds = \dx* + dy’

The small change of dy due to the dx in this case 1s :

dyza—ydx

ox
ds =\/dx’ +dy* = 1+(2—y)2dx
X

If the Z—y 1s a small number for a small transverse displacement:
X

1 oy,
ds =[14+—=(=)"]dx

[+ ( ax) ]
The potential energy density would be:

U 1.0,
=—==—T(—= 10-40
Pu=""=7 (ax) ( )

For the general wave functiony = f(x—vt) = f(q):
|
Py = ET[f (@ (10-41)

This does equal to that of p, 1n (10-38) if you recall that v=

SE

For the special case of harmonic wave function, the relation p, = p,
still holds and the averaged total energy density is (for harmonic

waves):
1
<pp>=<pp >+<p, >:§,oa)2A2 (10-39)
The energy density for a harmonic wave stored in the rope is
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proportional to the square of the amplitude, which is expected from
the results of harmonic oscillation.

The rate of energy transfer of the wave is defined as the energy flow
through a certain point per unit time, which would be just the energy

density times the velocity of the wave:

power

P, . =<p,>v= %pa)zsz (10-40)

This is the formula of rate of energy transfer for a traveling harmonic
wave, since we did not consider dissipation (loss of energy due to
friction etc) in the derivation, it is an idealization. (10-40) certainly
makes sense that if you want to create a wave with high frequency,
large amplitude and travels fast, you need high power input at the
source to sustain the wave.

Example: Suppose I drive a string of p =0.05kg / m with a tension of
T =80N . The amplitude of the harmonic wave I created will be 6¢cm,
and my hand is shaking with a frequency of 20Hz. How much power
must be supplied by me to sustain the wave?

The power of the energy transferred by the wave is given in (10-40),
and this power has to be supplied by the driver.

Given the conditions, this is just plug the number into formulas:

v=\/z=40m/s
P

w=27m0=125s"
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power

= %pa)zsz = S6watts

The wave discussed above 1s what 1s called transverse wave, where the
vibration motion of each element is perpendicular to the direction of
propagation of the wave (the direction of energy propagates). Examples
of transverse wave include the wave on the rope, electro-magnetic wave
(light), etc. There is another type of wave called longitudal wave, where
the vibration motion is parallel with the direction of wave propagation. A
typical example for this kind of wave is the sound wave, which caused by
the molecular density (the pressure) variation of the air. The treatment on
longitudal wave is same as the transverse case, so I will not derive the

. 105
wave equation for the sound wave .

195 If you are curious on the details, please refer to Serway and Jewett’s “Physics for Scientists and Engineers”

chap 17. Or H.J. Pain’s “The Physics of Vibration and Waves” chap.6 for more serious reading.
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Part 11

Introduction to Special Relativity
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Outlines of the Topics in Special Relativity:

Chapter 11 Birth of Special Relativity

Topics: 1) Historical background: The difficulty in E-M with Galileo
Transformation, a special inertial frame ‘ether’ and efforts to detect such
‘absolute ether’ frame: Michelson-Morley experiment and efforts to save
the old mechanics (ether drag model and bullet-gun model, Lorentz
transform based on ether frame etc) 2) Fundamental postulates by
Einstein 3) Direct results from these postulations: (definition of events
first) time dilation, length contraction and most important that these are
caused by the simultaneity problem, simultaneity is a relative thing,
depending on the reference frame. These will pave the way for the

Lorentz transformation.

Chapter 12. Lorentz Transformation

Topics: 1) Derivation of Lorentz Transformation from homogeneity of
space-time (results in linear transform) and isotropy of space (only time
and coordinate along the direction of motion will be coupled) + length
contraction and time dilation already discussed can be used to get Lorentz
transform. 2) From L-Transform to look at time dilation, length
contraction and simultaneity. More examples to apply this transform as
the following topic will demonstrate 3) Doppler effect. 4) Paradox:

yard-barn; star war and twin paradox. 5) Minkowski diagram. 6)
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cause-effect requires signal speed is less than ¢ to avoid contradictory,
absolute future and past ( time-like) and absolute alibi (space-like).

Topics paved way for the next chapter: 7) velocity relations (transform)

Chapter 13 Relativistic Dynamics: Momentum and Energy; 4 vectors
Basically the relativistic momentum and energy will be introduced and
defined by two methods. First directly from extending the conservation
laws of classical mechanics and work out the relativistic momentum and
energy by requiring such conservation still holds in all inertial frames.
Second define the space-time 4 vectors and the most important: the
invariant spatial interval under L-transform, using another form of the
invariant, proper time, to define energy-momentum 4-vector.

Topics include: 1) Relativistic momentum and mass from conservation. 2)
Energy from work-energy theorem and its equivalence to mass. 3)
massless (rest massless) particles and speed limit on particles. 4)
Space-time 4-vector and invariance spatial interval; re-derive L-transform
from this invariance (in analogy to rotation but with hyperbolic sinusoidal
function, this is optional). 5) Proper time and extend 4-vectors from
space-time to 4-velocity, and energy-momentum and shows that this

approach will give same results as in topic 1) and 2).

Chapter 14. Relativistic Dynamic
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Topics: 1) Transform of Acceleration. 2) Force and its transform; 4-vector
form of the force and equation of motion in relativity (in special relativity
only, no geodesic approach) 3) Examples: work out some simple

examples of trajectory of motion in SR.
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Chapter 11 Birth of Special Relativity

Here we shall discuss the historical background leading to the birth of
special relativity. The materials I chose to present may not be strictly
chronological but to serve a logical argument'®. We shall see the
difficulties facing the physicists more than 100 years ago, i.e. the less
harmony between classical mechanics and classical electro-magnetic
theory (E-M) and the efforts tried to correct this. The two fundamental
postulates proposed by Einstein solved difficulty and unveil the truth in
space-time which has long and profound (even shocking and confusing to
his contemporary and beginners) influence. We shall study the
experimental facts (though Einstein was not aware that of Michelson and
Morley’s result) that led to the postulates and see what are the direct
results from them, i.e. time dilation, length contraction and relativity on

simultaneity.

11.1 Event and What are Changed and Unchanged in Special

Relativity

The classical mechanics is incomplete (I mentioned this in chapter 1 and

1% For a chronological account of the development, you may read W. Pauli’s “theory of relativity” (1921), part 1
or C. Moller’s “theory of relativity” (1952). Both are sort of advanced treatment using tensor analysis which is not
necessary for special relativity. They do include extensive references to the original papers. Especially the Pauli’s

book which in my point of view, is read like a long review article.
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here is a restatement) in a sense that it applies to low speed situations
(v/c<1, c the speed of light in vacuum)'”’. Under high speed, the old
theory needs to be modified and even reformulated and quite a few
changes will be introduced. Rather starting to talk about this, I feel it may
be helpful if T first summarize what are changed and more interesting
what are not changed even in the light of new theory. This is what [ am
doing in the following paragraphs and I shall delay the birth of special
relativity to the next section. This is done without rigorous proof or
argument yet. An important concept “event” needs to draw our attention.
We had used it in old theory and daily life almost taking it for granted,

but it will prove useful if we explicitly state it in relativity.

Thing are not changed: 1) Measurement of space and time in one
inertial frame. We still measure the time (with a clock) and space
(distance etc. with ruler stick) in an inertial frame of our choice. So
Beijing-Shanghai is 1000km apart has the same meaning as in old
mechanics, except I will stress that this is measured with respect to a
frame (say rest on earth). A big soccer game (the Euro-Cup game when |
am writing this) is broadcasted to begin at 8pm is still meaningful, and
still I shall say this is time according to the clock that is rest on earth. So

basically we still describe anything with space and time as usual,

197" Actually, the classical mechanics is also incomplete in a sense that it does not apply to the microscopic
situations where x ~ 2/ P (P momentum, h Planck constant), that requires quantum theory which will not be

discussed here.
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provided we refer to the same inertial frame. These things (all physical
phenomena) are called events, an event is just something happened at
some particular location (space) and at some particular time (a baby is
born on 6/18/2006 in Beijing; a particle hits detector at (x,y,z) in lab and
on time t; some poor guy was killed at some location and time...you
name it. Even the common phrase that someone 1s “at wrong place and
wrong time” carries this flavor). Of course the clocks need to be
synchronized to report the correct time and measuring sticks need to be
calibrated. If the broadcaster’s clock and your clock are not synchronized,
yours 1S hours behind, you will miss the soccer game that is 8pm by the
broadcaster’s clock.

To define an event, we attach these space-time coordinate to it, say
(t,x,y,z). This will specify the location and time of the event. Say a plane
will arrive Beijing airport at Spm, this 1s (Spm, 120 longitude, 42 latitude,
h=200m); a particle hits a target at (Is, 2m,3m,4m) etc. These labels are
meaningful and useful as long as we agree on the measuring of time and
space: we use same ruler stick and same synchronized clocks. Otherwise
confusion may arise and agreement cannot be reached between observers
even within the same inertial frame.

There is some ambiguity to the time of an event really happened, we have
to define how we record them. For example, a fire work 1s launched at

downtown and you are watching it from Tsinghua. You know the
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downtown spatial coordinate with respect to you (you measured with
ruler beforehand), but the time you recorded the fire work is t; with your
stopwatch (this is the time you see the firework with your own eyes; or
the event that the firework signal reaches your eyes). You know that this
time t; 1s not the exact time the firework launched (this is a different
event); it happened at t, which is tiny-winy before t;. So in physics (in
real life most people would disregard such small difference), we assume
we have observers all over the world, record events at exactly where and
when it happens , and write down its time and space coordinate, so that
we have a true space-time coordinate in this sense(a network of observers
attached to the inertial frame, the poor buggers are fixed in the
coordinate and you equip them each a synchronized Rolex to record time,
their sole purpose is to record the space-time coordinate as an event
happens). As in the example above, you could ask a friend at the firework
launching site to record the exact time of the launch, and show you the
data later so that you may have an accurate recording of the event.
Clearly synchronization is essential here. In order to trust your friend’s
data, you have to make sure that your watch and his are synchronized. It
is interesting on how you achieve this. You two may compare the watch
locally, say at Starbucks outside and make them synchronized. But the
motion from Starbucks to downtown will change the synchronization as

we shall see, so this method is not very reliable in high precision
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measurement (unless you move the clock very slow).

The correct way (at least in principle) is to synchronize the clocks with
signal. Still in the last example, you send the recording of t of your clock
through electromagnetic wave (light, radio-signal and the signal may not
even need to carry the t, you two may agree upon that at exactly 8pm
according to your clock, you will send a light to the friend). The distance
of the light travel can be determined precisely (say 100km through optical
fiber), so the travelling time of light Az can be computed (of course I
used the assumption that the speed of light is a constant here), and your
friend at launch site will set his clock to t+ Az . This way both of you will
be sure that two clocks are synchronized. All the clocks in the world can
be synchronized this way, so in principle we can measure the space-time
of any events with confidence.

Still I shall stress that all these are referring to the same inertial frame,
say rest on earth (on a large scale, the non-inertial effect of earth need to
be corrected too, but we simplify this by treating earth as a true inertial
frame here). In summary, the space-time coordinate of an event, has the
same meaning here as those in old mechanics. It can be measured
precisely provided: A) Same distance and time unit length; B)
Synchronized clock. In the later sections I shall frequently use terms like
“for an observer in a frame S, or to the observe in coordinate system S, or

justin S etc or as the observer sees...”, all these mean the same thing just
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as I stated above: a network of observers in a particular coordinate system
equipped with synchronized clock to record the space-time coordinates of

any events.

2) Then the velocity and acceleration can be defined and determined
within the inertial frame of choice as usual (small change of space

divided by small change of time. etc.).

3) The conservation laws in momentum and energy are not changed. They
are more robust than Newton’s laws and survived in all branches of
physics. As I stated at the very beginning (Chapter 1), these conservation
are related to symmetry of our space and time (Homogeneity and isotropy
of space and time) and inertial frame is such a frame that the space-time

are homogeneous and isotropic.

Things are changed'®: Though for an observer Adam in one inertial
frame (say S, rest on earth) can define an event with the space-time
coordinate as I talked above. For another observer Bob in another inertial
frame that is moving with respect to S (S’, Bob is on board a moving
train), he could also measure the space-time coordinate, according to his
ruler stick and clock and by his hordes of observers in S’). The Bob’s
recording for a specific event will disagree with that of Adam’s. This is

not too surprising, because old mechanics also predict a difference. 1)

1% Only an account is provided here, with detailed arguments in later sections.
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The striking thing is that the difference is not the classical Galileo’s
transform, but will be the Lorentz transform in special relativity. The
simultaneity of events (events happened at the same time recorded by the
clocks in S or §°), time rate and ruler stick length will all depend on the
inertial frames. So the conditions A), B) above do not satisfy between
observers in different frames though within one frame they can be

satisfied.

For the events happened simultaneously in S (say rest on earth, Adam’s
wife Eve gives birth to a baby in Beijing at exactly 8pm according to
Adam’s watch; his friend Tom’s wife Lisa gives birth to a baby in
Shanghai also exactly at 8pm according to Tom’s watch which is
synchronized with Adam’s; the two events are simultaneous in earth
frame), and its clock rate say 1 second and its ruler stick length say 1m,
would all appear differently from Bob’s point of view (in S’, say a very
speedy flight from Beijing to Shanghai). Bob would say those events are
not simultaneous, Tom’s kid was borne first; and that Adam’s 1 second in
time is 1.2 second according to Bob’s clock and Adam’s meter is 0.83
meter according to Bob’s length. For Adam he would draw the same
conclusion on Bob’s, 1.e. what simultaneous in S’ are not simultaneous in
S, Bob’s 1 second 1s 1.2 second and Bob’s 1 meter is 0.83 meter
according to Adam’s measurement. These are in stark contrast to our
‘common sense’ based on daily life (Einstein cynically criticized
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‘common sense is a prejudice developed before 16°)'".

We do not experience ‘time dilation’ and ‘length contraction’ in daily life.
You meet your friend at Spm at airport who is flying from Shanghai. You
will meet him at Spm on both of your watches despite the fact your friend
took a flight which is certainly a moving frame with respect to you. The
reason is of course such effects are only important and become noticeable
at high speed (or with high precision measurement of time as in

Hafele-Keating around the world flight experiment'"

), the speed is
compared to that of light. Our daily speed are just too small (compare to
the speed of light) for us to notice these differences. In short, the
simultaneity, time interval and space interval will depend on observer’s
inertial frame, and the relations between them obey Lorentz transform.
This brings a chain of changes, because the measurement of space and
time is so fundamental, it is the foundation of Newtonian mechanics.

As an added comment on this, I should mention that though different
observers may disagree on simultaneity events happened at different
places (such as the babies born in Beijing and Shanghai in the last

example), they will agree on the simultaneity of events happened at the

same place. Both observers agree that any event happens actually already

1What he against is the ‘common sense’ based purely on experience. There are common sense based on logic and
beliefs on fundamental principles, which are good. So do not use this against the good common sense, especially
those in social science, such as the famous booklet “common sense” by Thomas Paine on human right and
government

"% Hafele and Keating, Science 177, pg 166-168;pg 168-170. (1972)

370



implies this, but let me illustrate this point more to make it explicit and
clear: The statement of some event happens actually can be rephrased as
different events happen at same place and time. A baby is born in Beijing
means the mother and the baby both are at the same place and time; a dog
was run over by a car means the poor dog was at the same place and same
time (you can say at the wrong place and wrong time) with the car. Say as
the incident happened, observer in S recorded (x;,t;) for both the car and
the dog, and he said the dog was killed at (xy,t;). For the observer on the
car S°, he would record the incident as both the car and the dog at (x;’,
t;”), though these numbers may be different from the recording of S, but
the fact that the car and the dog were at the same place (x;’ for S’, x; for S)
and same time (t,’for S’ and t; for S) are truth for both observers and they
both record the death of poor animal, or the birth of the baby( the baby
and mother at same place and same time, though the exact value of the
space-time coordinate may be different).

If different observers cannot agree on the simultaneity of events at the
same place, real contradiction will appear: the dog was not run over by a
car or the baby was not coming out of mother’s womb according to one
observer; while it is otherwise according to another. Then the meaning to
say an event happens will be lost, there will be no truth in the world. So
(a repeat of myself) different observers will agree on the simultaneity of

events happening at same place, what they cannot agree are the
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simultaneities of events at different places.

For the students who already learned some SR, the above statement may
make their head nodding; for those new to the SR, the same statement
may drive them scratching the heads. Don’t worry, I shall explain all

above in detail in later section, so carry on!

2) The velocity and acceleration will have different transform property
(i.e. relations between velocities measured by different observers in

different inertial frames).

3) We shall see the correct formulas for mass, momentum and energy will
appear differently from those in old mechanics (but very important that it

will reduce to the old formula at low speed limit).

4) Force, the important quantity in Newtonian, will lose its dominant
position. Actually Adam or Bob could still calculate the force with the old
formula in their individual inertial frames and measure it through
experiments (such as from change of momentum). But since the force
depends on space, mass or even time (the general force, not the
fundamental ones). The force will appear differently in different frames
(in old days, the force depends on relative positions, relative velocities,
mass and time which are invariant in Galileo transformation, so the force
appear same for different observers) and to our old friend, equation of

motion F=ma which is so essential in Newtonian is not true anymore
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under high speed. The correct formula in relativity that is corresponding
to (means reduced to F=ma at low speed) equation of motion is quite
complicated and less useful. (This reduced the importance of force, which
1s introduced in old mechanics as a measurement of interaction, because
we have a simple relation between the force and acceleration F=ma) So

energy, momentum approach will be the easier and preferred ones.

Finally after this brief summarizing the changed and unchanged aspect of
mechanics under relativity, I shall stress that there 1s something invariant
to wet your appetite. The two observers from different frames may not
agree upon a lot of things, however, there will be something unchanged
and all observers will agree upon. We will see what is it in the due course
and this unchanged thing (called invariance of transform) is very
important in the theory of special relativity (in the 4-vector section later),

and a whole theory can grow out of this.

11.2 Historical Background

11.2-1 Galileo Transform and Relativity Principle for Mechanics

We had talked about Galileo Transform in section 4.2 and Relativity
Principle in chapter 1, here I shall restate it limiting to the mechanics

only.
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As the figure shows the two inertial frames are travelling relative to each
other. In the stand point of view of S, S’ is moving with +v towards right
along x direction; while for S’, S is moving with —v towards —x’ direction,
where v 1s a constant as required by the inertial frames. Galileo
Transform 1is the relationships between space-time coordinates of any
event viewed by the inertial observers in S or S°, say for a fire cracker
exploded, and both observers recorded this event in their respective

frames as (x,y,z,t) in S and (x’,y’,z’, t’)in S’°, Galileo Transform tells us:

(11-1)

From this we will have simple relations between velocity and

accelerations viewed by S and S’:

u'—dx'—u vi u. =u; u =u
x = 4, WY y Py z 7z
dt (11-2)
. du' du
a = =q=—
dt’ dt

From Newtonian Mechanics, the mass will be independent of motion (see

chapter 4 on this premise) and the force will be function of relative
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positions which will be same in S and S’ (at a specific time, the distance
between two particles are same in both frames). So this tells us F =ma
applies equally well for observers in all frames moving with constant
velocity to each other. The jargon (a fancy way to state the above) is that
the equation of motion (Newton’s law) is invariant upon transformation
(change from one frame to another). To keep the law invariant, its
components (here force, mass and acceleration) has to transform
accordingly, which is called covariant as space-time coordinates changes
upon transformation. Of course here the components (F, m and a)are
invariant too upon transformation (Galileo), but more generally if the
observation only requires the law (here F' = ma ) invariant, its components
can change as long as keeping the law same, to put it more strictly in
math: say upon transformation between S and S’:

F'=LF where L represents the transformation (it is a matrix if the
transformation is linear, generally it is equations relating the forces
observed in different frames), and if the other part of the equation ma also
transform the same way: (md) = L(ma), then formula for equation of
motion would be same in both frames: F =mafor S and F'=(md) in
S’

This may appear a bit abstract, so let me illustrate it with the example by
Galileo: Suppose the S is a stationary observer on the bank of a river, S’ is

an observer aboard a ship sailing with v relative to the bank. A stone is
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dropped from the mast of the ship (an event). If both observers follow the
motion of the stone (a sequence of events), what do they observe? For S’,
the observer on board, the stone will be just free fall dropped from above
(no trace of motion of the ship); if he throw the stone upward, he will
catch it back later without moving. For the observer on the bank, he
would see the stone following not a straight line free fall but a parabolic
path. However both observers conclude that the motion of the stone obeys
Newton’s law, i.e. if the observers apply the Newton’s law within his own
frame, his prediction based on it will be exactly what he observed within
his frame (the difference in observed trajectory is due to difference in
initial conditions but not the physical laws).

This is the essential meaning of Relativity Principle for Mechanics: The
mechanical laws are same (invariant) for all inertial observers. Another
way to say the same thing (a corollary) with a different flavor (or stress)
is that the absolute motion of the inertial frame cannot be detected by
mechanical experiment within the frame only. The man on a constant
moving ship doing all kinds of mechanical experiments and he will get
same answer as if on ground, so without referring to outside reference
point (suppose the ship is traveling in dark in a starless night), he cannot
tell that he is on a moving ship or on ground.

Newton’s idea of an absolute space-time as the ‘mother’ of other inertial

frames is actually redundant since all inertial frames are
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equivalent---principle of relativity for mechanics. However, in Galileo
Transformation, the length and time is absolute in a sense that the
measuring stick and clock are all same in different inertial frames. This
seemingly apparent reasonable assumption turns out faulty at high speed.
But instead of just giving out correct form of transformation, let’s see first

what led to people finding the flaws.

11.2-2 Trouble of Relativity Principle with E-M under Galileo

Transformation

All the above, the Galileo Transformation and Relativity Principle work
fine and dandy for mechanics, the trouble is with the E-M theory. The
fundamental equations in the E-M theory are Maxwell equations, which
are differential relations between electric and magnetic field given the
charge and current distribution. They are 2™ order partial differential
equations. I will not explicitly workout the Maxwell equation under
Galileo Transform here, however if you are intrigued, please pick one and
start partial differentiation yourself. Or you may try the direct result on

the wave equation derived from the Maxwell equations:

2 2
0 E()zc,t) _%8 E(;c,t) (11-3)
ox c ot

This is the wave equation (recalled wave equation formula we derived in
chapter 10) for the electro-magnetic wave (light) and c is the speed of
light. Please try the Galileo Transform on this and you will see that its
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equation form depends on the frame'''. Instead of taking this

mathematical approach, let’s consider the following physical example:

® B

e—™>V )
@Oe’ O O 0) neutral wire

90 OB
—>Vv
As the figure above shows, a neutral conducting wire (with equal number
of positive and negative charges, only one positive charge is shown in the
figure) with current flows in it. The electrons inside the wire is moving
with velocity v (current then is flowing backward towards left). This
current will generate a magnetic field B according to Ampere’s law.
Another point charge q also moves with same velocity outside the wire.
This charge q will experience a force, the Lorentz force gvxB. (if q
positive, it 1s repelled from the wire; if q negative, it is attracted towards
the wire) This is the observation from a lab-fixed frame. Now consider a
frame that is moving with same velocity v as the charges. In this frame,
the electrons and the point charge q are stationary, while the positive
charge in the wire moves with —v, so there is still same current in the wire,

and magnetic field from this current would also be same. However, the
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I shall only give a start here:
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charge q is motionless in this frame so there will be no Lorentz force.
Then is there a force on the point charge q viewed from the moving frame?
If we stick to Galileo Transformation and apply the Maxwell equation in
its original form in the lab frame, we will have no force in the moving
frame (which was wrong). The observation would really depend on the
inertial frames then. If we stick to Galileo Transformation and in order to
get the same effect (the charge q is attracted or repelled from the wire),
the Maxwell equations will need to be changed (into some nasty forms) in
order to get non-zero force on charge q in the moving frame.''> Either
way, the Relativity Principle seems do not apply for the E-M theory:
Maxwell equation is not transform invariant with Galileo
Transformation between frames. There appears lacking of unity here in
the physical laws where the Mechanics follows the Relativity Principle
(under Galileo Transform) while the E-M does not.

This difficulty suggests either of the 3 below or a combination maybe the
remedy: 1) The relativity principle is not a universal rule and not
applicable to E-M theory, the Maxwell equation is only true under one
special frame. 2) The E-M theory needs to be modified or corrected. 3)

The E-M theory is correct. The Galileo transform of space-time is

"2 Of course on retro respect, this difficulty arises from the Galileo Transform of space-time is wrong. Under
Lorentz Transform, the observation would be same in both frames and the origin of the forces can be satisfyingly
explained. One is due to the Lorentz force; the other (in moving frame), the force arises from length contraction, so
that the local total charge density is not zero anymore, the positive charge will have higher density than the
negative in the wire locally due to length contraction we shall talk about later, and the force on charge q in this

moving frame is caused by the Coulomb force.
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incorrect, but this really means we have to abandon our intuitive view of
space and time and modify Newtonian mechanics that built on it.
Naturally (put yourself in shoes of those physicists 100 years ago) most
people will choose 1) in which the representative was Maxwell or 2) in
which the representative was Lorentz. Only Einstein chose the path 3 and
gave birth to special relativity and revolutionized our view of space-time.

What Einstein believed 1s that the E-M theory 1s correct and the Relativity
Principle would hold for all physical laws in all inertial frames. This
suggests it applies to FElectro-magnetic theory too. But the Galileo
Transform between constant velocity moving inertial frames is not
suitable for E-M theory. This means the correct transform would be
otherwise; and since Newtonian Mechanics obeys Galileo Transform, so
under the correct transform relation between space-time, Newtonian
formula would be probably be frame-dependent, violating the relativity
principle and need to be reformulated. Of course there is another
possibility that both the classical E-M and Newtonian (which are the
complete physical theories known at that time) are not transform invariant
which means neither satisfies the relativity principle, and both need to be
reformulated. It turned out that the E-M theory satisfies the correct
transform (this does not say that E-M is the final correct form, it needs to
be modified in quantum domain, that is Quantum Electrodynamics or

QED) while the Newtonian does not. So we shall focus on the
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reformulation of Newtonian Mechanics by special relativity here. Though
we know the path 3 is the right one now, it is helpful to understand other
paths too.

If you, like Maxwell, treat the E-M equations only work for a special
frame, there is then certain absoluteness in this frame, i.e. The E-M
theory has a preferred frame. Such frame is called ether frame (old
spelling 1s aether). Ether was believed by Maxwell and his
contemporaries as some substance all over the space (the wording of
ether actually has much longer history, coming from Aristotle of Greek
time) , permeating the whole universe. It is also acting as media that
transmits electro-magnetic wave, the light (in analogy to water
transmitting ocean waves). Of course this is a very natural choice if you
believe path 1), but it is only a belief or hypothesis. What is important in
science as we stated in chapter 1, is such hypothesis should be subject to
rigorous tests (experiments). Same would be true for other hypothesis.
And indeed many experiments were conducted to test the existence of
this mysterious ether, the most famous (and most accurate and convincing

at that time) one is Michelson-Morley experiment.

11.2-3 Michelson-Morley Experiment---Null Result of Detection of

Motion Relative to Ether

As Maxwell believed that his equations only applies in one special frame
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which was called ether frame. The wave equation (11-3) for E-M wave
(light) which can be derived directly from the Maxwell equation tells us
that the speed of light is ¢ in this ether frame. The ether was thought like
water to water wave and air to sound wave that carries the light. And the
speed of light propagates in this mysterious ether is c. This suggests a
method to detect the motion relative to the ether, assuming the Galileo
Transformation was correct (pretending we know nothing about

Einstein’s theory at present, only our old friend Newtonian Mechanics).

As the figure shows the model of light propagating in ether (watery lines),
if the light source (fixed relative to mirror A or B, e.g. you can imagine a
light bulb attached to the mirror A) is moving with respect to ether, then
the speed of light along the direction of motion of the source (upstream
against ether flow) will be c-v and the speed of light against the motion
(downstream) will be ct+v (velocity is —c-v) with respect to the lab (the

AB) frame. So we could measure the speed v of motion of our lab frame
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in which the mirrors and light source are fixed by measuring the speed of
light in the lab frame directly which implies we can detect the absolute
motion of one frame relative to ether. But the accurate determination of
speed of light at that time is not available. It requires precise
measurement of distance and time intervals and precise synchronization
of clocks at A and B. Fizeau used round trip method ( a total time travel
from A to B and back) to avoid synchronization, but the time interval of

this round trip is:

2
L L N YO Lt T
C C

c—v c+v =1 c 1-v*/c?
The term that depends on v is a second order v/c, taken the possible v the
motion relative to ether to be the speed of earth traveling in space known
at that period: the orbiting speed of earth around the sun which is about
30km/s, this suggests (v/c)’ is only about 10, very difficult to detect for
a long time. Please note the significance of such experiment that if we can
accurate determines T then it seems that we could carry out one
experiment in one inertial frame (the mirror one) and determine the
traveling speed of our inertial frame without referring to any outside
world. This would contradict the relativity principle. We now know the
trouble is caused by our assumption that light travels at constant speed in
the frame of ether, so this assumption picks out a preferred reference

frame for light. It also caused by the Galileo transformation where the

time i1s absolute in all moving frames, this leads to simple addition or
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subtraction of speed.

Michelson overcame this difficulty by measuring the interference pattern
of light (1881) with the interferometer invented by him, and he was a
pioneer of high precision measurement in modern physics. The sketch of

the original setup is shown in the figure below:

H ' Arm 2
[
= A ‘i
—— | ——r
= =
Light : Arm 1 M,
source 11
|
|
g Telescope
Y Observer

The light source and mirrors are fixed in lab frame. The incoming light
was split by the beam splitter A into two beams traveling a round trip
along two arms. The reflected light from the two mirrors are recombined
by the A and interference'” between the two light beams will happen.
Basically due to the different optical path length (or different time) the
light travels along the two arms, there will be a phase difference between
the waves when they meet again on the observing screen. If the phase
difference is 27 (this happens when the optical path length difference is

A, the wavelength of light; or equivalently the time difference is T the

'3 This will be thoroughly discussed in the Optics course
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period of light), the two waves from the two arms will add up together
enhancing each other---constructive interference, and a bright pattern will
be seen; if the phase difference is 7, the two waves will cancel each
other---destructive interference, and a dark pattern will be seen. We can
arrange the mirrors to form different interference patterns (equal
thickness or equal inclination patterns), the typical equal thickness pattern

is shown below (a pattern when length 1 and 2 are fixed):

[

If the optical path length difference is changed, say arm one is shortened
etc. (the one we shall see corresponds to the arm one will be shortened
while the arm 2 will be lengthened), for every total optical path length
difference change by A, the interference pattern will shift by one fringe,
1.e. if the round trip along arm one is shortened by A, the bright stripe
below (or above, depending on the arrangement) the cross wire XX’ will
move up to the position of the XX’ (in the figure above, this means the
lowest bright stripe will move up to the XX’). Such shift can be observed
and since the shift is caused by a length difference on the order of
wavelength of light (590 nm for sodium light; or a time difference on the
order of period of light 10'%s), it is essentially a high precision

measurement in length or time difference.
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Suppose the lab frame is traveling with respect to ether with velocity v
along the direction of arm 1, then the time interval for the round trip

along arm 1 (between AM,) is just what I already calculated above:

2
f1:Z_1+l__21( 1 ) 2 (1 )
c—V Cc+v c 1=v'/¢c?

For the light traveling along arm 2 (between AM,) which is perpendicular

to motion v, say the time for round trip is ¢,, the figure below shows a

view from ether point of view (the lab frame is moving with v)

-
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During the flight of light towards M,, the total distance from Pythagoras

vig

- 114
theorem 1s

, vt
l,= \flzz + (72)2

Since here we take the ether point of view, the light travels with speed of

c, then:

"1 n the original work, Michelson just used I, by mistake. This causes some numerical error but won’t change the

results. .
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Of course you can calculate the above from lab point of view, in this case
the distance will be 21,, and the speed of light will be /¢ —v* (just like
a swimmer in a flowing river, and the speed relative to river is c), this will
give the same transit time.

So in this arrangement, the total time difference between path 1 and 2 are:
2
Atztl—t2=2l—1(l V)——z(l ) 2 -h) Z) (— 2)
c c c c

Such time difference will create an interference pattern, what Michelson
did 1s observing the interference pattern with this arrangement, then he
rotated the whole apparatus by 90 degree, so that now it is path 2 that is

along the v. Similar calculation will show that in this case:

_ 2
At':tl'_t; 1(1 ) 2 (1 ) (Zl 12) +V_2(_1 2l )
C c c C

The difference between the rotated and the original setup is then:

G +L) v

2
c c

AT =At— At =

The total phase change between these two setups will be then:
Aj= AT =— AT —%AT

period

Since every 2z change in phase causes one fringe shift, then the total

shift of fringe is:
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Car_G+l)V

N=2P_C)r _
2r A A ¢

In the original setup, the length is about 1.2 meters, and the motion in the

ether is expected to be that of earth orbiting the Sun, i.e. v=30km/s, or

Vi/er =10, 1 ~600nm=6x10"m (itis actually 589nm), put all these

into the formula, will give us N ~0.04. This is indeed very small shift,

and the Michelson’s resolution limit is about 0.01. So as the first

experiment result came out, it was questionable to many contemporaries.

In 1887, in collaboration with Morley, Michelson made an improvement

by essentially extending the length of each arm by a one order of

magnitude'":

— 0.05)\ Noon
—_—— = 0.00

\'/

0.05—
5 = 0.00A Night
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w N

1/8 x Theoretical
Experimental

!5 Taken from the A.A. Michelson and E.-W. Morley, Am. J. Sci. 134 (volume) , 333 (page), (1887)
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With length increases to 10m, the N ~0.4. However the result is a
disappointment to Michelson and Morley. There is no observed fringe
shift as expected. If you stick to the ether hypothesis, then this means that
the v=0. Our lab (or earth) is stationary relative to ether. This is of course
possible for the experiment in a particular day that earth happens to be
stationary w.r.t. ether. However as the earth is orbiting around the Sun, it
cannot always be stationary all year, but the experiment carried out at
different times of the year still showed null result, no fringe shift was
detected. This experiment really put the ether hypothesis (along with it
the path 1 we talked about in 11.2-2) in a big question mark. Naturally
there were further efforts to save the ether hypothesis and we shall take a

brief look below to see why these efforts failed.
11.2-4 Efforts to Save the Ether Hypothesis''®

These are the efforts to explain why there is a null result in
Michelson-Morley ( MM ) experiment, while still holding the ether
hypothesis.
(1) Ether Drag Model
In order to explain the null result of MM experiment from the ether
hypothesis, one of the most straightforward models is the ether drag.

That is to say the earth will drag the ether along its motion in space,

16 Optional material, I include it here for a complete background. You may skip the reading for the first time.
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just as the air inside the train is dragged when the train is moving,
even when the train is traveling with supersonic speed (as if such train
exists), people can still hear each other since the air inside train is
dragged along and is stationary relative to the train. In this model, the
ether surrounding the earth will be always stationary relative to the
earth; it is dragged by the earth and move along with it. The speed of
light in MM experiment would be ¢ for paths along both arms and the
v (the motion of earth relative to ether) is always 0. Puzzle solved by
the ether drag model in MM experiment.

The problem of this model is that it contradicted other experimental
facts that were observed long before the MM experiment: the most

important one is the stellar aberration in the observation for stars:

<¢>

A
Q <X;Z>

As the figure shows, imagining a star hanging over the earth-sun orbit,
and the star is really far away, so that its position is almost always
directly above the earth even though earth’s position changes along
the orbit. So if the earth is not moving, then you just steer your

telescope straight up like the figure right shows and you will observe
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the star. Things will be different considering the motion of earth, and

the figure below illustrate the situations (figure taken from Resnick’s):

Due to the motion of the earth, the light emitting out from the star will
appear titled by an angle«, and thisa can be computed simply from
addition of velocity vectors (viewed by earthling, the star appears

moving with v in the reversed direction) :

tana = z
c

This is very like the rain drop model: suppose the rain is falling down
straight towards ground, if you are running, you will feel (observe)
that the rain 1s not only falling down but rushing against your face as
well. Situation here in observing the light is similar (though the
computation from wave theory, such as that of Huygens principle will
be a little more complicated, but will give same result).

So to observe the star, the telescope needs to be tilted by this angle« .

If the earth is traveling in a straight line, then it will appear that the

star’s apparent position as indicated in the figure and you will not
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notice any abnormality. However since the earth is orbiting around the
sun, so after half year, the star will appear as traveling in the reverse
direction and the telescope need to be tilted by angle2a comparing
with half year ago. In fact the telescope will trace a cone whole year
around as shown in the figure above right. This angle change for a far
away star is not by the different position of the earth (the change of
angle due to this is small enough to be neglected) along the orbit but
by the different velocity. This angle change of apparent star position is
called stellar aberration and was discovered in 1727 by Bradley and he
used this to measure the speed of light, since the2ar can be measured
and the speed of earth orbiting the sun can be estimated at that time.
The relevant question is that the ether drag model will contradict this
stellar aberration observed. If the earth really drag the ether along with
it, just imaging a heavy runner is running while drag the air around it
also moving with same speed as he run, then the rain will appear to the
runner as if just falling straight down. Similar argument would predict
that if the earth is really dragging the ether, the light from the far away
star will appear just straight downward and no tilt of the telescope is
needed and so no aberration. This contradicts the observation.

There is another experiment to a less extent contradicts the ether drag
model, the Fizeau experiment (1851) measuring the speed of light in a

flowing water tubes:
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It is essentially another interferometer, one path (the ccw one) will
travel along the flowing water, while another one ( the cw one) will
travel against the flow of water. The light travels inside a stationary
water is: ¢/ n, where n is the index of refraction of the water (~1.33).
Now with the water is flowing with speed of v as shown in the figure,
and suppose that this flow of water will drag the either along with it
with same speed v. In the water frame, the speed of light is stillc/n;
but in the lab frame this speed will be: ¢/n+v for the ccw path and
¢/ n-v for the cw path. This will cause a phase difference between the
two paths (comparing to the stationary water case) and a fringe shift
will be seen when the water is flowing from zero speed to v. A little

computation (left as an exercise for you) shows that the fringe shift

would be:
2
N 4n-l y
Ac

This was NOT observed in the real experiment. The actual result of

Fizeau experiment is:

4nzl

AR (1——)
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We shall see the satisfactory explanation for this result from velocity
addition in relativity. Zeeman repeated this kind of experiments in

1914-1922 as confirmation for the special relativity.

Historically the f =(1 —iz) is called Fresnel drag coefficient in the
n

ether theory developed by Fresnel in 1818, in which he assumed that
the moving medium (such as water here) only drags ether inside the
medium by a fraction which is the relation given above''’.
(2) Bullet-Gun Model

This is officially called emission model, but I think the bullet-gun is
more vivid. This was a model adopted by Ritz trying to modify the
Maxwell’s theory and ether hypothesis by requiring that the light is not
traveling with speed ¢ w.r.t. ether, but to the source instead. Just like
firing a gun in a moving car, the relative speed of the bullet to the gun
is always c, but to the observers on the ground this speed will change.
This model would explain the MM’s null result easily, since the light
source is fixed in the lab frame as the mirrors did, the speed would be ¢
to both paths and no fringe shift could be detected. This also saved the
E-M theory to the relativity principle, i.e. you cannot detect the motion
of frame by carrying out experiment inside the frame, such as by

measuring the speed of light inside the frame.

"7 For a brief discussion of the Fresnel drag model, please refer to C. Moller’s ‘theory of relativity’ section 7, or

X E B SCHR8 S HARE Bk 1.
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But this assumption leads to other contradictories with observations.
One of the observations would be the recording light coming from a
double star system. The double star system is two stars rotating around

a common center, as shown in figure below:

AT

i d

P

A is one of the double star rotating clockwise, a is radius of its orbit
and d is the distance to the observer P on earth, d>>a, so the & is very
small. Suppose linear velocity of the star A is v, at the location 1 as
shown (A is perpendicular to d), the light from A would travel at
velocity ~c+v towards earth according to bullet-gun model, and the
distance is approximately d (small angle makes the approximation

good). The time for light to reach the observer P would be:

d : : ..
I, = Now suppose some time later, the A will reach position 2,
c+v

which is on the line of d. Here the velocity of light towards P would be

c only, and distance is d-a, so the time interval for light to reach earth

would be:
d—a ..
T,, = Take their difference:
C
d d—a d 1 d—a d v. d—a a dv
I,-T,,= - =—( )— ~—1--)- =———
c+v C C 1+V/C C C C C C C C
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118

Here I used approximation of 1/(1+x)~1-x for small x.© Though v is

usually much smaller than c, but d can be very large in astronomical

. dv a :
case. So it is not unusual that —— can be larger than —, and the light
cc c

from position 1 of A will reach P with shorter time, this will cause the
light intensity recorded by P oscillating with time. As the figure below

show:

A

> time

T T,
The vertical axis is recorded light intensity, the horizontal is time.
T,=Tia, and T)=Tpa+ 1" /4, where I'is the orbital period of star A.
Between T, and T,, also shows the light from positions of A moving
from 1 to 2. The characteristic is the time interval would increase due
to the longer travel time of light. Of course the star emits light
continuously with almost even intensity (that is why each line will be
about same height), and if you record the light continuously, you will
add light intensities within certain time interval determined by
instrument, the graph will be total light intensity within certain time
interval, and that intensity will have high and lows periodically similar

to a sine curve. But that is not what was observed. The recorded light is

"8 Taylor expansion.
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almost a flat line. So this contradicts the model of the bullet-gun for
light propagation. The puzzle of all these will be solved in special
relativity, which you probably know the answer, that the light always
travel at speed c, in all inertial reference frames.

There are more experimental facts contradict this model (though at
much later years when the special relativity had long been established):
A supernova explosion was observed in 1980’s, which is 10* light
years away from us. The light from the major explosion was collected
from this supernova explosion on earth which only lasted for 10’s of
seconds (the afterglow lasted much longer). If you follow the
bullet-gun model, the light from the explosion may come from all
pieces that are flying at high speed in all directions. For the sake of
estimation, let me assume that the flying speed of the pieces is the
same order as earth orbiting the sun, then v/c~10™. This implies that
the light from the explosion would last for 1 year, quite different from
what was really observed!

Another experimental fact directly demonstrates that for the light
emitted by a particle moving with high velocity, the speed of light
viewed from the lab frame is still ¢, has nothing to do with the speed
of the particle'’”. The experiment demonstrated that for a pion (a

neutral meson, an unstable particle which quickly decays and emitting

19 Alvager etal. Phys. Letters. 12, 260 (1964)
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light), which was created by bombarding nucleons with high energy
(20GeV) protons. The pion created will travel almost to the speed of
light (0.99975c), but y rays (light with high energy or short
wavelength) produced by the pions were detected in the lab frame
traveling with same speed of light c.
(3) Lorentz Theory'*’

Since we are going to derive the famous transformation from
fundamental postulate of special relativity, so that I will not talk too
much on Lorentz theory here, interesting student may refer to Bohm’s
book (chap.6-10) for some detailed account.

Basically in order to reconcile the classical E-M theory with the
MM-experiment result. Lorentz propose an ad hoc method (ad hoc
here means making some hypothesis in order to explain a particular

"> What Lorentz did was proposing that for things

phenomena)
moving w.r.t. ether, its length will be contracted. For example, the

length of path 1 in the MM experiment is /, if it is rest in ether.

120 1t is also called Lorentz-Fitzgerald theory, because Fitzgerald was first to propose length contraction in an ad
hoc way and Lorentz put it in a theory. In the 1904 review paper, Lorentz showed the transform that will make the
Maxwell equations hold its form in all inertial frames. He did not call the transform after his name. It is Poincare
gave the name in 1905 before Einstein’s publish. It is interesting to learn that Einstein in developing the special
relativity was ignorant of Lorentz theory.

12! This ad hoc method is very common in the development of science. Of course the hypothesis may explain
certain experimental fact but may fail in general cases. Examples here that Lorentz theory explain the MM
experiment by using length contraction; but it will not explain the Kennedy-Thorndike experiment (1932) with
Michelson interferometer with different arms length and fixed in lab only rotating with earth over the year. Another
example of ad hoc approach is the Bohr-Somerfield theory on atomic structure in the development quantum

mechanics. It explains the structure of hydrogen-like atoms or ions nicely but failed in more general cases.
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However if it is moving with speed v w.r.t. ether, the length will be
contracted to [, /~1-v*/¢c*, smaller by a factor of 1/+1-v*/c” . If
you replace this contracted length in the computation of MM result in
the previous section, you will find that there will be no fringe shift.

Of course Lorentz gave a model on the physical reason why you have
this contraction based on the atomic-electron structure available then.
In fact he developed a theory that also has time dilation and transform
between inertial frames for the E-M equations. One result of this
theory is that it pointed out the futility in detecting the motion relative
to ether, because the theory implies that for all observers in inertial
frames (moving with constant velocity), the detection of light speed
due to length contraction and time dilation will always give out the
value c. Poincare claimed that this mysterious ether always escaped
our detection.

Lorentz theory though a big step forward, is still rooted in the ether
hypothesis and in fact a modification of E-M theory with ad hoc
hypothesis. Since this ether and motion relative to it was never
detected, then should physicists still hold its existence? Shouldn’t the
science only consider what had been and can be observed or tested
instead of mysterious god or absoluteness (which may be the topics
for philosophers, especially those ancient ones in our history)? We will

see in the next section that it was Einstein took this attitude and with
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two simple postulates unifying the mechanics and E-M theory in a

sense that they both follow the relativity principle.

11.3 Einstein’s Postulates

Let me quote his own words on the issue. “The relativity theory arose
from necessity, from serious and deep contradictions in the old theory
from which there seemed no escape. The strength of the new theory lies
in the consistency and simplicity with which it solves all these difficulties

. .. . 122
using a few very convincing assumptions.”

It is these assumptions that
we shall learn in this section. We have seen that “the theory of relativity
has grown out of the electrodynamics and optics. In these fields it has not
appreciably altered the predictions of theory, but it has considerably
simplified the theoretical structure...” “Classical mechanics required to
be modified before it could come into line with demands of the special
theory of relativity. For the main part, however, this modification affects
the laws for rapid motions, in which the velocities of matter v are not

»123 We shall focus on

very small as compared with the velocity of light.
this in the rest of the course.

Here i1s a reminder on the postulates once more: the postulates cannot be

derived from other fundamental laws, they are the fundamentals. They

122 Einstein and Infeld The Evolution of Physics (1938)

123 Both the quotes from Einstein Relativity , section 15.
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should be tested on the basis of the conclusions drawn from them.
Postulate 1 (Relativity Principle): All physical laws are same for all
inertial observers.

Comments: This is an extension of the Relativity Principle we discussed
above (11.2-1), there it only applies to mechanics. Now Einstein believes
that it applies to all physical laws including the E-M theory. It turns out
this is true for other physics. It is a test for the correctness of physical
laws. For example during the early development of quantum mechanics,
one of the fundamental equations is the Schrédinger’s equation
describing the time changes of wave functions. The equation does not
have the same form in different inertial frames, suggesting it only applies
to low speed limit. The one satisfying the relativity principle was given
by Dirac, which is called Dirac equation. The relativity principle holds in
quantum too and it is believed serving as a heuristic test for the
correctness of any theory, i.e. the physical laws has to be invariant (its
components have to be covariant) under transformation from one inertial
frame to another.

In special relativity (SR), we shall only deal with inertial frames
(coordinate system), this implies this cannot be the whole story. To
include the accelerated frames (and equivalently the gravitation), the
general relativity was developed but won’t be covered here (an

introductory textbook on GR is given in the reference list).
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A corollary similar to the one we discussed above of this principle is that
the absolute motions of one inertial frame cannot be detected by the
physical experiments carried out within the frame. Before I only say the
mechanical experiment, like juggling balls etc. Now it includes all
physical experiments and also chemical and biological experiments as
well, since these natural sciences are all governed by the physical laws.
This Relativity Principle sounds highly plausible. It is the belief of
Einstein’s that there should be unity in physics and a natural extension of
the relativity principle of mechanics. It would be indeed strange
otherwise if all inertial observers are experiencing same mechanical laws
while can tell difference by measuring light.

Postulate 2 (Universality of ¢): There is a speed that is same in all
inertial frames; it is the speed of light.

Comments: It is also stated more succinctly as: the speed of light is same
in all inertial frames. Unlike the relativity principle, this speed of light
postulate is quite bold, it contradicted in every old classical sense. The
root is the measurement of time. As I talked in 11.1, you need this
universal speed to determine the time (such as synchronization of clocks)
since the detection and determining the speed of absolute motion of
inertial frames is impossible.

The reason I split this postulate into two sentences is because from the

logic of relativity principle, it requires one universal velocity. We shall
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see later that this universal velocity also sets up a limit to the speed of
motion of all inertial frames (Lorentz Transform) and speed of all
particles or signals (Cause-Effect argument). The theory only allows ONE
universal velocity (KK’s 13.4, easy to prove once we learned velocity
transformation). Whether this universal velocity is the speed of light or
other particles would be a test of experiments. In this sense Einstein acted
like god and proclaims as in Genesis “Let there be light”. It is possible at
least in principle that this universal velocity could be different than the
speed of light (has to be larger since it sets the limit of speed). However
the speed of light had been subjected to many rigorous tests and found be
independent of the frames (such as the one in footnote 119) though
always with certain experimental errors. So if any claim that a new speed
limit is discovered, it is possible in principle for SR, but it has to be able
to explain other experimental facts on the speed of light. For example
with improved technique, it may be that the true speed limit may be ¢ + a
very small number for some massless particle, the number maybe so
small that escaped us by current technique. Of course any such claim has
to be sure free of errors itself'**. In conclusion, it seems that the universal
speed of light still holds (agrees with experiments) at present from all the

experimental facts.

124 The reported superluminal speed of neutrino in 2011 turned out to be faulty., it probably caused by the

experimental error that a lose connection in the optical fiber generating a 60ns time difference, corresponding to

wrong synchronization of clocks in measuring the speed.
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Simple these two postulates may appear on the surface, the conclusions
we draw from them would be profound and on the first sight startling.
The universality of speed of light is contradicting the Galileo
transformation in classical mechanics where the addition of velocity is a
conclusion. This implies according to SR, something is wrong in the
measuring of velocity, which basically a measurement of distance (space)
and time. This is what I shall devote in the next section before deriving

the holy grail of SR---Lorentz Transformation.

11.4 Relativity in Measurement of Time and Space Intervals and
Simultaneity: Time Dilation, Length Contraction and

Simultaneity is Relative.

This is a long title and indeed tells you what I am going to discuss in this
section. We shall see how we measure the time interval and distance just
using the postulates and we have to prove those effects claimed in the

title.

11.4-1 Time Dilation

In all the following discussions, I shall only consider inertial frames
moving with each other. Say two observers, one on ground, another on a

moving train. The one on ground is called S frame and the train S’. I shall
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choose both the x and x’ axes in both frames collinear with the velocity v,
the speed of the train, generally the relative velocity between the inertial

frames.

—>vV

> > S
t=t'=0,x=x'=0 X

At the event that the origin of S and S’ overlaps, the time in both S and S’
are set to zero, as indicated in the figure, since we stated before that both
inertial observers can agree on the simultaneity of events at same place.
Imagine that both observers click on the individual stopwatch when the
origin crosses and set time to zero. The time will go on but the flow rate
of time of the individual watch would depend on the observer. How we

define unit of time? Well in relativity we use light clock as below (left):

A

VAt

Let’s suppose a light clock in S’ (on the train) consists of a pair of mirrors,
a light is sending upward and being reflected back. The time interval of
this two events (light emitted and light detected ) will be used as time unit

in S” (Of course the exact copy of this light clock stationed at ground
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frame will be used as time unit on the ground). The two event when
viewed from S’ would be (#,x;) for the emission of light, and (7}, x))
for the detection of light. Noticed these two events happen in S’ at same

location but with a time interval:

At'zt;—tl’:z—l (11-4)
C

To the ground observer recording same events, the time interval will be
different. Because as the figure on the right shows, the light has to travel
a longer distance viewed by S (Noticed I assume here that the vertical
length 1, which is perpendicular to the motion is same for both S and S’,
the assumption shall be justified later)

The total distance travelled is:

d =21 +YALy
2
ar=4 -2 P+ XAy e
c 2

(A1) =417 +v(Ar)
I

c \J1-v*/c?

I only keep the positive root because the order of event has to be same

At

here: the emitting of signal always before the receiving no matter which
: 1 : :
frame you view them. —F—=— appears a lot in SR, so it deserves a
1-vi/c

label by itself. We henceforth define:
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B=vic (11-5)"%
1 1
7/5\/ > 2 2
1-v'/c \/l—ﬂ

Then the time interval measured by observer on the ground S would be:

(11-6)

At=yAt"  (11-7)

(11-7) is what is called time dilation, and it usually expressed as ‘moving

clock runs slowly’. We shall explain this further:

A) Noticed that as v<<c, then y =1 and Ar=At, we get back the result
in Galileo transform. The result from SR postulates is consistent with
classical mechanics at low speed limit. (the requirement that the
results will be reduce to that of classical mechanics at low speed is
correspondence principle)

B) What is (11-7) really tells us? From the argument leading to (11-7), it
clearly tells us that for the same events, the time interval observed by
S’ and S are different but related. What appeared to the S’ observer to
which the time interval is 1 second, the time interval between the same
events is lengthened (dilated) by a factor of y for observer in S. Since
the measurement of time by the light clock is quite general, all the
time intervals can be measured by how many loops the light travels in

such clock, this means all processes in the moving frame (on the train)

125 In the advanced treatment, the ¢ will be set as 1. This equals to choose light-second as unit length and g will

be the velocity in unit of speed of light.
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would appear'* running slower to the ground observer. Let’s be more

specific by taking examples, say the train is moving at v=0.8c, then

y =§. If you are taking the final exams on board such train and the

time requirement is 1 hour. You certainly want me to be on board too.
Since we are in the same frame, the 1 hour interval on my watch will
be same as yours. If I were on the ground, the 1 hour time you spent
on the exam would appear to me as 5/3 hours, I thus conclude you
guys work the problems too slow. Of course I do not really see you in
the mundane sense that you are working slowly. It is just at 5/3 hour
according to my time, where you are already 4/3 light-hour away from
me, but my observer at that location will really sees (in the mundane
sense) that your clock only passed 1 hour while his watch is already
5/3 hour..

C) Though I only used light clock in the example, it applies to all clocks.
The Relativity Principle guarantees this. For instance, S and S’ both

use grandfather pendulum clock. Then the time dilation still applies to

126 Here I use words’ appear, observed or see’, these words need to be understood as measurement by a network of
observers recording events in one frame, as I mentioned earlier in this chapter. It is not same as the common
meaning of these words, which means really sees with own eyes by one single observer. I shall explicitly point out
if the ‘see, observe...” in the notes means the mundane meaning, such as “ I see (in the mundane sense)” then you
know I am talking about seeing with own eyes. Otherwise, they mean measuring the space-time of events by
network of observers (just too long and boring if I type these every time). A mixing of these sometimes cause
confusion. For example If I really sees(in mundane sense) what you are doing, it would appear your motion runs
faster like in a fast winding video tape if the train is approaching me; and you motion will be slower (seen by me in
mundane sense on the ground) if the train is leaving from me. This is the Doppler effect we shall talk about later
(there is probably the only occasion that I shall use ‘see’ in its mundane sense in this course). Time dilation is

always there no matter whether the train is approaching or leaving.
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the time interval of the pendulum clock (say one cycle of swing of the
pendulum). Because the swing cycle of pendulum can be calibrated
with the light clock. Say one swing cycle equals 1000 light clock
round trips. Then this 1000 would apply both to the pendulum clocks
in S and S’; otherwise you will notice the difference in the ticking rate
between the pendulum and light clocks on ground or on train, that
would give you a method to determine which frame is really moving
by experiments within the frame, which is impossible by the relativity
principle. The time dilation thus affects all processes including the
biological ones. For example you guys are boarding on the train with
v=0.8c. You grow 1 years old according to your clock (which is 1 year
in your biological clock too); but the ground observer (me) will see
this taking 5/3 years during which I aged 5/3 years. So it certainly
possible that 1 day in fast spaceship, thousands years past on earth.
(However, noticed that these 1 day and thousands years are measured
in different clocks, 1 day by the clock on the ship and thousands of
years by clock on earth).

D) The above discussion though different from old classical, still quite
straightforward. Things get interesting (or puzzling) if we take point
of view in S’, i.e. suppose we have a light clock stationary on the
ground, so that the round trip events are: (x,t;), (Xo,t;) measured by S,

happened at same place but with time interval Az=¢, —¢ Now what
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do these events appear for the observer in S’? Well all inertial frames
are equivalent from relativity principle, the S’ would see the S frame
also moves with speed v relative to the S’, but in the reversed
direction (so the velocity S moves relative to S’ is —v). From S’ point
of view, it is basically the same figure above, while the left stationary
one corresponds to the events observed in S, while the right one
corresponds to the same events viewed by S’, except the direction of
velocity is reversed (or just change the direction of arrow point). This
means the time interval in the S’ frame would be:

At'=t, -t/ =yAt  (11-8)

So for the observer in S’°, he will conclude that the clocks in S runs
slower by the same factor y. In the exam example above, if you are
on board a train and watch me solving problems on ground, you will
draw exactly same conclusion as above, that I am working slower (I
spent one hour according to my watch, but you would see it is 5/3
hours according to your watch). This is the essence of relativity
principle that all inertial frames are equivalent, the observation of
symmetrical events in all frames have to be same. If I (on the ground S)
accuse that your clock (on the train S”) runs slow; you have equal right
to claim that according to your observation, my clock runs slow.
How could this be? Well this is the results of viewing the symmetrical

events from different point of view. An analogy is two people are
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separating apart in distance, each will see (in mundane sense) the other
guy becoming smaller.

Wait a minute, you claim, if you put (11-8) Az' into (11-7), you will
get: At=y’At—y=1—v=0, but the train is moving with nonzero
velocity (0.8c in the example). It is absurd and how I am going to
explain this? The problem of doing above is these two equations are
for two different sets of events! The (11-7) is for events that are
stationary in the S’: (#,x;) and (#,,x;), while the (11-8) is for
another set of events that are stationary in the S frame: (t;,Xo), (t2,X0).
They are symmetrical (I am observing a clock stationary to you and
you are observing a clock stationary to me, you and me are in different
inertial frames) but not same events! You cannot just plug the results
for unrelated events into each other, otherwise it is similar to that my
son Bart is 6 years old, and my pet dog is also 6 years old, but you
cannot draw any conclusion between the boy and the dog, can you ©?
Only if we are describing the same or related events, we can make
such substitution etc. This is a common mistake that causes confusion
in the first place, so I think it is worth pointing it out explicitly even
with risk of the sacrifice of my son’s reputation. Maybe I should be
less sloppy and write the (11-7) and (11-8) more clearly as:

At = At ., for (11-7)

At'| .= yAt],,, for(11-8)
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And the difference may become clearer in the above expression. The
time interval for the events that happened at the same place has a
special name: proper time. In the time dilation measurement, in the
situation leading to (11-7), Af'|,.., 1s the proper time, it is the
reading of one clock at same location in S’; while At|, 1is not the
proper time because it is essentially the difference between readings of
two different clocks in S frame (one at x;, another atx, =x, + vA¢, the
watches are synchronized but different Rolex we give to observers at
these two locations). For the situation leading to (11-8), you figure out
the proper time.
All the relations I am writing are for time intervals between events, if
the interval is between one event and the event we used to define the
overlapping origins of the coordinate systems, then (x,=0,7 =0)
and (x;=0,#/ =0) for event 1, then we could drop Ain the equations.
(I preferred A, it reminds me the relations are about intervals of
events). We usually use 7 symbolizing the proper time defined above,
then the (11-7), (11-8) can be written in one simple form:
t=yr  (11-9)
There will be further important roles played by proper time when we
come to the 4-vector part in SR.

However, there still seems one puzzling question remaining. From above

derivation and discussion, we have seen that in the relative moving
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frames, A observes B’s clock running slow (1 second time interval on B
appears as 1.xxx sec. to A); and B observes A’s clock running slow; then
how to reconcile this one puzzling question: If B observes A’s clock
running slow, then how come when A using his slow clock measuring B’s
time and concludes that B’s clock running slow? This tricky question will
be answered later when we study the simultaneity is relative, and the key
point is simultaneity of events happened at different places cannot be
agreed by observers in different frame, and simultaneity is the key for
synchronization between clocks (synchronization means setting different
clocks at different locations to a fixed value simultaneously), and
synchronization of clocks is crucial in measurement of time. I point this
out first here and will talk details in 11.4-3. But first let me show you
some examples on time dilation and then another effect called length
contraction.

Example 1. Twins ‘paradox’

Suppose a pair of twins, let’s call them Adam and Bob and A, B for short.
A is a clerk that stays on earth, while B is an astronaut boarding a
spaceship travels with v=0.8c relative to earth. The spaceship is launched
from the earth towards a star F that is 8-light years away from earth (this
is distance measured in the earth frame). B took the round trip from earth
to F and back. How many years will pass according to B’s clock (the

watch on B’s wrist)?
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This is easy, the time the clock ticks on B’s wrist is the proper time in B’s
frame (for B he is not moving and always stays at the same location in his
frame, so the time measured by him in his frame is the proper time). In
the A’s frame the trip takes 10 years for the single trip, with y =5/3, the
trip that last 10 years in A’s frame will be:

At,=yAt,, At,=10y —> At, =6y

So for the single trip that took 10 years according to A only takes 6 years
according to B. The round trip would only double the number, so 20 years
passed according to A when B returns; while only 12 years passed
according to B. This means there will be an age difference between the
twins. The one stays on earth (A) is older by 8 years than the astronaut.
Not surprising if you recalled in the comment C), that B’s biological
clock appears running slow to A. This is clear and dandy in A’s point of
view.

The ‘paradox’ lies what happens in B’s point of view. From the comment
D) above according to the relativity principle that should not B also
entitle to claim that A’s clock running slower than his, so that it is A is
younger? It cannot be true that both of them are younger, what is the
catch? The simplest explanation (only qualitatively here, and we shall
talk about B’s point of view in detail in later sections)is that B is not an
inertial observer, during the take-off and turn-around (we will see it is

mostly due to turn-around), B is in an accelerated frame, he is no longer
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inertial there. Yes during the constant flight interval when both A and B
are inertial, A’s clock indeed appears running slower for B. But during the
acceleration-deceleration process at the turn-around point at star F, B is
not inertial. Cannot it be that from B’s point of view, it is not he is
accelerating/decelerating but is A who is accelerating/decelerating, since
A appears moving faster/slower away from him? No, B cannot make this
claim because acceleration is not symmetrical as constant motion. During
the process of acceleration, B feels the forces exerted on him, he is
pushed and pulled by the inertial force, the blood pressure rise or fall,
temporary blindness and even the life can be endangered by the inertial
force. If it is A that stays on the ground drinking coffee snugly is
accelerating, how on earth that B’s life is endangered by the inertial force?
You see that indeed during the acceleration B cannot invoke relativity
principle to claim that it is A accelerating. There is no real paradox here,
it appears so because you use the SR that works for inertial observers to a
non-inertial B'*’. So the answer is that B, the astronaut will return to earth

with 8 years younger than his twin brother.

127" A curious one may ask that during the B’s acceleration/deceleration, is A allowed to use time dilation formula?
Indeed A can, because for A though B is accelerating./decelerating, A can divide it in many tiny time intervals
where within each interval B is moving with certain velocity, this is called instantaneous inertial frames from A’s
point of view. Of course this will complicate the computation since the v is changing .In the above estimation, let’s
assume that the acceleration/deceleration is completed in a very short time interval (it may kill B but that’s ok in
our example), so this will not affect time estimation in A’s frame and 10 years is a good approximation. We cannot
apply the same to the non-inertial observer B and to explain B’s point of view, some knowledge of general
relativity will be needed, because that is the correct theory works for B during the acceleration/deceleration.
Actually the B’s point of view can be worked out from special relativity only and we can see when the strange

things happened in B’s frame, the general relativity on the other hand tells us why this strange thing happened.
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Example 2. Decay of muon measured in the lab.

This is a demonstration of time dilation effect. The muons (another kind
of elementary particle which is charged as electron but about 200 times
massive) can be produced by cosmic ray (high energy particles from
universe) hitting the atmosphere surrounding the earth. The muon has
very short life time which is about 2 micro-second (2us =2x107s). This
is the proper time measured (or inferred) in the muon frame (i.e. the
frame in which muon is not moving, you have a watch, running as fast as
muon so to stay right beside it to measure its lifetime in this frame). So I
should put 7 =2us. The lifetime is defined as for every time interval of
7, the number of muons will drop by a factor of e™'. Or: A(¢) = Aoe_;.
(in case you are interested that what this muon decays into, it decays into
electron and neutrinos) The muons produced by cosmic rays will travel at
high speed close to c. Even at this high speed, if there is no time dilation
(pretending that you only know classical mechanics) hardly any muon
will reach the ground. The earth outer atmosphere is about 20km above, it
takes muon about 7~10"*s, and the fraction of numbers reached to the
ground would be negligible according to the classical mechanics: e .
However muons produced by the cosmic rays had been detected on earth

by Rossi and Hall in 1941, and a repeat demonstration of this experiment
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by Fritch and Smith is what I am showing here'".

The experiment is detecting a group of muons with selected speed whose
7y ~ 9, meaning v~0.994c. This was achieved by letting the muons passes
through certain thickness stopper (to set the low limit of velocity), and
stops in a thin layer of scintillator (the electrons released in the decay will
make this layer of material luminous) thus sets the high limit of velocity .
So a group of muons with certain speed can be detected. The experiment
was first carried out in the mountain top which is about 2000 meters
above sea-level. The record of selected group of muons is 563/hour (on
average). Then the experiment was repeated at sea level, and the record
was about 400 counts/hour.

From the classical point of view:

A

sea—level

=Ae """ =A™ = 4,e """ 220

This will give us only 20-counts/hour which is far from the experimental
measurement. The reason is time dilation. In the muon frame, its proper
lifetime is 2us =2x10"s, but viewed from the lab clock, the decaying
process would last longer, by a factor of y~9 . This means
At=yr=18x10"s, and this number should replace 7 in the decay

formula, since both times are measured by the lab clocks :

—t/A —vt/vA —2000m/5400
_Aoett:Aoevtvt:AOe m mz390

sea—level ~—

This agrees well with the experimental results. So this time dilation

128 Eritch and Smith Am. J. Phys. 31. 342 (1963). Also in French’s Special Relativity, chap.4
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indeed happens for the high velocity moving particles as this kind of
experiments demonstrated.

Example3. Hafele-Keating Experiment'®’.

In 1971, Hafele and Keating took an experiment that each of them aboard
a flight around the world, one from west-to-east (along the earth spin), the
other from east-to-west (against the earth spin). Each of the passengers
took an atomic clock that can record the time with ns (10”s) precision.
After the round trip each of them compare the time elapsed according to
his own clock with the one stays on the ground, the result agrees with the

computation using relativity.

East EA
VIlv
B A
%
v
West w

As the figure shows, we have to choose an inertial observer, let this be A,
an imaginary observer fixed to sun. This one is introduced because the
earth frame, the east-bound and west-bound frame are not inertial. With
this setup, there are 3 frames moving relative to the inertial observer A.

These 3 frames are accelerating but we can treat them as instantaneous

129 Hafele and Keating, Science 177, 166-168; 168-170. (1972)
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inertial frames:
1) The B frame that spins along the earth, with velocity v, relative to A
2) The East-bound frame E, it is an airplane flying with speed v relative
to earth. Its speed relative to A is v+ v, (strictly speaking, I should
use relativity velocity addition which I have not talked yet, but in this
case the speed is low enough to use the classical result)
3) The West-bound frame whose speedis v, —v relative to A
To simplify the computation, let’s consider a special case that E, W took
off and landed at B at same time after a trip around the earth. The time the
trip takes in A’s frame is time t (setting all t=0 at the take oft , so I shall
skip writing A), in B’s frame is 7,,and 7,,7, respectively for E and W.
Noticed that I am using 7,,7,,7, , because these are proper time (time
interval between events at same place) measured in their frames. Notes
that the t in A’s frame is not a proper time, though it may appears to you
that the planes came back to the same place, why cannot t measured by
the A’s watch be proper? Well the simplest way to calculate t (to use the
simple formula of time dilation)is to imagine a network of observers
fixed in space of A’s frame, say one on top Indonesia, one on top of
Maldives, one on top of Kenya....at t=0. As the flight passes through
these observers, they record the time interval. At each interval, it is like
the situation shown in the figure above, and flights and earth’s spin are

linear motion with constant speed for these observers, and A’s observer
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can use time dilation formula. You add all the time intervals recorded by
these observers to get t, so t is not a proper time'~". but this t is related to

the proper time in the other frames by:

T Ty

T
\/l—vsz/c2 \/1—(\/S+v)2/c2 \/1—(vs—v)2/c2

Our job is to compare the time in B,E, W (these are measured data in the
experiments by the atomic clocks in the plane and on the ground):

7, 1s the easiest to calculate. It is the time according to ground controller
in the airport for the flight around the world. The speed of airplane is:
v=800km / hr =220m / s, the flight is around world close to equator, so

the total distance is 40000km.

Ty =M=50hrs =1.8x10’s
800
Using this we can compute 7,,7,, with v, :W =460m /s, you
r

can directly plug in the numbers to get 7,,7, and thus gives the
difference between the readings 7, -7, and 7, —7, (try it yourself
and you will see the disadvantage of this direct plug in). I shall instead

proceed with further simplifications in order to ease the computation:

17 1 (v, +v)
7, ~t(1 —EC—‘z); 7. ~1(l —E‘T); 7, =t(1—

1, -’

202)

130 Actually the B,E,W may not end to the same position in solar space as takeoff, so t is really not proper time
from this simple argument. However the above shows you why I can use time dilation, though the velocity is
changing directions, this is the same trick of instantaneous inertial frames I talked about in the footnote in twin

paradox
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Ateast = z-E - z-B = _5 2

1vy—?
Af ZTW—TB:—S—zf
2 ¢

west

Calculate t (it is practically just 7,= 1.8x10°s) and put in the numbers
for speed:

At ~-=250ns

east

At,,, =+150ns

This result makes sense, since the eastbound travels faster so its time 1s
dilated more (the clock runs slowest) compare to that on earth; while the
west bound travels at the lowest speed and its time is dilated less.

There is another important factor that I skipped here, the gravitational
effect on time. The plane is flying high above the ground (say 10000m),
the effect of gravitation on time cannot be neglected in this experiment
and it can be estimated from general theory of relativity (time dilation due
to gravity) which I won’t cover here. With all these effect taken into
consideration, and computed with the real flight data (height, speed, etc),

the computed results from relativity theory agree with measurement.

nanoseconds gained

predicted
gravitational kinematic total measured
(general relativity) (special relativity)
eastward 144=14 —184 £ 18 —40+23 =59+ 10
westward | 179=18 96+10 275+21 |273£7
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11.4-2 Length Contraction

Constant speed of light and time measurement will enable us to measure
distance (length). Suppose you want to measure the distance between
Beijing and Tianjin, it is straightforward to send a light signal and
received by a receiver at Tianjin, record the time interval between events
of sending and receiving with synchronized clocks located at Beijing and
Tianjin, the distance then can be calculated. Or another way is to as the
figure below shows to use a round trip of light signal between start and
destination, such as put a mirror at Tianjin and reflect the light back along
its incoming path to Beijing. The round trip time can be recorded with a
single clock at Beijing and the distance can also be computed from this
time interval, this way we do not need synchronized clocks. This is all
true for the measurement within one inertial frame.

We have seen that time measurement between events by observers in
different frames will be different in the last section, and since time
interval measurement is important in distance measurement, this will
have an impact to the distance measurement, resulting in what is called

length contraction.
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\ 4
A 4

The figure above shows the arrangement. A train has length /’in its own
frame S’, 1.e. the frame that is moving along with the train so that the
train is stationary in this frame. What the length of the train measured by
the observer on the ground, i.e. what is /? Suppose a light burst at one
end of the train (event 1), and the light will be reflected by the opposite
end of the train and take a round trip and back to its starting point (event
2). Within frame S’, this gives us:

2l'=cAt'=crt

Because the two events in S’ frame happened at same location, so the
time interval is recorded by the single clock at the left end of the train, it
is proper time. Now how these events appear to observers in S? The
figures on the right show what S observes: The total time interval
between the events are:

At=t +t,

ct, =l+vt) >t =——
c—v

[
c+v

Af / N / iy 22c2:2_l i 2_21 5
c—v c+v ¢ —v cl-vi/c c

ct,=1-vt, >t,=
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From the time dilation in the previous section, we know the relation:

At=yt

A, o

C
l/

[=— (11-10)
4

This is the length contraction. It says when an observer (here S) measures
the length of a moving object (the train), the length would be smaller
(contracted) comparing to the measurement if the moving object is
stationary (in S’). I could give discussion like those A),B),C), D)
following the time dilation, but I shall skip most of it since they are
similar.

Let’s look at a symmetrical event: in this case, it is the ground observer (S)
has a length stick/, what this length stick measured by the observer on

the train? Following the similar arguments, the length measured by S’

would be:
l’:i (11-11)
4

Just like you cannot plug (11-7) into (11-8) in the time dilation case, you
should not try plug (11-11) into (11-10), because they are referring to
different sets of events. Similar to the proper time definition, we can
define proper length / . It is the length measured in a frame in which
the object is not moving, another same saying is that it is the length

measured in the frame that is co-moving with the object (the proper time
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is also the time measured in the frame that is co-moving with the particle
like in the muon case). With this definition, the length contraction can be

summarized as:

/
[==2  (11-12)
y

Repeat myself once more: /is the proper length measured in a frame

that the object is stationary; [ is the length measured in a frame that the

object is moving.

Example 1. Another way deriving the length contraction

The setup is similar but no light signal. A moving train (S’) with v is
passing a ground observer S. The two events are the head of train passes
the ground observer, and the tail of the train passes the ground observer.
The ground observer will record the time interval between the events as
At , and since the velocity is v, the ground observer will conclude that the
length of the train is: /=vA¢. According to the S’, the time interval will
be Af', and the distance travelled by the ground observer is: ['=vAt'.
There is relation betweenAs and At¢', question is which is the proper
time here?

The proper time here isA¢, the time measured by the single ground
observer at same place (the At'is measured by the head and tail observers
in S’ which is not at the same place). So we have At =yAt, and plug this

back into /"=vAt" (we can do this because we are talking about same
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events): I'=vyAt=yl, so l=l—,same as (11-10).
4

Example 2: Muon decay experiment from muon’s point of view

Last section, I solved muon decay in the lab frame with time dilation.
Now we shall see that how the same result in muon’s frame (a frame
travels at same speed as muon). In this frame, the lifetime of muon is just
the proper time 7 =2x10"°s. What is the distance between the mountain

top and sea-level viewed by muon? This distance 2000m (proper length

[
in lab frame) will be contracted in muon’s frame by 7 ~9,ie.l'=-2%
Y

A -4 e—t'/r =4 —vt'Ivt =4 —1'/600m =4 —2000m/9x600m

sea ~ ““mountain mountain mountain mountain

This is exactly same as before.

There is one important point to be discussed, that is the length
perpendicular to the direction of motion. We see that different observers
will get different length along the direction of motion, and the following
argument based on the relativity principle makes sure that different
observers have to agree on the length perpendicular to the motion.
Suppose we have two meter sticks with equal length measured on the
ground, both are 1 m. One of the meter stick was carried on a train and
both sticks were hold vertically. Suppose also we attach laser guns on
the head of these meter sticks, let them shoot (always parallel with the
horizontal plane) each other when they across. If the meter stick aboard

the train (y’) is contracted according to the ground observer, then the laser

426



gun on y’ will hit the meter stick on the ground (y) below 1 m line, while
the ground stick will hit the one on train above its 1 m line. However for
the observer on the train, it is the ground stick that is moving and
according to the relativity principle, the ground stick will be contracted.
That means the laser gun on the train (y’) will hit the stick on the ground
(y) above 1 m line; while the y will hit y’ below its 1 m line. These are the
same events observed by different observers, the results are contradictory
to the different observers if the contraction (or elongation) along
perpendicular direction happens. So there will be no change in distance
along the perpendicular direction, i.e. y=y’ and z=z’. This result is used in
the derivation of time dilation where I used same vertical/, and above
argument is the justification of doing so.

A final remark on the length contraction: The contraction I am talking
about is the result of measurement, you use the stopwatch to let the end
and tail of a moving rod passes you and computed length from time
interval as in example 1; or with the help of the network of observers in
your frame, measure the value of x of the head and tail of the moving rod
simultaneously. Simultaneous measurement of both head and tail will
give you the length in your frame. This length is smaller compared to the
value of proper length, the length measured by the observer riding with
the moving rod (I realized I repeat myself again, forgive this

blibber-blobber). This is not the length you really see with your own eyes
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(in the mundane sense), that is a perception. Seeing with your own eyes is
a different ‘measurement’, i.e. the light scattered from the rod reach your
eyes simultaneously. In this case you have to take the travelling of light
from the object to your eyes into account. The result is not a contraction
of the moving rod, instead the rod appears to your perception as rotated
around an axis perpendicular to the rod and your line of view. What I am
saying is if you take a photo-picture of the moving rod with a camera, the
rod in the picture is not shortened but rather rotated or tilted. The detail

analysis will not be discussed here''

, the lesson is again that seeing (in
mundane sense) is not same as measurement in relativity. We have
stressed this before, but our old habit somehow always makes these two
as equivalents. It would be true if the light travels at infinite speed and
takes no time to reach our eyes, but that is not the case here in relativity,
though it is a pretty good approximation in our daily life to treat such
speed as infinite. You probably would not believe that it took 50 years
after the birth of special relativity, physicists noticed this difference and
Terrell was first to point this out in 1959. Another similarly related topic
is for time dilation, it is also the results of measurement, a network of

observers read watches and make record of time. It is not one observer

really looking at the clock hang on the wall of a moving train with his

31 If you want to learn more on this issue, please refer to Greiner’s “classical mechanics, point particles and

relativity’, chap.31. or to the original papers by Terrell, Phys. Rev. 116, 1041 (1959) and Weisskopf, Phys. Today
13, 24 (1960)

428



own eyes, that is a different observation and we shall discuss this later in

Doppler shift.
11.4-3 Simultaneity is Relative

Here is another fundamental effect from the postulates of SR, we shall
see that it is the root of time dilation and length contraction. First we need
to define simultaneity, simultaneity of events means just the events
happened at the same time. We discussed that no problem for the
simultaneity of events happened at same place. But for events happened
at different places, it has to be recorded by the clocks at those different
places and this requires synchronization of the clocks. How to

synchronizing the clocks? Using light signals, for example:
L!

B’ iTE A

M!

In the frame of a train S’, with length L’ and the head-tail ends are A’,B’
with the middle point M’, a light signal goes off and sends light towards
head and tail, the light will take exactly same time in S’ to reach A’ and B’,
so these two events (A’, B’ receiving the light signal) are simultaneous in
S’. It can be used to synchronize the clocks at A’ and B’, say at the time
they receive the signal, both clocks are set to zero (or some other fixed
number). However what are the two events (A’ and B’ receiving the light)
when viewed from another frame? Suppose the train S’ is moving with
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certain velocity v w.r.t. ground S. In the train’s frame S°, A’, B’ are
simultaneous, but for the ground observer in S frame, they are not! The
reasoning is straightforward as the figure below describing the events

observed by observer on the ground:

L
! !
B ke A5y =0
t=t,
|
i > 1=t
|
|
i ' . x
Xp X4

Three snap shots are sketched in the figure viewed by S. The event that
the tail of the train receiving the signal is before the head, the two events
are not simultaneous from point of view in S! Similarly if two events are
simultaneous in S, then viewing from S’, the events are not simultaneous,
the event at the tail end will happen before the head events (head, tail are
defined along the direction of motion). The reasoning is exactly same just
with the direction of motion reversed. This is the meaning of the claim in
the title that simultaneity is relative. People in different frame cannot
agree upon the simultaneity of events happened at different places.

We see that simultaneity is crucial in synchronizing the clocks, so
synchronized clocks in one frame for instance, say the clocks are

synchronized in S by the simultaneity of light signal receiving method
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described above, it will appear for the observer in S’ that they are not
synchronized according to S’ clock and this will give rise to time dilation
and length contraction in the measurement of time and length between
different frames. I shall describe this quantitatively in the following
paragraphs, thus explain the puzzle I raised previously: namely how come
when A concludes that the B’s clock running slower, however B uses his
slower clock concludes that it is A’s clock running slower (same puzzle
for the length too).

First let’s calculate for the events that the tail and head of the train
receiving signals simultaneously in the train’s frame, what are the
measurement results for the ground observer?

The tg can be calculated from the sketch in the middle:
L : L
Vi, +cty = By here I used the fact that the event 0 (light goes off') is still

at the middle point of the train. This true, though there will be length
contraction so that L= L', but the contraction is uniform so that the

middle point in one frame would still be in another.

k]
B2+

Using the lowest sketch, easy to get:

L 1
t,=

T 2c-v
The time difference between event 1(tail receiving light) and 2 (head
receiving light) are:
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L, 1 1 Lv 1
Pl e

AtAB:tA_tB: -V c+v c —V

So the events viewed in S are not simultaneous but different by this much.
I shall further express the above in terms of spatial coordinated difference
between events in S:

Ax,, =x,—x, =L+VAt,, straight from the two sketches in the figure,

now put the expression for the time interval into it:

Ax,,=L+L = ~L=y’L""
c —V c —V

So rewrite the time interval as:

1%

My =—Ax,  (11-13)

This says that for simultaneous events A’, B’ in S’, the time difference of
these events measured in S frame is given by (11-13).

This derivation is closely related to the length contraction as indicated in
footnote 132. Here is a detailed account. How we measure the length of
an object? We take a record of the position of head and tail and subtract,
say L=x,—x; or L'=x/,—xj . If the object is stationary, then you can
measure the head and tail at any time you like. However, if the object is

moving with respect to you, you have to measure the position of head and

132 This seeming simple result is not surprising if you brood on it a little while. The L is the measurement of length

L’in S’ by the S observer, so that L = L'/ y. The Ax,; is the distance in S but if measured in S’ would be just L’

(think of the reason for this yourself, I will come to this immediately in the notes). That means: p=as , and this
/4

ill give th It: ’
will give the same result: Ax , =7 L
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tail simultaneously! It does not make any sense if you measure the head
of a moving train at one moment, take a nap, and measure the position of
the tail, you will certainly get shorter distance. So simultaneity is
important in the measurement of length of a moving object.

But we have seen that simultaneity is a relative thing, different observers
in different frames cannot agree upon it, and this cause the difference in
the measurement of length by different observers. Back to the above
example, for the observer Bob on the train S’°, he wants to measure some
distance. The train itself can act as a ruler with length L’. Bob equipped
the train with two laser guns at the head and tail and he will shoot these
guns simultaneously in his frame (such as triggered by light signals from
the middle), the shooting will strike AnDingMen (A) and BaiTaSi (B) on
the ground and thus Bob will conclude that the distance between A, B is
L’. Because though AB is moving in Bob’s frame he measured it
simultaneously (according to him). However from the above derivation
we see that the ground observer does not agree on this. What he observed
is that Bob’s train shoots BaiTaSi first and after a time interval (according
to ground clock) given by (11-13), the head of the train shoots at
AnDingMen. The distance covered on the ground is just the Ax,,
calculated above which is larger than L. The ground observer thus accuse
Bob measured the proper distance (AB is not moving on ground so its

distance is proper for the ground observer) with an improper method
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(same as Bob measured length of moving object head first and after
awhile, measure the tail) and thus the result L’ disagrees with Ax .
Similarly if the ground observer Adam tries to measure a proper distance
in the moving train, Bob would also see the measurement conducted by
Adam that is simultaneous according to Adam is not simultaneous to Bob.
Thus the lack of agreement upon simultaneity helps us to understand why
the results of measurement on length are different in different frames.

Now comes the time dilation from the lack of simultaneity. This can be
understood as problems in synchronization of clocks. Because we use
simultaneity events to synchronize clocks, a disagree upon simultaneity
means disagree on the synchronization of clocks. Still use the Adam (on
ground) and Bob (on train) example, Bob synchronized his clocks but

Adam would not agree on this. Here is how:

1%

Equation Af,, =—Ax,, (11-13) tells us exactly this. For a simultaneous
c

events viewed by Bob, say at exactly time #'in Bob’s clock, this means
all the clock’s in Bob’s frame points at ¢’ (synchronized). The clocks in
Adam’s are not, they are different as distance changes. Suppose Bob hires
a network of observers and let them watch out (really see in mundane
sense, but since the distance between the observers on the train and
clocks on the ground can be taken as small as possible in this network
observers case, we can neglect the travel time of light from clock to the

observer) the window of the train, see the clocks on the ground (Adam
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ordered his network of observes raised their Rolex for Bob’s to see). At
that time ¢ in Bob’s frame, the figures below are what the Bob’s
observers see:

5 0.0 O

~—

~—

? 2% ¢

In Bob’s view, the clocks in Adams are not synchronized as Bob’s. The

tail ones (the one on the right, since to Bob, Adam is moving from right
to left with v) are ahead of time than the head ones. Suppose a proper
time interval 7 in Bob’s frame such as defined as time intervals between
a tick-tock of one of the Bob’s clock B’, let’s see the time interval
measurement by Adam’s clock in Bob’s point of view (we had done this
in Adam’s point of view in time dilation):

At the event of tick, Adam record with clock at B; at the event of tock,
Adam record with clock A (assume now A moves to overlap with B’ at
the tock). Bob figured that Adam takes the record of time on clock A and
B and subtract them to get the time interval of the tick-tock, but this is not
proper according to Bob, because the clocks B,A are not synchronized in

his view. A is ahead of time, so the subtraction will be more thanz, and
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Adam’s measurement of tick-tock will be longer, that is why Adam has
time dilation. This explains to Bob, how can Adam uses a slower clock,
measures Bob’s clock rate and concludes that it is Bob’s clock running
slower.

Now let’s work out the same formula for time dilation from Bob’s point
of view, it is more involved than derivation from Adam’s.

Within time interval 7, Adam moves a distance according to Bob by:

AxX' =vr

In Adams frame, the actual distance is:

Ax = yAx = yvr

So the difference due to poor synchronization according to Bob is:

2
v

At = Ax ]/—Z'
¢’

There is another time need to be considered for the total time A¢, that is

during the tick-tock, how much time elapsed on clock A, the A¢,? This
happens at clock A, so Atz 1s proper in this case, 1.¢.:
JAt, =7 or At,=t/y

Then the total time measured by Adam during the tick-tock is:

A=At + AL, (7/—+ ) Sy,
'y
v Vet =V
2.2 2 2 2.2 .
Vi+c =———+c =————=c"y", put this back
4 1-v/c’ 1-v* /¢’ 7P
At=yt

This gives back the (11-7) time dilation. The calculation is from Bob’s
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point of view and i1s more complicated than before.

In solving problems in SR, I strongly recommend you to specify the
events and work out the problem using one frame. In the above
derivations, I have to switch back between frames which are bad for
beginners unless you know what you are doing, because this could cause
confusion, such as what is proper length or time etc. So the good strategy
for beginner is choosing one frame and stick to it as long as possible, list
out the events what you observed from the point of view of the frame you
choose and work from there. The reason I am showing you the example
above is of course to let you see how time dilation arises from Bob’s
point of view, still rooted in the disagreement of simultaneity and thus
resulting in the problems of synchronization of clocks viewed by
observers in different frames.

In SR, there are generally many different ways to solve the problem, at
least two, one from each frame of your choice. A wise choice may give
you easier solution, the other point of view though may (not always) be
complicated but it can offer more physical insight or at least served as
double check.

The example I am doing so far only used or at least started from the
postulates only, these postulates will give us a powerful tool besides the
important effects talked in this long section (11.4). We shall see the

relations in this section can be much easier derived by the powerful tool.
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That 1s Lorentz Transformation we are going to discover.
Also in order to have real physical meanings, the y has to be a real
number, this means no frame is moving faster than speed of light, i.e.

v<c,and y =1 from its definition.

Chapter 12 Lorentz Transformation and Kinematics in Special

Relativity

In this chapter, I shall first derive the most important relations in SR, the
Lorentz Transform (LT). Then we shall see how to apply the Transform
and see all those fundamental effects we discussed in the last chapter can
be worked out directly from the LT. We shall also discover there is a
golden combination of space-time that does not change (invariant) in the
transform (though we will exploit this feature in much later time). The
LT can be expressed nicely in a geometric form---Minkowski diagram
and this give us a direct ‘picture’ sometimes helpful, such as in discussion
of cause-effect. Applications and examples of LT will be discussed, such
as the important Doppler effect and some interesting ‘paradox’ problems.
The chapter will end with velocity rules in SR which will be important in

the development of dynamics in chapter 13.
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12.1 Lorentz Transform?133

—>v

TEm

S'

\ 4
v
%)

The setup of coordinate systems (frames) is shown in the figure above.
The x and x’ axes are overlapping with the relative velocity between the
two frames. This seems like a special case, where most generally, the
velocity could be any direction. However, in many cases, we can setup
our coordinate system so that x,x’ overlaps with v. Suppose an event
happened somewhere at sometime. This same event E when viewed by S
happened at (x,y,z,t); and at (x’,y’,z’,t’) by observers in S’. What we are
looking for are the relations among the space-time coordinates between
the two inertial frames for the same event. When you change from one
frame to another, the coordinate changes accordingly and this is called
transformation (just like when you rotate x-y-z in old days, the
coordinates changes accordingly, that is rotational transformation).

(The following argument shows you the physical argument leading to

equations (12-1) below, you may skip it and dive to (12-1) directly) The

133 Strictly speaking, the transform we are considering here which only involves translational motion between
frames is called pure Lorentz-Transform (also called Boost LT), it is a subclass of more general LT which includes
rotation of the coordinates and is called restricted LT; the restricted LT in turn is a subclass of even more general

transform that includes other symmetry operation such as inversion or reflection etc.
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transformation will be linear, i.e. it will be in a general form:

!’
X =a,Xx+a,y+a,z+a,l
V' =ayX+ayy + a5z + ayt
!’
zZ =ayX+a,ytaz+a,,l

!'=a,x+a,y+a,z+a,t

The reason of these linear relations is because of the homogeneity of the

space, i.e. you can pick up an arbitrary point as origin and the results

should be same. Imagine that if we have non-linear relation such as:

x' =ax’, now suppose we have a rod with ends at x,, X,. The length in the

S> would be: x] —x} =a(x’ —xJ). Let’s change the origin (translate the

coordinate by a some fix value), so in this new origin, the two ends are

X tb,x,tb: x| —x} =a[(x, +b)* —(x, +b)’]. This is different from the

value before the translation of origin. This means the observation will

depend on the origin of choice so that violates the homogeneous space.

That is why the transform has to be linear.

Linear as they are, there are still 16 unknown coefficients need to be

evaluated. However the isotropic (i.e. rotational symmetry about axes)

space would help us get rid most of them.

a) Consider x'=a,x+a,y+a,z+a,t, now if I rotate around the x (or
x’) axes by 180 degree (by any degree if you want). This will not
change x and x’ value as well as t, but the y and z are changed to —y
and —z. To keep this equation, the a,, and a, have to be 0 (or

a,,y + a;;z combination is 0 which is same thing since y and z are
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independent, only possible combination make above 0 is coefficients
are 0). This leave us: x'=a,x+a,t. Note that it is fine for me to
rotate the x axis and claim that the transform (all the coefficients)
should be same. This is because we are trying to find transformation
due to constant motion between frames, meaning the transform
coefficients should only depend on the motion velocity. We set the
coordinate axis of S overlapping with S’: x-x’ overlaps and along
direction of motion; the y overlaps with y’, z with z’. When I rotate
the x axis, I do not change the expression of v.

b) y'=a,x+a,y+a,z+a,t. A similar rotation around x(x’) axes 180
degree will leave x,t unchanged, y to —y, z to —z and y’ to —y’. This
will give us a,,,a,, are 0. With our choice of coordinates as shown in
the figure, the x-z plane always overlaps with x’-z’. So any event
happens in the x-z plane in S frame would be observed as in x’-z’
plane in s’ frame. This just means the y=0 (x-z plane) would transform
to y’=0 for any z. Using this fact, then for y'=a,,y+a,,z thena,,

!

should be 0, so that y= > From relativity principle, the coefficient

ay
has to be same independent of which frame you are in, i.e. If Adam

observes Bob’s rod getting smaller or larger; Bob has equal right to

: . . 1
claim same thing to Adam’s rod. This means a,, =— —>a,, =1 (the
22

rejection of a,, =—1 1s obvious, it has to reduce to Galileo transform
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at low velocity). So we have )'=y and similarly z'=z. This is a
proof of vertical distance is unaltered where I argued with relativity
principle before.

c) t'=a,x+a,y+a,z+a,t . Similar arguments as above, rotating the x
(x’) axes only alters y and z so that their coefficients (or combination)
are 0. So t'=a,x+a,t

Now the 16 coefficient above are reduced to 4 unknowns:

X' =a,x+a,t
t'=a,x+a,t  (12-1)
y':y Z,:Z

There are quite a few ways to work out their expressions. The basic
method is to pick out some events such as the events chosen in KK (table
11.1). Since we have already worked out some fundamental effect from
the postulates directly, we can apply those here to find out the coefficients,
1.e. the toil we spent there makes this derivation easier. (The events
chosen below to derive the Lorentz Transform is not unique, you may
choose other events deriving the same thing.)
A) The origin of the S* (x’=0) in the S frame is moving with velocity v to
the right and this will give us:
x'=a, (x—vt)

B) Using length contraction, for a proper length x’ is S’, if we measure its

!

o : RS
length we have to do it simultaneously, 1.e. t=0 and then x=—. From
/4
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the above relation, this leads to:
a, =7

C) Using time dilation, for a proper time in S, i.e. time interval t at x=0,
we have ¢’ =yt, and this leads to:
Ay =7

D) Now only one coefficient to be evaluateda,,. I shall use the relativity
principle on the time dilation, i.e. a proper time t’ i1s S* (x’=0) would
be:

t=yt

!

The x needs to be replaced by x” with x'=y(x—vt) > x= X vt ,

!

] x b b 2 2
t'=a,x+yt=a,(—+vt)+yt, for the proper time in S’, x’=0, then:
/4

t'=(a,v+y)t,so compare with =yt

1 11_ 2 4,2 2
(av+y)=——a,=— i’ :i vz/cz):_lzl72:_7l2
y v oy vy 1-v/c cy c

Now we have all the coefficients and the transform 1is:

x'=y(x—vt)
Vi=y, 2=z (12-2)
, %
t :]/(t——2X)
c

This is the famous Lorentz Transform, once again it relates the space-time
coordinate of same event in different inertial frames that is moving with
v relative to each other. Actually it is intervals of space-time coordinate

(above the event 1 is taken as the overlap of the two origins
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t=t'=0,x=x"'=0), so for any two events when viewed from S and S’,
their space-time intervals are related by:

AX' = y(Ax — vA?)
A=Ay, A=Az (12-3)

, \4
AF' = (A= — A)

The form 1is not quite symmetrical between x and t, this is because we are
using units in which c#1. If we use unit c=1 (i.e. distance is measured
by light-second while time is still second) or using ct and ct’ (they will be

in dimension of distance), the transform will be more symmetrical:

X' = y(x - E(cr)) = yx—yB(ct)
ct'=y(ct) - ypx

(12-4)

If we ask knowing the x’,t” of events in S’, what are the x,t in S? The
relation should be same from relativity principle, only the v changes to —
v:

x=y(x"+vt") Ax =y (Ax"+ vAL)

x=yx"+yB(ct'
y:y’, Z:Z, or Ay:Ay', AZ:AZ' r 7 718( )

(12-5)
ct =y(ct') + yfBx’'

f=y(f'+—x)  At=y(A+—AX)
C C

12.2 Fundamental Effects from LT

In this section, I will show that we can get the fundamental effects, i.e.

time dilation, length contraction and relative simultaneity, from Lorentz
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Transform. Of course during the derivation I already used some of these,
it may appear like arguing in circle. The fact is that the LT can be derived
without invoking the effects directly from relativity principle and
constant c. This will provide an easier and nice way to remember those
effects.

(1) Time dilation

The proper time in S is the events happened at same place with time
interval, this means: Ax=0,Af7 =7, then from (12-2) or (12-3):

At' =yt

This is the formula for time dilation effect we talked before. If the proper
time is in S’, then you work out the result.

(2) Length Contraction

For a measurement of proper length in S°,i.e. Ax'=[ (it is stationary in
S’), we have to measure it at the same time in S, i.e. Ar=0, (12-3) will
give us:

Ax'=1, =yAx=yl

This is the length contraction result before. Notice that I have explicitly
specified events in the time dilation and length contraction to avoid
confusion. For the measurement of proper length in S, you figure it out
yourself.

(3) Relative Simultaneity
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For a simultaneous events in S’, say all the clock on the train all point to
12 on the train, A?'=0. The readings of the clock on the ground (S) will
be different depending on its position, from (12-3):

0= y(Af ——Ax)
C

At =2 Ax

e
This is the (11-13) that I worked out with more effort before. As always, |
will ask you to figure out for simultaneous events in S (ground clock all
point to one reading for the ground observer), what are the clocks on the
train viewed by the ground observers?

Mathematically, starting from LT and work out the effects are simplest,

however the reason I goes other way around is that I hope you will

appreciate the physical reasoning from the points of postulates more.

12.3 Space-Time Interval: an Invariant under LT

The LT above clearly shows the relations between the space-time
coordinates of events viewed by different inertial observers. The spatial
distance, the time interval between events will appear differently for
different observers, it seems like the slang: nobody agrees on nothing.
But there is something invariant, means unchanged, upon transformation.
We shall see what this will be.

Actually the constant ¢ offers a clue on the expression of the invariant:
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Suppose a light goes off, a photon flies with same ¢ in all frames, this
means the relations:

cAt=Ar in S and in S’ we also have cAt' = Ar',we find that the value:
(A1) = (Ar)’ = (Ar) — (Ax)” — (Ay)> —(Az)> will have same value in
all frames (of course you plug in the coordinates measured in the frames),
it is always 0 for the light in all frames. This should provoke you to think
that besides light, for any other events, do we have a similar invariant
property of the above relation? i.e. for any events when viewed in
different frames, such as a particle flies across space between staring
point A and end point B. The space interval and time interval measured
by different observers in different frame will be different, but do we have:
(A1) = (Ax)’ = (Ay)" = (Az)" =c*(Ar)" = (AX)" = (&)’ = (AZ)" (12-5)
It may not be nice value 0 as for light, but its value is unchanged upon LT.
Indeed the (12-5) is true and the proof is direct from LT (I won’t consider
y and z below for obvious reason):

(cAF'): = 22 (At —c—vax)z

(AX')* =y (Ax —vAt)’

, , vy’
(ALY = (AX') = P2 (ALY + CZ (A)* =V 72 (A1) = 7 (Ax)?
C4 VZC2 C2 V2
=(7——=—— 2)(At)2_( 2 2 2 2)(Ax)2
cC —V cC —V cC —V cC —V

=c* (A1)’ - (Ax)’
QED.

Sometimes we may drop the Asymbol if the starting event is the overlap
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between origins defined before, the (12-5) will be:

(ct —x* =y =z" =(ct'y =x"=y? =27 (12-6)

The invariant value c’(Af)’ —(Ax)> —(Ay)’ —(Az)* deserves a unique
name, the space-time interval, s>:

sP=(ct) =x" =y =2 =(ct") =x"=y*=z% (12-7)

Note that it’s a bookmark to write space-time interval as s°, it is not
some squared number, so its value could be positive or negative
corresponding to time-like (s°>0), space-like (s°<0) or light-like (s°=0)
events when we talk about causality.

The relation (12-7) states that the space-time interval defined is an
invariant upon transformation. The analogy is the magnitude (length) of a
vector upon rotation. There as the coordinate system rotates, the same
vector will have different coordinates but its magnitude is same for all.
(12-7) 1s not for some length in 3-D or 4-D in the Euclid space, which
will be defined as summation of squares instead of time squared minus
the space squared. The time and space are intertwined in Lorentz
transform (change of x” depend on both x an t and vice versa), i.e. time
and space are related but not exactly equivalent. The feature of invariant
space-time interval and its analogy to 3-D vector length will fully be
exploited in the 4-vector formalism later, and that is a beautiful theory (an
advertisement here).

Since s® is same for all observers, what is its expression for the

448



observer travels with the particle? Here, the particle appear stationary,
always stays at same location in such frame, and the time interval is the
previously defined proper time! So we have equation:

st=c’r’ (12-8)

Different observers in different cars when observe something happened
on a moving train, their results of measurement are not same numbers.
But if we ask the question another way, what happened using the data
measured by different observers in the car and infers from those to the
measurement conducted on the train, the data should give the same results.
Put it more plainly that Bob may measure muon’s lifetime one value,
Adam 1n a different car will measure the lifetime to be some other value,
but if we ask to Bob and Adam, what 1s the muon’s lifetime in muon’s

frame, they all agree that it is2 s . That is what (12-8) tells us.

12.4 Minkowski Diagram

This is a geometric representation of the Lorentz Transform and gives
you a sort of ‘direct picture’ of the transform. The inertial frames are still

same as before as in the figure below:
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For any event E with space-time coordinate given by (t, X, y, z), the event

can be represented by a point in space-time diagram, the Minkowski diag.

et . ,/ ct
E

cty

v

[
»

XE X X

For a single event E, it is space-time coordinate in one inertial frame is

indicated by the dashed lines in the figure and the coordinate (x, ct, ).

134 . .
17" axis in the

Noticed that it is conventional to choose cf be the vertica
diagram, this makes the H-V axes with same dimension (both in length).
So any event will be represented by points in this diagram and a sequence
of events, such as particle flying through space over time tracing out a
trajectory, will be represented as curves or lines (as the blue one in the
figures). Such line representing a sequence of event is called world line,
the blue vertical one in the right figure represents particle E i1s motionless

in this frame: as time passes, no change of position.

For the Lorentz Transform:

13 To avoid unnecessary confusion, I shall use V (vertical) for the y axis in Cartesian, it represents ct in the

diagram. The horizontal axis (H) represents space position (1-D along the motion, usually choose to be x).
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ct'=y(ct)—yPfx
x'=—yB(ct)+yx

The world line #'=0 is S’ frame, and x'=0 (these are the H-V axes in

S’) in the S frame are:

y(ct)—1Bx=0—L— B (for £ =0, x' axis)
X

—yB(ct)+yx=0—5L :% (for x' = 0, ¢f’ axis)
X
ct (x50
(30 ct' (x'=0)
0 x' (t'=0)
9/':
x (t=0)

The red lines representing the ct' axis (the world line x’=0 in the S’, the
object is not moving in S’ would appear moving with S viewed in S)
and the x’ axis (events at different location happened at same time t’=0, a
simultaneous events in S’ would not be so in S) are shown in the figure
above. They symmetrically span an angle & with respect the ct and x

axes, and:
v
tanfd=p=—  (12-9)
c
Comment: The tilted axes of S’ are the how events been observed in S,
this does not mean that in S’ coordinate system, the x’ axis of the

Cartesian coordinate have an angle with x axes of S. They are

overlapping as shown in the first figure of this section.
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Our next question is how an event is represented by (x’, ct’), i.e. how to

read the space-time coordinate of an event in S’? For the events happened

: : , At : :
simultaneously in S°, A#'=0 or i;: f will exactly trace out a line

parallel to that of x” axes (line of t’=0); and for events happened at same

. : cAr 1 : :
location in S°, i.e. Ax'=0 orgz— will exactly trace out a line

parallel to ct’ axis (line of x’=0). So the space-time coordinate of an event
happened at (x,ct;) in S is (xj,ct;) in S and the graphic

representation is:

ct CZJ
A
P I S E
cty /////7
1) _——" '
cly /!
/I
/o
/ 1
/o x'
ro
Y | >
X, X

The space-time coordinate of event E 1s read off by drawing
parallelogram with respect to ct” and x’ axis.

There is one important catch in this diagram, in the figure above the unit
length 1s S’ are different from unit length in S! This 1s best illustrated with
Lorentz Transform or the invariant space-time interval s”. First using
Lorentz transform, for unit length along the x” axis, that is (x’=1, t’=0) in

S’. In the S frame, using:
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x=yx"+yp(ct)
ct =y(ct') + yfBx’

This givesx =y, ct=yp

Cl A ct'

(x',cty=(1,0)_ .
) o X'

> X

v

The unit length (1°,0) measured in S’ is not unit anymore to S, it is:

1 2
V=775 = P 120

1-p5°

Similarly the argument would apply to the time unit (0,1’) in S’

corresponds to (y,y) in S and we have a same expression for time unit
inS’.

These could also be viewed from invariant s, this number is same for
both S and S’. For the s°=-1 world line (all events satisfying this
condition along the line), the curve in the S frame is a hyperbola:

s =(ct)’ —x"=-1

This curve will intersect the x axis (t=0) to give unit length 1n x, (1,0) for
S. But s*> could also be expressed as space-time coordinates in S’, i.e.
the same hyperbola curve when viewed in S’, represents events satisfying:
st =(ct')y —x"? =-1

This will intersect at x’ axis (t’=0) to give unit length in x’ (which is

different than that in x). s> =—lacts as a calibration curve for the unit

453



length in both frames.

Combined all this, we have a complete Minkowski diagram:

ct !
A ct
— E
cty =]
/'r/ /!
Cly /)
| /I
/
1
/x'
ro
| Ye ) >
X
xE

The above is to choose the S frame orthogonal in Minkowski diagram, we
certainly can choose S’ as orthogonal and let S be moving towards —x’

direction. The diagram would be:

1

1

1

1

¥

¥

"
J

I have told you all the basics on Minkowski diagram, let’s now put it in
use to see some examples:

Example 1: Light propagation
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The figure above left represents a light signal generated at the origin and
time=0. Its world line is a 45 degree line in the S, like a time-path of a
particle moving with speed 1 (x/ct=1); viewed in S’, the light signal

also travels with speed 1, i.e. the light line also has same angle with
respect to x” and ct’ axes (the angle is just %—6’). The light bisects all

the inertial frames. As the relative speed v between the S and S’ increases,
the S’ axes will be tilted more approaching the light line, but since v<c,
the ct’ and x” axes never flips across the light line, the following cannot

happen:

The figure on the right is an event that light signal goes off at certain
space-time coordinate E (arbitrary), the light propagates along the +x(x)
(+45 world line) and —x (x’) (-45 world line) direction. The time taking
the light to be seen (in mundane sense) by the observers staying at the

origin of the S and S’ are the intersects at the ct and ct’ axes. This i1s
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clearly different from the event when it is happened, i.e. recording
coordinates of events is different from seeing in mundane sense, a point [
talked a couple time already, here is the direct picture.

Of course if I asked a question, a fire cracker explodes at E, (1 Is (light
second), 2 sec;) according to S, and v=0.8c between frames; calculate the
time when the light signal really seen by observers at origin of S and S’.
You can use the diagram directly read off the result (if you draw the
diagram and place the event correctly), but in this course I believe most
of you will calculate it from the LT transform which is probably faster
than drawing the diagram. I trust that you can work out this one by
yourself, do it yourself and check the answer (The diagram is shown
below): observer at S origin will see light at time=2+1=3 sec, observer at
S’ origin will see light at time=2+1=3 sec too in this special case. If the
event happens at (lls, 1s) in S instead, than for light to reach S:
time=1+1=2s; and for S’, time=1/3+1/3=2/3 s. Though you may not use
the diagram in the calculation, a sketch of it at least acts as a check for

reasonableness of the answer.

Ct’“ Ct,
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Example 2: Time Dilation

For a proper time interval measured in S, represented by the double head
arrow OB at x=0, it has time interval 7. This will be measured in S’ by the
length OA (or t’). You already notice the time dilation from the sketch but
let me show the detail calculation. It is a straightforward geometry to

show relation between OB (7) and OA (t’) when expressed in unit of S:

t'cosd —t'sinftanf =7, tanfd=pF

1 : p
cosf = , Sinf =——
1+ p? J1+ 3
_ R2
1+ p?
1 2

t'= +ﬁ2 T

1-p5
You notice that it is different from the familiar #' = y7 = =7, this is

1-p5

because the unit is not corrected yet in the above derivation, that is put in

the unit of S, it should be calibrated to that of S’, i.e. (12-10)

1+ 3
=y’ +y B = 1—?2 , t” put in this unit will give:

t'/1'=yr exactly as expected.
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Comment: Noticed that this computation (solving geometric problem)
may be more complicated than the algebra method with LT, the advantage
of the diagram is its illustrating power, that it helps you to ‘visualize’ the
time dilation (just like the regular algebra and geometry, prove two lines
are perpendicular may be easily done by a dot product using vector
algebra rather than prove it geometrically, but a drawing of perpendicular
lines does help us understanding it)

For the case of proper time in S’, it is left for you to ‘visualize’ it using

the above diagram.

Example 3: Length Contraction

The figure on the left represents a rod rest in S’, the world lines of its two
end trace out two straight lines, one is just ct’ axis, the other is the red
dotted one. (the rod is stationary in S’ but moving with v in S). When S
observer tries to measure its length, he has to do it simultaneously
according to him, so OA is the result (he measured the head and tail of the

rod at t=0 1n his clock, of course he could choose other time t=2 etc.,
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same result). Geometry leads:
OBcos@—OBsinftan 6 = OA

OB is unit of S’ is /', since we like to know the length measured in S, so

better express it in unit of S, i.e.:

1+ p?
OB=1I ﬂz , 0OA=Isimilar calculation as example 2 will give us:

!

I'=yl or Z:l—
v

For the measurement of a proper length in S (the rod is stationary in S),
its end trace out world lines parallel to ct axis. S’ has to measure it
simultaneously according to him and the computation is left for you to

finish.

Example 4: Simultaneity

The two graphs I hope clearly demonstrate the simultaneity is a relative
thing. The figure on the left shows the simultaneous situation in S’: The
light signal emitting from the middle of train, reach the head and tail
simultaneously. So for S’ the two events A’, B’ happened as same time

which is also nicely shown that the A’B’ line parallel with the x” axis (all
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the events happened along this line is at the same time in S’). But the A’,
B’ in point of view of S is clearly not simultaneous, A’ occurs before B’
(the tail-end happens first, ahead of the head-end). The calculation using

geometry to show that the time delay in S 1s the one given in (11-13), i.e.:

At = %Ax is left for you to prove.
c

The figure on the right shows you the simultaneous event in S, A,B when
viewed by S’, are not simultaneous anymore. The tail end B (AB 1is
moving to the left for S’) happened first, earlier than the head-end A.
The time delay in S’ can be easily found out using LT, and if interested,
please calculate it using the geometric of the diagram.

We have discussed the basics on Lorentz Transform and in the following
sections, we shall apply the stuffs we learned so far to see some

implications and applications.

12.5 Cause-Effect (Causality) and Speed Limit on Particles and

Signals

Using the invariant space-time interval s*> (12-7), we can divide the

Minkowski diagram into different zones:
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The light divides the space-time into light cones. The one in which
s> >0 is called time-like zone; thes® <0 is called space-like zone and
s> =0 lines are light-like.
(1)s* >0 time like zone
The time orders of events in this zone never changes. The eventl is
always chosen as origin (if it is not , always can shift the origin to
overlap), say another event happed some time later at some place

within the time like zone, 1.e. If the (X,t) are the coordinates of the

X : :
second event: s°=c*t’ —x>>0-|=|<c. Viewed in another frame
t
that is moving with v and overlapping origins, the event happens at:
VX VX
t'=y(t-——)=y(l—-—)
c’ tc’
X . .
Because v<c,—<c, so what is in the parenthesis will always be
t

positive, t'will always have same sign as t, i.e. the time order of

events in the time-like zone never changes. What happens later will be
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later for all inertial observers, what happened before will be before for
all observers. That is why the top-cone in the time-like zone is called
absolute future, because any event happened there will be future to all
observers at origins in different frames; the bottom half is called
absolute past for the same reason. This can also be directly shown

with Minkowski diagram:

An event E happened at the future to O, E will be future (t, t’, t” all >0)
for all inertial observer in S, S” and S”. Actually for a certain observer

(the S’ in the figure) the event E and O happens at the same place but

later time. This is the name time-like comes from: you can choose a

frame so that the two events (O and E here) happened at the same

place with time interval.

What does this to do with cause-effect? Well cause-effect is just a

sequence of related events, the event O (call it cause) is related to
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event E (call it effect), and the time order between them cannot change
no matter which frame you view them! This time order requirement is
called Causality Principle, it i1s common sense. For example, cause: a
bullet is fired; Effect: I was killed. You can watch this show boarding
on different trains with different high velocities, but all you will agree
that the bullet was fired first (at earlier time) and I was killed later. It
i1s going to be absurd if for some viewers I was killed first for no
obvious reason and later a bullet was fired (this also applies to
ancestor-descendant joke or it is impossible to have scenes like that in
the movie Terminator). If the Causality Principle could be violated, i.e.
the time order between related events could be changed, the world will
go crazy. But fortunately the SR tells you that the events happened in
the time-like zones will never change the order of time, so if two
related events happened, they are within this zone (say the cause is O,
the effect event E has to be inside the light cone). I do not claim all
events inside this zone are related, but could be in principle if I choose
to. For some observers in a frame the two events could happen at same
place and different time, so the earlier event is possible to be the cause
of later event.

Rephrase myself again as summary on this part: The Casualty
principle requires the time order of related events never flips, the

time-like zone satisfies this. The related events have to happen in this
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zone. (Of course I have to prove yet that the space-like zone do not
satisfy this, that is coming right away)

(2) s> < 0 space-like zone
Similar setup for events O, E as above: for event E happened at (x,t) in

space-like zone:
X
sP=c —x' <0 =
t
Viewed in another frame:

, VX VX
'=y(t——)=rt(l-—)
c tc

X . : VX :
Now because of |—[>c, though v<c, it is possible that 1 ——-<0 in
4 tc

this case. So the time order of events can be flipped (O before E for S
observer but E before O for S’). This could also neatly shown using

the Minkowski diagram:

RV
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As shown 1n the figure, the O, E happened at different place and time
for S (O before E); but for S’ the two events happened at same time
but different places; for S, the E happened before O. Noticed that we
can choose an inertial frame to make the events happened in this zone
simultaneously with the origin, i.e. no time interval only space
separation and that is the name space-like zone comes from.

The event O and any event E in this zone cannot be related due to the
flips of time order and requirement of Causality principle. This zone
thus is also called absolute elsewhere or absolute alibi, because in
some frame a murder happened in New York simultaneously to I am
writing this lecture here in Tsinghua, I could not possibly be the cause
thus the suspect of the murder.

A relaxing example: Suppose you propose to two girls to marry you
(you sleazy grifter), A is Alice, B is Brenda (for the feminist, do
switch the name and sex). Event O is you called the poor girls (well
you cannot call them same time, so let your twin brother be
accomplice, or you send messages through cellular), the event A and B
are the two girls accept your proposal (in your dream). This is

depicted in the diagram below:
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The A,B are inside your (O) light cone and you (the cause) propose and
A,B accepted (the effect). Could A,B tell that they have been cheated as
events A,B happened? They cannot, because the B is outside of the light
cone of A. This tells you when and where to pick the opportunity to make
the proposal. If you call A too early, then by the time you call B, she
already learned you proposed to A. That is one advantage using
Minkowski diagram ©. But be warned, you cannot expect cheat could
last: suppose Alice and Brenda do not move (they won’t meet probably
because of you) so their world lines are red vertical ones. Alice could
send a radio signal and Brenda will receive it sometime later as indicated
in the figure, and the con shall be exposed.
(3) Speed Limit to Particles and Signals

We have seen that the event in the space-like zone (absolute alibi)

cannot be related to some event at origin. Now suppose we have a

travelling particle or signal (signal will be made of some particles),

whose speed is larger than c. Clearly the world line of this particle will
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be cause-effect related. It is just the time-path of this particle, I shall
call it bullet fired by somebody. If the speed is larger than ¢, where the
world line of this particle will end? The answer is in the space-like

zone:

Act

v>cC

» X

If the particle travels with velocity greater than c, the world line is the
red one in the figure. Notice that the way we setup the axes, the
smaller slope means higher speed. This bullet will end in the
space-like zone, and it is cause-effect related to the origin (the firing
of the gun), but we have seen that this will violate Causality principle,
that the order of events can be flipped in such zone. This means in
accordance with the Causality principle, no particle and signal can
travel faster than c, the c is the speed limit imposed by the nature
according to SR. So this becomes a popular test for the correctness of
the SR. Till now, no violation had been observed or confirmed. A
educational purpose movie “Ultimate Speed” shows the speed of
135

accelerated electron will approach but never exceed the limit ™.

You may have heard of some of superluminal phenomena, such as two

135 The film “Ultimate Speed” by Bertozzi can be found on internet. The description is in: Bertozzi Am. J. Phys.

32,551 (1964).
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rockets fly apart and each with 0.8 c to the ground observer. For the
ground observer, one rocket flies 0.8c to right and the other 0.8 ¢ to
left. From the point of view of the ground observer, the two rockets
are separating extremely fast, the relative speed according to ground is
1.6¢. This is just apparent speed which you cannot to use to transmit
signal to change the world, and we will see that the real speed for one
rocket relative to another never exceeds c. Another example is later we
shall see that the phase velocity of light could exceed c but that

velocity also has no way to be applied in transmitting the signal.

12.6 Interesting “Paradox”

There are many interesting “paradox” in SR. The reason I put them in
quotation is because these are not real paradox. It arises mostly from our
old habit of thinking (inertia of mind) or sloppy description causes
misunderstanding. I shall study a few typical ones in this section, they are
fun and they are pedagogical (means good for education) and I hope by
studying them, it helps your understanding on SR.

Example 1. The garage and car (or barn-yard) paradox
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As the figure shows (it shows the barn-yard as in KK’s problem 12.10,
but I shall use garage and car all the values will be same as in the
problem), a farmer has a garage with length 3/4 L, he also owns a car
whose length 1s Ly. So the car does not fit in the garage. One day the old
farmer read something about relativity, and it occurred to him that he can

use length contraction to fit the car inside the garage. He asked his son to

drive the car to speed of 73c , thus the car would be measured as Ly/2 in

the farmer’s (on ground) frame and will be fit into the garage. He will
slam the door closed right at the moment that the tail-end of the car
passes the door and trap the car inside. His son on the other hand, also
knows something about SR, and he argued that it could not be done.
Because if he drives the car and from his point of view, the garage will be
measured shorter, contracted to 3/8 Ly, and won’t fit the car even worse.
The question is who is correct? And if indeed such thing is carried out,
what will be the result? Maybe you would like to ponder on these
questions (closed this notes) before read on.

The answer to the first question is that they are both correct. How could

that be? You exclaim, the car is either fit or not fit in the garage. Yes
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within one frame the car 1s either fit or not, but in different frames the
observation can be different! This is not a true paradox as someone is
killed or not, but an observation depending on your point of view just
analogous to stone falling from the sail of the boat, the boat observer will
see a free fall and bank observer will see a projectile. More details will

follow to illustrate this better.

son's

father's

The father’s and son’s point of view is illustrated by sketch above. To the
father the tail-end of the car at the door and the head-end at some point
inside the garage are simultaneous events. But we have learned that
simultaneity is relative so it is not surprise that the son does not agree. To
the son, the simultaneous event with the head-end inside garage (at
certain location inside the garage) is the tail is way out side of the garage.
Or the simultaneous event with tail at the door is the head already outside
of the garage wall. These are examples of simultaneous event for the son,
the head and end tail both inside the garage cannot be simultaneous from
son’s view, while it is simultaneous in father’s.

Instead of raise the clock and argue the simultaneity as we did before in

chapter 11, we now can use LT to solve the puzzle.
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The key 1s which event happened first:

event 1: tail-end at the door, event 2: head-end hits the wall.

For the father event 1 happened before event 2; for the son event 2
happened before event 1. LT will predict exactly this.

In the father’s frame the event 1 can be defined as (0,0), then the event

will happen at 3/4L,, at a time of:

_ L 31,
2\/§c 6 ¢

31
(=G Ly =)y

3 V3 I,

The difference between the events are: Ax :ZLO,At :?—, NOwW use
c

the LT to see how the son measures this difference, we only care about

time order here, so:

Avy o3 W3 L 5V3L,

;
Af = (A= Y25 20
A e T PRt

Indeed the event 2 happened before event 1 from son’s point of view.
Here the event 1 and event 2 are not related. If the event 1 is the head-end
passes the door and event 2 is head-end hits the wall the two events are
related, here is different, so no problem for flip of time order.

You may further argue if the head-end hits the wall first in son’s point of
view, how can the car still pushing forward so that the tail-end passes the
door? Though the two observers will not agree the time order of the event
1 (the tail passes the door), they all agree that the tail passes door at some
time. Will this be a contradiction? This is related to the second question

of when the farmer slams the door closed at event 1, what 1s the result, 1.e.
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he opened the door later what he will see? From father’s point of view,
there 1s no problem for tail passes the door since it happened first. When
he slams the door, he wants the car to be stopped. As the car stops, its
length increases measured by the farmer, and it will hit the wall and if the
wall is made of paper, the car will poke through and if the wall made of
steel, the car will be crashed, so either the car or the garage will be
damaged.

From the son’s point of view, the head will hit the wall first and if it 1s
made of paper, the head will poke through it while the tail passes the door.
If the wall 1s made of steel, the head of the car will be stopped, however
this interaction needs time to propagate through the car to the tail to slow
down the motion there (no real rigid body in SR, all interactions takes
time). So before this interaction reaches the tail, the tail will still push
forward passing the door though the head was stopped by the wall. The
son probably will be severely hurt while was cursing his old fool. You see
that either the car or the garage will be damaged in son’s point of view as
well.

Example 2. Star War paradox

Two spaceships each with proper length L and approach each other with a

slight shift in vertical to avoid collision, the relative velocity is v.
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S!
1B’ A

They plan a war exercise. The plan 1s when the tail of ship S’°, the B’ end
overlaps with the head (A) end of ship S, the captain on ship S fires a
photon torpedo from its end (B) simultaneously. From Captain S’s view,
it 1s harmless, the torpedo will miss the ship S’ because due to length
contraction, the S’ will be shortened as shown in the middle sketch. But
the captain S’ objects this plan, he argued that from his point of view it is
the S ship got shortened and if the S fires torpedo simultaneous when the
B’ and A end meets, his ship (S’) will be hit as bottom sketch shows.
What is going on? Whose description is correct and will the ship S’ get
hit or not?

The catch is the middle sketch and bottom sketch are describing different
sets of event. The middle one is a pair of simultaneous events according
to S; while the bottom one is a pair of simultaneous events according to
S’, they are not the same. If the war plan is carried out by the middle one,
no ship will be hit, period. So there is no need for the fuss by the
captain S’. Let’s do the problem more quantitatively. It is easy to

understand no hit from S point of view, the ship is hit by torpedo will be
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an event (if happened) that has to be agreed upon by observers in all
frames, so if the observer in one frame (S) did not see the hit, then hit
never happens. The S’ has to reconcile with this fact instead of using the
wrong intuitive picture (the bottom sketch) where the simultaneity is in S’
not in S. Let’s work out these using point of view of S’.

First need to define events:

Event 1: A,A’ meet. This 1s x=0, t=0 and x’=0,t’=0

Event 2: A,B’ meet.

Event 3: torpedo fired at B

We shall work out the coordinates of events in S then LT to get them in
S’

: ) L
In S, the event 2 happened at x,=0, with a time ¢, =—; event 3
v

. . L
happened at same time as event 2 but at the tail of S,so x; =L,t, =—.
yv

In S’, the event 2 happens at:

x, =y(x,—vt,)=—L this is exactly expected
/ v L . :
t, =y(t——x,)=— also expected from S’ point of view.
c %
Event 3 happens at:
!/ L !
xy=y(x, _Vt3):7(L_;)>O:xA'

L Lv. L yLv
<1,
c

, \%
L :7(1‘3_?)53):7(;_?): y

This means the torpedo will fire before event 2, and it fires ahead of the
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head-end of the S’ ship. If the war plan were carried out, the S* will
observe that the S ship fires a torpedo from its end B before the head A
meets tail of S°, and will miss his ship. There is no paradox here only a

misunderstanding of the war plans.

Example 3. Twins Paradox revisited

Same as before: Adam and Bob are twins. Bob took a trip travelling with
spaceship v=0.8¢ (7 =5/3)to a star E which is 8 ly away from earth. The
round trip take 20 years in Adam’s time and only 12 years in Bob’s, so
Bob is 8 years younger when he is back. The above conclusion is drawn
from Adam’s point of view as shown before. We shall investigate this

here from Bob’s point of view:

6!!
20

1644\ [¢ s’
10 | === 7

360"

v

Actually all the calculation using SR had been summarized in the
diagram and only a brief explanation will be necessary. For astronaut Bob,
Event 1 1s taking off from earth, event 2 is reaching star E. This will take

6 years (indicated as 6’ in the figure) according to Bob’s watch, the time
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elapse on earth would appear only 3.6 years ( l a measurement of earth

clock by one of observers in S’ simultaneous with event 2: Bob reaches
E). This is just time dilation effect from point of view of S’, so Bob
would think only 3.6 years passed on earth looking the record of his
network of observers. Then event 3 happened: Bob quickly go through
deceleration and acceleration and end up in the spaceship traveling back
with same speed. Something peculiar happened here, the measurement of
earth clock by one of observers in S” simultaneous with event 3 will see
16.4 years on earth clock while all clocks in S point to 6 years (assuming
acceleration turn-around time is negligible). This means that if Bob
checks the record data of his network of observers he would notice that
before the turn-around the earth clock points to 3.6 and after turn around
the earth clock points to 16.4, a time jump of 12.8 years in earth’s time.
This jump of time could be explained by the synchronization difference
between the frames (change from S’ to S”, if both clocks in S” and S” are
set to 6 years when they meet at event 3, while the clocks of S and S’ are
set to zero at the event 1, there will be a time difference in S when you
switch the frames from S’ to S””). However to fully understand this 12.8
years jump (the physics behind) we will have to talk about time dilatation
effect due to gravity. After turn-around, it takes another 6 years in S” (6”
in the figure) to be back to earth, that is another 3.6 years on earth time.

So total time elapse on earth from Bob’s point of view who deduce it
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from the record data of the observers is 3.6 (trip to E)+12.8 (jump at
turn-around)+3.6 (return trip)=20 years. It is same as Adam’s.

Now back to the mysterious time jump during the turn-around, it is due to
the gravitational red shift (or time dilation) whose formula is derived in

KK’s pg 370 and 482:

7
O

P

In the accelerated frame (or equivalently in a gravitational field that
points downward, in the reversed direction to acceleration), the times

elapsed at the high end (C) and low end (D) are related by:
al
I.=T,(1+ ?)

In the case of our problem, the earth is at the high end (with large
gravitational potential due to the acceleration frame), the time Tp is the
time elapsed at low end, where Bob is making turn-around from velocity

0.8c to -0.8c, so:

.
a
al 2vL
TC:TD(1+—2):TD "
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Assume the turn-around takes little time (a is huge) and this means the

time elapsed on earth during the turn-around is approximately:

2vL  2x0.8¢x8ly
T. = = >

c 2
C C

=12.8year

This 1s exactly the time jump observed by Bob during the turn-around and
I showed you here that it is essentially caused by acceleration (or

equivalently by gravitation).

12.7 Doppler Effect

: | | 1 ¢
: | | Vy=—=—
AGHE —> % T A
1 ! ]—;) 1
— v
i . ,_l_c
pAe T ; % )

Doppler shift is the frequency (or wavelength) change when there is
relative motion between the wave source and observer. It is easy to
understand with the figure above. The star is a wave source, it generates
light indicated as dashed vertical lines: The line indicate the peak (or
valley) of the cosine wave and is called a wave front, or just treat it like
the star sends out flash light pulses periodically, the lines are those light

pulses. If the star and the observer are stationary as in the top sketch, the
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time interval between the pulses, the period, is Ty, and the frequency and
wavelength can be calculated from the period.

If there is relative motion between the source and observer, the time
interval between the pulses detected by the observer will be different
from T,. If the source and observer are approaching each other, it will
take less time to detect the adjacent pulses and thus less T (T<T,), (T i1s
the time interval of detecting the adjacent pulses in the observer’s frame)
larger frequency o and shorter wavelength A, this is called ‘blue’
Doppler shift (since blue light has shorter wavelength in visible light
spectrum); If the source and the observer are separating apart, moving
away from each other, it will take more time to detect the adjacent light
pulses and thus longer T, smaller frequency v and longer wavelength A.
This is called ‘red’ Doppler shift.

Doppler shift of light finds wide applications in spectroscopy (Doppler
broadening of spectral lines), it is a very important tool in Astronomy
(detect the motion of stars by the shift, the expanding Universe and
discovery of celestial bodies that do not emit light are found this way),
and it 1s also used in our daily life, such as Doppler radar detecting the
speed of a car.

The relation that we are looking for is the change of frequency (or
wavelength) due to the relative motion v. The relevant events here are

detection of light by a single observer, such as you really see the light
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with your eyes and count the time interval of received light pulses. As I
mentioned before here is a case we really see the events in mundane
sense, and we shall find that Doppler effect of light comes from two
factors: a) Relativity effect due to motion,; and b)Difference in time for the
light signal to be received due to the motion.

(1) 1-D Doppler shift (Longitudal)

«— V —>
1 ¢
VD=—=—
—>c % T A

The formula between frequency and velocity can be derived many

! i
2 1

different ways (we shall see another using energy-momentum
conservation later), I will work out this in two ways: from the
perspective of the observer and the source, it serves as example to
apply what we have learned so far.

First from the perspective of the observer: 1 shall only consider the
case that the source and observer are approaching (blue shift). From
the observer’s perspective, it is the source that is moving with v
towards him. The time interval between the detection of pulse 1 and 2
1S just:

r=t
c
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lvT

L

The calculation of L needs to take those factors a), b) into account. As

the figure shows, the interval that light is emitted by the source when
viewed in this frame (light source is moving) isz, during the emission
period 7, the light source traveled and the distance between the pulses
is: L=(c—v)r (this is factor b, the motion of source shorten the
arrival times of the pulses, like a chasing problem in classical
mechanics). There 1s another factor, the time dilation effect of SR: in
the frame of source, the light is emitted during the period of proper
time 7, =7, (the period observed by a stationary observer relative to
the source, this is proper time because...you reason it please). So
observed zwith the light source is moving (just like measuring the
light clock on a train) is related toz, =7,: 7 = y7,. (this is factor a) Put

all these together, we have:

zézw—ﬂ

_1_ L, _[1=p
T c c rr, = ﬂ)m 1+ﬁTo

12, a2
T \1-p

This is the blue shift formula, and if the source is moving away from

the observer, then the red shift formula will be (just change the —v to
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D=t 1—,800 (12-12)
T 1+

At low speed limit, i.e. [ <<1, the above formula will reduce to:

B, k- o ~ 14 By By
0= [Tz gt = APA=P) 2oy =1 A+ S0, < (4 B

Define the frequency shift as: Av =v-uv,, then above equation is:
(12-13)

For the red shift case:

AV_ Y (12-14)
0, c

(12-13) and (12-14) are popular in the application to estimate the
Doppler shift, you seldom invoke (12-12) at low speed cases. Of
course under high speed limit, such as light emitted by a high energy
particle, then you have to use the exact formula.

Sometimes (especially for astronomer) people use wavelength shift:
AA=21-1,

When the shift is small ( f <<1), we can use approximation from:

uﬁ=c—>ﬁAu+qu:0—>£:—%, and (12-13) or (12-14) can
v

also apply to the wavelength shift.
Derivation of (12-12) from perspective of source:

Now the source is stationary, and emit out light at period of 7,=T7,,

and the observer is moving with —v towards source:
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i ,ol_c
E:>C % T /1

Event 1 is when pulse 1 hits the observer, say at (x,,7,) in frame of

'I

W

source S.
Event 2 1s when pulse 2 hits the observer at (x,,#,). The time interval
and space interval between events 1 and 2 in S can be easily

computed:

Ax=x,—x, =—VAt, At =t, —
(c+Vv)At=cr,

This gives:
c —ve
At=——1,; Ax= 7,
c+v c+v

These events when viewed 1n the S’ frame in which the observer is

stationary (we only care about time interval here):

1 c Ve =V 1-4
At =yv(At+—=Ax) =yt - =T =vr.(1-B)= |[—=r1,
7( = ) 70(C+V CZ(HV)) 7oc(c+v) r7,(1=5) ,/Hﬂo

Or you may use the fact that in this case Atf'is the proper time and

At = yAt' to get the same result quickly.

At' is the T that we want, the time interval of detecting the adjacent
two pulses by the observer in his own frame, and this will lead us
exactly to (12-12).

(2)2-D Doppler shift
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The more general case of relative motion between source and observer
is depicted in the figure below: Here I shall choose the frame that the
observer is stationary (the solution by choosing source as stationary
will be delayed after we learned velocity transformation). The
direction of motion of the source and forms an angle @ with respect to
the source-observer line (once again I stress that this angle is

measured in frame S, observer is not moving)

The derivation of Doppler shift here is essentially same as above
(from perspective of the observer, method 1 above):

The time interval between detection of adjacent pulses in O is:

A=t
c

L=(c—vcosO)r (factorb),and 7 =yr, (factor a)

T Af— c—vcosgﬂO
c

L (12-15)
T (I-pfcosO)y

Notice that this will reduce to 1-D formula if & =0 for blue shift and

: : : : T :
0 =7 for red shift. It is also interesting to see that when & =—, which
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1s called transverse Doppler effect, in this case:
v=20xy =18 (12-16)
4 2

It 1s a much smaller effect than the longitudal one which is first order
in v/c; It 1s also interesting to see that (12-16) is just another way of
writing the time dilation Af = yr, because in this case, only factor a
(the SR effect) plays a role while factor b (time difference in receiving

signals due to relative motion) does not.

12.8 Velocity Transformation

The basic question here is if the velocity of a particle in one frame (S) is u
and if viewed by another observer in a moving frame (S’) whose velocity
is v relative to S, what is the particle’s velocity u’. Noticed I shall use v to
specify the velocity between moving frames and u for velocity of
particles within one frame. Some examples are for a ground observer, two
particles travel head-to-head, each with velocity 0.8¢ w.r.t. the ground
observer. Then what is the relative velocity between the particles? A
bullet is fired from the gun on a moving train, then what is velocity of the
bullet to the ground observer? These are the basic problems we are going
to deal with here.

A reminder for the symbols, because we have two kinds of velocities
involved, the one specifying the velocity between frames and the velocity
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of particles within one frame. The y,/ are reserved for the v, the speed

1
VI-5;

For the velocity of a particle within one frame, its definition is same as in

between frames; u/c=pf,,7, = are for speed of particles.

mechanics:
dx d
U =—u, = &
t dt

Its form in another frame will be:

,_dx o, dy

= u =
fodt 7 df

y

The basic question is what are the relations between these velocities, 1.e.
if we know the velocity in one frame, and what is the velocity in another
frame that is traveling with v relative to the original one? Suppose we

know the velocity in S, as the figure shows;

yA

A /]

> > S
t=t'=0,x=x'=0 X

We use Lorentz Transform and definition of velocity:

u,:dx _ y(dx—vdt) _dx/dt—v: u,—v _ u.-—v (12-17)

di' y(dt-vdx/c®) | _vdx | v, 1-pB,
c cdt c’
' /
u’ Ea’y _ dy - dy/dt _wr (12-18)
Yoodt' y(dt—vdx/c?) y(l—zﬂ) 1- 8B,

c cdt
If the question is reversed that knowing the velocity in S°, the u’, then the
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velocity in S is:

' '
MX+V MX+V

", = - (12-19)
C C

y = T W )0
C C

Comments: 1) The formula will reduce to the familiar simple velocity
addition of Galileo Transform if both v and u << ¢, i.e. no high speed is
involved. 2) The x and y components are different. Even though there is
no change of the vertical positions upon transform, but the change in time
during the transformation shows its effect in the vertical velocity
components.

The derivations are simple enough, and let’s do some examples.

Example 1:

y — 0.8¢ <~ 0.8¢c
O O B

What is the relative speed between A and B?

Let’s choose A to be our S’ frame, i.e. v=0.8c relative to ground. The

particle B’s velocity is u_ =—0.8¢ in S. In S’, the A 1s stationary, and B’s

velocity is:

, _ —08c—-08c _ -lbc
“5: 7 0.8¢ —0.8¢ 14064 0.976¢
l-———(—)
C C

The speed of B relative to A is less than c.
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Example 2: Bullet-Gun model for light emission. The light is emitted by a
high velocity particle (v relative to ground). If it emits a light along the x
direction, what is the velocity of light observed on the ground? If it emits
light towards direction perpendicular to the motion of particle, what is the
velocity observed on ground?

Let S’ to be the particle frame, and u! =c¢ in the first case, and u; =c

in the second.

c+v c+v
= =c, u,=0

(1) ux: =
1+25 142
cc c

The light still travels with same velocity ¢ for ground observer. If the light
is —c (travel in reversed direction in S’), you will find it will be —c too in
S. Actually as long as one of the velocity (v or u,, the two are really

symmetrical in the formula) equals c, the result will be c.

(2) u),=c,u, =0,
0+v

u, = =V
1+ 40

y :c/;/:£

y 1 7/

2
2 2 22 2 V., 2
U =u,+u,=v +c (1—?)—0

So the total speed will be ¢ too for ground observer, but the there will be
an angle change for the direction of propagation of light, and we shall see

it again in explaining the stellar aberration. For the more general case that
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the light is propagating along & direction is S’, the x and y component
for ground observer will be left for you to calculate and you will see the

total speed will be c too.

Example 3 Explanation on Fizeau Experiment:

We had discussed in Chap.11 the result of Fizeau experiment:

! [ |
( »—~ Flow out r

The observed fringe shift of the interference pattern is:

4nzl

V= (1——)

This is different from the result of simple addition of light velocity in the
flowing water. Now we can compute the velocity of light in th eflowing
water with velocity formula derived from LT:

The velocity of light travelling along the water in the frame S is: (c/n 1s
the velocity of light in the water frame, 1.e. water is stationary in S’)

c/n+v ¢+ nev
along

v

1+—

nc

u
nc+v

If v<<c, the above can be approxiamted as:
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c/n+v ¢ % c vV v c 1
u = z(—+v)(1——):—+v————z—+v(1——
along 2 2
1+ v n nc n n nc n n

nc

The velocity is not simply c/n+v.
For the light traveling against water flow:

_cl/n—v _cz—ncv

against ~

l-v/nc nc—v
The phase difference bewteen the two paths are:

A¢:wAt:%At

Number of fringes are:

N=A—¢:£At:£( 2L 2L ):2Lc( nc—v. . nc+v
2 A A Upinst Uatong A clc=nv) c(c+nv)
2L 2n*cv—2ve. 4Lv, n* -1 4Lv
=—CF—m3)= ( )~ (n* =1
A ¢ —-nv Ac 1-n"p Ac

Same as the Fizeau’s observation.

Example 4. Velocity direction in S and S’ and stellar aberation

For a particle travels with velocity # in one frame (S), it has angle with
x-axis €. Then the wu, =|u|cosf,u, =|lu|sin@d (refer to figure on pg
480). What is the particle’s direction of travel (direction of velicity) when
viewed by S’?

This is straightforward, let’s call the angle with x’axis in S’is 6':

490



u,ly

! 1_ / .
ang <o PP _w/y_ |ulsing (12-21)
u.,  u.—v u —-v y(ulcos@-v)
1-55,

Reversely, i.e. knowing the direction of velocity of a particle in S’ and its
direction viewed in S is (you can use velocity formula but just from

symmetrical point of view, repalce v with —v):

u, u,/ u'|sin &'
tan@ =—=— r - |, | ;
u, u +v y(u'|cosd +v)

X

(12-22)

For the special case of light, I shall choose the source as S’ frame, and
ground to be S frame for consistency of symbols in the following
discussions (of course there is nothing sacred of which is called S or S°).

For light the total speed |u| or [u’| is always ¢ (you should verify this as
exercise in example 2 above, and of course this has to be from the

postulate), so if light propagate along & in S:

cos&':&:(ccosg_v)/c— cosd—f

c 1-fcosb _1—,80056’

(12-23)

sinf' = ﬂ = sin¢
c y(l—-pfcosb)
ang =— MY (1904
y(cos@— )

For reverse relations:

cosd = cosO+f (12-25)
1+ fcosé
tan = — 17 (12-26)
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With the above relations, we can explain the stellar aberation with SR. In
the S’ frame (star is not moving), the light emitted by the star is

approxiamted by a plane wave (dashed line represent wave front), with
angle @' = —%. Viewed by the ground observer (S’ is moving with v), the

angle of incoming light is given by (12-26):

The aberation angle « is:
v
tana =cotd=—yf~—fF=—
c

This is the aberation angle in chapter 11.

Another interesting result of (12-25), (12-26) is the search light effect for
light emitted by particles travelling with high speed. For example the
light is emitted by particle isotropically in its own frame S’, but viewed in
S, if the f—1,y will be large, from (12-25) or (12-26), it is
straightforward to see that cos@ — 1,tan@small for different &'. This

means viewd in lab frame S, the light emitted would be strongly
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concentrated along the direction of the particles motion:

particle frame Lab frame

This is observed in sychrotron where laser light is generated by fast
moving particles in a circular accelerator, and speed of particle can reach
0.9999¢ and the light emitted by it will be highly concentrated into
forward direction in lab frame. (Please do some computation for
v=0.9999¢ case and choose some & to see what are the &, use Matlab

if possible)

Example 4, Prove 2-D Doppler shift from perspective of source:

The events viewed in the S’frame (the light source is stationary, the
observer is moving) is shown in the sketch. Event 1 is when the wave

front 1 meets the observer (Smily), at ceratin (x;,#/ ), event 2 happens, the

wave front 2 meets Smily after certain interval:
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Ax"=—vAtl'
cAt' +vAt' cos 8’ = ct,

cT
So: At =—°,,Ax’ =
c+vcosd c+vcosd

ver,

These intervals will give us the time interval of the events in frame S,
which is what we wanted:

2 2 2
ycT, VT, c -V

c+vcos@ c(c+vcosd) *c(c+vcosh)

At = y(Af' +—Ax') =
C

e =A n ]
yol+ﬁcos€' y 1+ fcosé'

1
v=—=yv0,(1+ BcosO
~ yo,(1+ B )

This formular compared with (12-15), you will notice the difference. This
is of course just because the above euqation is expressed in terms of angle
in S’ frame, while (12-15) is viewed from angle in S, apply the relation
(12-23), change the &' into &:

cos@—ﬂ)_u -5 v,
1-fcosé 701—,b’cos<9 y(1— fcosB)

v=yv,(1+ fcosb)=yv,(1+ S

This is exactly (12-15) expressed in angle from observer’s perspective.

Example 5 One universal velocity

In SR, we state that the speed of light is a universal one, same in all
frames. In this example we shall see that SR only has room for ONE
universal velocity. Let’s formulate problem like this: Suppose we have

another speed d besides ¢ which is universal same in all frames, what will
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happen?
Using the velocity formula, say in one frame S, c is ¢, d is d. In another

frame S’ moving with v, we have seen that c’=c in S’, what is d’?

g = d—v _cz(d—v)
1-88, ¢ —vd

Since d’=d if it is universal, then:

2 p—
Mzd—)czd—czv:czd—vaﬂ v =vd> |l d|

¢ —vd
So this d has to be same value as c. The fundamental postulate of SR
requires one universal velocity, and this velocity is that of light had be

tested to be right by numerous experiemnts.

Chapter 13 Energy and Momentum and 4-Vectors

In this chapter we are going to study the dynamical process in SR. Instead
of working on equation of motion (relation between force and
acceleration), I shall adopt conservation as working horse because this is
the easiest approach. First then I need to define what are momentum and
energy in relativity sense, what are their formulas expressed by terms
already defined? Another important issue is for the momentum and
energy defined in such way, do they satisfy the relativity principle, i.e. If
the energy and momentum is conserved in one frame, do they conserve in

other frames too? And also the correspondence principle, i.e. at low speed
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limit, do the relativistic energy and momentum defined reduce to old
friends in Newtonian mechanics?

Actually these important questions (relativity principle and
correspondence principle) will be my guideline in the first ad hoc
approach to the energy-momentum, starting from assumptions that their
forms take some similarity with classical ones and find out what their
relativistic formula are. Then we shall work some dynamical examples to
get familiar with these relativistic formulas for energy and momentum.
Finally, a powerful concept and definition of vector in 4-D space-time,
called 4-vectors will be introduced, and we shall see that the SR can be
formulated quite elegantly out of this approach. Both Lorentz Transform

and relativistic energy-momentum shall be re-derived from this.

13.1 Momentum

@ ® @
r<—f YBf lu;Af

uxBf

Let’s consider a special elastic collision in Newtonian mechanics (in the
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special relativity, all collisions are energy conserved, so here elastic
means the kinetic energy is conserved). One simple one is illustrated by
the sketch: [u,, [ Uyp, =] Uyyr =] U,py [=u;l Uy, =] Up =] U, =] Uy py = u,
in lab frame S. (u,,, means y component of velocity of particle A initially
before the collision), A and B have same mass. The collision is a glancing
type, where the x-component of velocity does not change after collision
while the y component of velocities flipped between A and B. This simple
collision is certainly possible in classical mechanics and satisfies both
momentum and energy conservation.

Now we know SR, and we know relativity principle. So naturally if I
asked what happened if I view this collision in another frame, say the
frame S’ that move along x-direction with A, so v=u_. In this frame the
momentum conservation (as well as energy conservation, we shall focus
on momentum first) should also hold. But we shall see that if we take the
classical form of momentum p=mv, the momentum will not be conserved
in S’ though it does in S. This suggests the classical form of momentum is
not appropriate in SR, it is a low speed limit of the correct formula (since
it works fine in Newtonian-mechanics at low speed). Our job in this
section is to find the correct formula of momentum in SR.

First thing is first, so let me show you the classical definition is not
appropriate. The strategy is I shall use p=mv and show that if momentum

of this type is conserved in S (top sketch), it is not in S’ (bottom sketch).
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The setup clearly shows the total momentum is zero before and after
collision in S. In S’°, I shall only focus along y’ direction (for simple
computation). Using the velocity formula derived last chapter, it is

straightforward to express the u’ in terms of u:

, u,ly uly

u .= =
S BB, 1- ul/c?
. —uy/y B uy/;/
Uppi =7 - 2/ 2

1-5B, l+u. /c

mu 1 1

"=mu, +mu, =—2 — >0
Py ydi Wy 1-u}/c? 1+u§/02)
. —u,ly u,ly
u .= = —
Y- pp,, 1-ullé
Ly - u,ly  uly

mu 1 1

- <0
y l+ul/c? l—ui/cz)

The momentum defined classically as mv is not conserved in S’.

What we need is finding a formula of momentum which will be
conserved in all inertial frames, i.e. if the total momentum is conserved in
one frame, it is also conserved in other inertial frames in accordance to
relativity principle.

Comment: Conserved is not same as invariant. Total momentum of a
closed system is conserved, say during the collision process, before and
after the collision, the total momentum is A in one frame. Observing the

process in another frame, the total momentum could be B, it is still
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conserved if before and after the collision the value is B (which could be
different from A). Invariant value is unchanged upon change of frames,
such as space-time interval of an event. Conserved physical property
and invariant value are both important because they offer powerful tools
in analysis of physical processes.

In order to find the correct formula for momentum, we start from the
requirement that the total momentum needs to be conserved in all inertial
frame. There is another clue from correspondence principle that the
momentum is mv at low speed limit. So we shall assume the correct
formula for momentum is still p=mv, but m is not a constant as in
classical mechanics, m here may be a function depending on v. Strictly
speaking, I should write m(v) or f(v)m , but I shall keep this in mind and
just using m in the following arguments.

Let’s consider a case of collision between particles in one dimension for
simplicity. The total momentum is O (this is not as specific as it seems, we
can actually choose an inertial frame in which the total momentum is zero)
in frame S:

P=mu, +mu,=0

m, u are mass (not a constant number here) and velocity of individual
particles. We can define the total mass (an assumption that relativistic
mass is additive):

M =m, +m, and like the center of mass frame in classical mechanics,
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we can call this frame S as our center of mass frame in SR in which total
momentum is zero.

P=MV and V=0 in C.M frame. This is like putting a “black box™ over
the two particles (or observing the two-particle system from far way so
that we cannot tell the detail), the total momentum of the system is
equivalent to that of the “black box”.

Now let’s view the collision process from a frame (S’) that is moving
with v w.r.t. the S. The mass and velocity of particles are: mj,m),u;,u,,
and total mass is: M'=m/+m,, the total momentum need to be
conserved too in S’ and it should be same as M’ traveling with —v viewing
in S’, i.e.

[ V4 S A 1ot _ ' ' A 1ot
P'=-MY =mu, + myu; = —(m; +m;)v =mu, + msu,

' '
m, __V+Z/£2

! !
m, V+u,
From the velocity transformation:

u—-v U, —-v

_—u -
1 2272 2
l-uyv/c l-u,v/c

2 2
v—u,v' /¢ +u,—v

2 2
mo v+, 1-uy/c? u, 1—uyv/c> m l-uyv/c
_— = — 5 3 e ——————
m,  v+u v—uyv /c +u —v u l—u,y/c® myl-uy/c

2
l-uyv/c

Iused P=mu, +mu,=0 above.

2
m/m, _l-uyv/c

' 2
my,/m, l-u,y/c

We appear stuck with this relation, and I shall use a ‘trick’ (the reason I
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know this is because I sort of cheated since I know the final answer) and
derive a useful relation:

B=viey=U\1-pp,=ulcy, =1/1- BB, =u'l c.y, =1/ J1- B
what are the relation between them?, the v, u, u’ are related by the

velocity transformation.

_u_B-B
pe=55
| (BB B B - 2B (-0~

(1-B.B) (1-B.B)
Ye=r.(=4,0)  (13-1)

(13-1) 1s a very useful relation, it will pay off if you remember it in this
chapter.

Then:

mim  A—uv/c VulVy  Vuls

my/m, 1—uy/c y,lv. ¥ Vil

The masses have to satisfy this relationship in order to have momentum
conserved in all frames. If we have:

m_ Yy , this will satisfy the above requirement

m Y.

136

. If the u=0, the mass

of the stationary particle is called rest mass, and is assigned to symbol m,,

and for the particle under motion we have:

136 Actually m’/m could only be proportional to the ratio of gammas. We can use correspondence requirement that
the mass are reduced to classical form at low speed limit to see that the proportional coefficients is 1. The whole
purpose of these argument to get the correct formula of momentum in SR is not a water tight proof and I do not
intend to. It served to show you the physical reasoning why the momentum in SR has to be in the formula (13-3), a

better and more elegant proof (or definition of momentum) will be given in 4-vector section.
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mu)=y,m, (13-2)

The momentum of the moving particle with velocity u is:

p=ymu  (13-3)

The mass in (13-2) is called relativistic mass, while the mass we used in
Newtonian mechanics is the rest mass (the low speed limit). I shall adopt
the convention that uses my as much as possible and include the SR in the
7, » this way when speaking of mass, it only means rest mass because the
relativity mass has another equivalent term for it that we shall see later (it
is energy), and I shall use my as reminder. However in case I get sloppy
and careless, and use m(u) in the formula and relativity mass in statement,
please forgive me.

The (13-3) comes from argument in 1-D. It can be extended to higher

dimension straight forward:

- _ 1 1
p:}/umu, 7/14: =
’ N \/1—(uj+ui+uf)/c2

(13-4)

Once again I shall stress that the usefulness to express momentum as
(13-3) or (13-4) 1s this definition will have momentum conservation in all
frames. To build up your confidence, may be you try these formula for
momentum and rework the example in the beginning (elastic collision
between identical particles) example to see that if the momentum is
conserved in S, it is conserved in S’ too, it not a bad practice.

Example: Rocket velocity in relativity:

We have worked rocket velocity in classical mechanics using
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conservation of momentum before (chap. 5). There for a rocket with mass
M, and dm fuel 1s ejected with velocity u, relative to the rocket during

some time interval, we have:

M,
Mdu =-udM and u, =u, lnF’ all M are rest masses.
s

In SR, I will choose the rocket as an instantaneous inertial frame S’. i.e
viewed from ground, the rocket will travel at certain speed u at an instant.
In this S’ the rocket will start from 0 velocity and increases speed, and we
have (classical result applies to the S’):

Mdu' =-u,dM' M’ equals the rest mass (since in S’, the initial u’=0) , u,
is the thrust velocity of fuel and du’ is the increase of speed, all in S’. For

the ground observer the velocity of the rocket will become:

u+du=%uzz(u+du’)(1—udu’/cz)=u+du'—ﬁ2du'
1+udu'/c

(the higher order of small term is neglected above)

du =(1— B*)du’, put this into the mass-speed change relation:

Idu' :j—uo cj\{[[

!

Note it 1s not legitimate to integrate this as it i1s, because the S’ is an
instantaneous rest frame, you cannot do the integration within S’°, there
will be many S’s in the processes with different instant speed u. However

we can do the integral in the ground frame:

ur M.fer
'([1 W/t o ﬂ'[,- M’
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1+u,/ .
Lrule 0 M g3
l—uf/c Mf

%ln
ur 1s the final speed viewed from ground, uy is the fuel speed relative to
rocket, and M’s are rest masses. This is the formula for rocket speed in
SR. If we want to have higher final velocity, we need to have large u, and
huge load of fuel (bigger mass ratio). We cannot accelerate the rocket to
speed of c, that would require final mass down to null. Also the most

efficient way to propel rocket is with photons because this will give us

biggest thrust speed u, =c.

13.2 Energy

We shall not consider the gravity in SR and start from kinetic energy of
motion. I will adopt an ad hoc approach here (making assumptions rooted
from Newtonian mechanics to get the formula for energy) for now and
leave the elegant method (4-vectors) for later. In classical mechanics,
kinetic  energy is introduced by  work-energy  theorem:
AK =Work = IF’ «dr In SR, the relation between force and motion is no

longer F=ma, but let’s assume that it is in the form of:

. dP
F="(13-6
” (13-6)

This cannot be proved like the 2™ law and will be treated as definition of
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force'’ in relativity. With the force defined as above and relativistic
momentum in last section, we can now find out energy using
work-energy theorem (assume it still applies). 1 will write the
work-energy theorem with differential form (with assumption that m,

does not change over time):

—

dK=I3~dF=fZ—f-dF=d}3-ﬁ (13-7)

—

dP -ii = d(ymii) -ii = myydii -ii + mgii -iidy

o
N1—-u’/c?

2c*ydy — y*d (i i) —ii -idy” =0

2c*ydy —2y% - dii — 2yii -iidy =0 — ¢’ dy = yii - dii + i - idy

—c’y* —y*u’ = take differentials on both sides:

This is just what the expression on the R.H.S. in equation (13-7):

dK =m’dy =d(ymy®)  (13-8)

Following our convention so far, I should use the symbol y, above and I
will do that in the following formula. If we start from u=0, stationary
(where kinetic energy is 0 by convention) and reach certain u finally, the

kinetic energy change of the process is:
f u

AK = IdK = Id(;/umocz) =y mec’ —myc®  (13-9)
i 0

If we do not start from O but u, to u,, then the kinetic energy change is:

137 1 realized that I may contradict my own statement in chapter 4 that F=dP/dt does not define the force. What I
mean here is that the momentum change tells us there will be interaction which we will call force, and change of
momentum can be a measure of how big such interaction (force) is. It cannot reveal the nature of the interaction
(due to gravitation, electro-magnetic, or strong interaction of nuclear force?) which has to be investigated
separately. So the better statement should be the dp/dt is a measure of force, but I am a little sloppy here and as in

many other books. For example, refer to Goldstein’s Classical Mechanics (2™ edition) section 7-6.
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AK = 7/ulmoc2 - yuzmoc2

First thing is that at low speed limit the above relation will just reduce to
the 1/2mu® in Newtonian mechanics (prove yourself from 13-9 by
expansion of y ). More important the above relation suggests we can
express the general energy term:

E=ymc’=mc’  (13-10)

The kinetic energy is just the energy difference between the two states of

motion. m, 1is the relativistic mass defined in (13-2).

13.2-1 Equivalence between energy and mass

The famous equation (13-10) clearly shows the equivalence between
energy and mass. The relativistic mass is related with energy just by a
constant factor ¢, knowing one is equivalent to knowing the other. That
is why I stated earlier that I shall use mass referring to the rest mass as
much as possible in this course, and relativistic mass is just energy.

The energy in form of (13-10) includes all forms of energy, kinetic, heat,
nuclear etc. The conservation of energy in relativity will be conservation
of total energy of a closed system and is same as relativistic mass
conservation. For example in a complete inelastic collision between two
particles, two particles collide to from one particle. In previous
Newtonian treatment of this kind inelastic collision, the mechanical

energy is not conserved. In SR, the kinetic energy is still not conserved,
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but the total energy is conserved (if the system is closed), so the E in form
of (13-10) is conserved.

I shall rewrite (13-9) in form of:

ymc’ =K +me’ —E=K+myc® (13-11)

This tells us the total energy of a moving particle can be seen consisting
of two parts: kinetic energy related to the motion and internal energy
(heat, internal potential etc) of the particle. The internal energy m,c’ is just
the total energy of a motionless particle and thus is called rest energy, and
this rest energy is equivalent to rest mass in the same sense as total
energy is equivalent to relativistic mass.

In the example of inelastic collision above, the loss of kinetic energy will
change into other energy forms, such as heat and/or internal potential
increase, such as electron being excited to higher energy states, and this
will be equivalent to increase of rest mass of the final particle. More
drastic examples will be creation of new particles through collision
between high energy particles in accelerator. When two high energy
particles collide, their energy can be transformed into new particles with
different rest mass, a famous example will be collision of ¥ photons
with other particles (a nuclei or another photon) to create
electron-positron pair. (we will see some of example in following
sections).

Another example will be increase (or decrease) of rest mass of a
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stationary object when change its internal energy (rest mass and internal
energy is equivalent). If you heat up an object and you weigh the object
on balance, its rest mass will increase (of course the object needs to be
isolated after heating). In practice, such energy change is so small
comparing to the original m,c’> because of large factor ¢*. The object
need to be heated to absurdly high (which will probably melt everything
it touches) to noticeable difference. Another example is formation of

hydrogen atom by proton (rest mass=930MeV)"**®

with an electron (rest
mass 0.5MeV), during the process 13.6 eV energy will be lost. So the
final rest mass of hydrogen will be slightly smaller than the sum of rest
mass of electron and proton but the difference ratio is on the order of 10°®.
An opposite example is nuclear weapons in which during the nuclear

fission (atomic bomb) or fusion (hydrogen bomb), the fraction of mass

change during the reaction will release humongous amount of energy:

'(7 ‘\7

- v

A
& /’ff?‘

138 In relativity, the mass is usually expressed in terms of energy. So a rest mass of electron is 500keV=0.5Mev
and proton mass is about 1800 times electron, which is about 900MeV. Muon is about 200 times that of electron.

You should be able to compute this from conventional units, with ¢ factor and lev=1.6X10"""J
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This is a chain reaction in Sun of hydrogen fusion"’, the last step is two
Helium3 combined to from Helium4 and 2 protons:

JHe+ ;He —> jHe+2p* +12.9MeV

The released energy (the 12.9Mel ") can be estimated from rest masses:
lau =931MeV (atomic unit of mass)

M, =3.0160293au; M, = 4.0026O2au;Mp+ =1.007276au

Though only a small percent of mass changes after the nuclear reaction,
the energy released is larger than the chemical reactions (Mev comparing
toeV)

The first experimental demonstration of relativistic mass is by Bucherer
in 1909'*°. It is essentially a measurement of charge/mass ratio of
electrons. The electrons with certain speed are selected and pass through
a magnetic field perpendicular to the electron’s motion. The magnetic
Lorentz force will bend the electron and by measuring the radius of this
bending, the e/m ratio can be determined (it is a standard high school
practice, but with modification on the mass; the detail of the motion in SR

can be derived after learning chap. 14, here only gives the result):

e e u

y,m, m, RB

u

euB=y mu’/ R—>

At different speed u the e/m ratio can be computed from meausred R,B,

and it is not a constant as in Newtonian mechanics, and the plotted ratio

139 Taken from Wiki under “nuclear fusion”.

140" A H. Bucherer, Ann. Physik 28, 513 (1909)
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2,

m/my does show y, =1/~+1-u’/c

3
c Kaufmann

e Bucherer
x Guye & Lavanchy j

g

Aeo—
XX . XSXOOWKOX X

N

m(v)/m,

0 1 02 03 04 05 06 07 08 09 1.0
v/c

Comment: this experimental proof of relativistic mass is based on one
assumption that the charge is invariant upon motion. This is reasonable
considering the otherwise situation if charge is dependent on the motion
then the neutrality of matter will depend on motion. In one frame an atom
may appear neutral while in another moving frame, the atom may be
charged then this will violate the relativity principle (conservation of
charge due to gauge symmetry in EM) .

One experimental demonstration of the (13-9) is the ‘ultimate speed’ by

Bertozzi mentioned before:
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The electron under different acceleration will approach speed limit ¢ but
cannot exceed it. Though the increase of speed is small (only a few
percent between the last two points in the figure), the increase of kinetic
energy is tripled. This can be understood due to increase of relativistic
mass. This kind of experiment proved the energy form (13-10) and also
demonstrated that for massive particles (rest mass >0), it cannot reach
speed limit c, because this will make its relativistic mass to infinity,

equivalent to infinite amount of energy.
13.2-2 Relation between Energy and Momentum and Massless Particle

In Newtonian mechanics, we have K=2P*m. Now in SR, the relation is
between total energy and momentum. This can be derived from the

formula for momentum and energy:
P=y mu
E = 7/1177/1002

7, 1s also related to u, and we can get rid off u from the above equations:
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1
2 2,2 2.2 2,2 2.2 .2
P :Wm(,u — P’c? - Pu’ =miu’c® > u’
-u'/c
1
E'=————mic" > E’¢* —Eu’ =mc’
1-u®/c?
P’ m.c*
2, 2 2 0 2 6
B~ 53) =B s =me
+myc + myc

E*=Pc +mict  (13-12)

The importance of (13-12) lies in two aspects:

(1) Invariant upon LT
Let me rewrite it in forms of:

EZ 2 2
=P =mic
C

The RHS is a scalar that is independent of LT. While the momentum
and energy do depend on the motion speed u, thus is frame
dependent, a combination like above however is invariant. Put it
more plainly, different observers in different frames will see the
particle travels at different speed thus has different energy and
momentum, but the above combination (observer 1 put in the values
measured in his frame and observer 2 put in his) always comes out
same for all observers. This is strikingly similar to the space-time

interval s* we talked about before, and this is no coincidence as we

shall see later in 4-vetcor.

(2) Works for massless particle

The massless particle is referring to particles whose rest mass my=0. It
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appears their momentum and energy will be zero according to the
formula, unless the speed of the particle reaches ¢, then y — o0, and
the particle will have momentum and energy. We apply (13-12) to
such massless particle, we get the relation between E and P:

| Pl=E/c formassless (13-13)

Such massless particle will travel with speed ¢ (and as we discussed
that since it requires infinite energy for massive particle to reach
speed limit ¢, so the massless particles are the only ones that can
reach c, they are the Ferrari in physics) and they travel at c only,
because if the speed is less than c, their energy and momentum will
be zero, which means they will disappear (being absorbed or
annihilated) in the process.

The known detectable massless particle is photon, the question of
whether the photon travels with speed limit is same as asking
whether the rest mass of photon is indeed zero. The test of this is
through vacuum dispersion of light, i.e. light with different
frequencies travel in vacuum, there should be no dispersion
(dependence of travelling speed on frequency), all frequency of light
will have same speed in vacuum.

For the general particle differentiate (13-12) with respect to P:

2EdE =2Pc*dP — aE _ £c2
dP E

From definition of momentum and energy:
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£_ Mouz - iz (13-14)
E ymc ¢

dE _
dP

u (13-15)

The relation dE/dP is called dispersion relation'*'. For the massive
particles, it could be any speed, but for massless particle, (13-13) tells
that it could only be c. The measurement of vacuum dispersion set
the high limit of photon mass to be less than 10*°kg, which says if the
photon has mass, it is going to be less than this value (Details in KK
example 13.9 and 13.10). Other candidates for massless particles are
possibly the graviton (the particle responsible for interaction in
gravity) which is not detected in lab yet; and neutrino which may
have a very tiny mass and travels very close to speed c.

You probably heard of the quantization of photon energy, the famous

relation:

E:hz):ia):ha) (13-16)
2r

Put this into E/c=P:

p=to_h_ 27k

c A 4 (13-17)
This is the famous de Broglie relation. Indeed de Broglie started from

this and made hypotheses that it applies to all other particles, not

141" This is equivalent to the conventional form dw / dk for wave once we learned the relation between the

frequency and energy, and wave vector with momentum.
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limited to light. We shall see this in quantum again.

13.3 Examples Applying Energy and Momentum in SR

We have so far worked out the formula for energy and momentum in SR
using a ad hoc method, i.e. starting from limit of Newtonian mechanics
(correspondence principle) and make certain assumptions, such as
momentum is still in form of mv and work-energy theorem works for
kinetic energy etc. The usefulness we express the momentum and energy
in those formula relies on the fact that they shall be conserved in all
inertial frames, satisfying relativity principle. I had started from this to
get the formula of momentum and the fact that energy by (13-10) will be
conserved in all frames will be left for next section to prove. This ad hoc
method though less satisfactory from theoretical point of view, it does
clearly show the evolution and bond from Newtonian to SR. Before
starting the elegant approach in SR, I shall work out some examples with
the knowledge we learned so far. For convenience, I list the formula
below first:

P=ymu; E=ymc’; m=my,

E*=Pc+ m§c4; E=Pc for massless particle
E=K+my*; K=E—E,=m,c*(y, —1)

P/E=ul/c* dE/dP=u
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These are all the formula (some are redundant) we shall use and with the
conservation of momentum and energy, we will work out the following
examples.

Example 1: Inelastic collision

o
O

()

This is a fairly simple one, I used it basically to show that indeed the
energy is conserved in different frames (since we know this is true for
momentum already) and the rest mass is not conserved in the process.
The two identical particles travel with same speed and stick together to
form one particle finally.

In frame S (the lab frame, particles are moving), the M will be stationary
with u=0, which is easy to see from conservation of momentum (total
momentum before and after collision are both 0). The mass M can be
computed from energy conservation (though inelastic, only kinetic energy
is not conserved but the total energy is still conserved):

E =2ymc®, y=1/N1-v*/c?

E, = y,Mc*> =Mc® in S (only have rest energy)

M =2ym

The final mass is larger than 2m by factory, this is because kinetic

energy is transformed into internal energy.
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Now work the problem in S’ frame, in which the left particle m is
stationary, the final M will travel with velocity u'=-v in this frame.
The other m will travel with velocity:

, —2v 1+v* /¢

u :—, , = 1— ="
m 1+V2/C2 J/um Wum( ﬂIBum) 1_‘)2/02

T used the trick (13-1) to get they,, , surely you can also work this out by

definition. For the momentum:

F=0+y, mu, = =2y"mv

szyuhMu;\/[ =yM(-v)

P=P, — M =2ym same as above, which should be since the M is rest

mass.

Take a look at energy:

1+p

2
2 2 2 2,2
E =mc”+y, mc” =mc(1+ >)=2mc’y

E, = 7/MMMC2 =2y’ mc’

The energy indeed is also conserved in S’.

Example 2: Emission of photon by a moving particle:

X
AE = Q, Q

—  <u ()/\/\f’
v photon

The particle (an atom or molecule) is at rest at beginning, with electron at

higher energy level (upstairs), then the electron is relaxed to the lower

energy state (downstairs) and a photon is emitted. The question is what is
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the photon’s energy? Is it Qq?

The answer is not exactly, the photon’s energy will be slightly different
from that of Q. This is because the recoil of the particle after emission, it
starts moving in the opposite direction of the photon due to conservation
of momentum, thus the energy Q, will be sum of the two. We’d better
work it out in detail from conservation laws:

Initial: P=0,E =M’

Final: For photon: E,,P,=E /c; For particle: P,E*=P**+M"c*
Note the final rest mass will be different than the initial one because of
the internal energy change (the final state will have less internal energy
and thus less rest mass), actually we have:

O, =M,*-M¢c*

Conservation of P:

F+%:0

Conservation of energy:

E'+E, =My’

E, is what we wanted, and we can get it using the energy-momentum
relation. (Noticed that generally if we are not asked to calculate the
velocity, we do not want to put velocity in the equations since thosey’s a
little bit messy to work with. We will use energy-momentum relation

instead)
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E® =Mic*' +E; —2E M’
PP+ M"”c* =Mic* +E, -2E M *, |P'|H P |=E,/c

E,+M"c* =Mic* +E, —2E M’
(Myc® —Q,)) =Mgc* —2E M’
0, —2M *Q, = -2E M’

2
2M

E, =01~ )

If we use the quantum relation between frequency and energy for photon

E,=hv, and define Q,=hv,, then the emitted light frequency by a

stationary particle is:

O i
2M0c2) (13-18)

v, =U,(l-

It is slightly different from that of internal energy difference Qo, but in
many cases (light in atomic physics, Q, is on order of eV, My’ is on
order of GeV) the difference is small that we neglect it say that the
photons energy is same as internal energy difference. However in case of
high energy photon resulting from larger internal energy change (such as
nuclear reaction, large Q, give rise to gamma rays) the recoil effect
cannot be neglected. One special case is the Mossbauer effect in gamma
radiation, where the whole lattice of crystal acting like a giant molecule
(billions of atoms) and the M, is huge, than the recoil effect is completely
negligible and this is used in the famous experiment by Pound et al to test

the gravitational red shift of light.
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Example 3: Doppler Shift from conservation laws.

I choose the lab frame to do the calculation (all angles are w.r.t. this
frame).

Initial: P =y myu; E, =y, my’

Final: P',E’ for particleand P ,E, for photon.

P =P'cosp+ P cos@, and P'sing=P sind We do not need particle
angle so we cancel it out by:

P? =P’ -2PP cosf+P,

Considering energy:

E,=E'+E,

E” =(E,—E,)’ =P’ +(myc*)

E}+E-2EE, —(myc®)’ = P’c* - 2¢* PP, cosO + P’

(myc*)? —(myc®)’ = 2(E,E, — cPE, cos )

E, 1s the one we wanted (related to frequency by /v)

The R.H.S of the equation is:

2EE,—cPE, cos0)=2E (y,mc’ —y,mc’ f,cos0) =2y,mc’E,(1- 3, cos 0)
The L.H.S. of the equation is:

(myc*)* = (mye”)* = (myc”)” = (myc” = 0,)" = 2myc* 0y = O

=2m,c’[Q,(1- 5 9 )] =2m,c*hu,

2
m,c
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I used fact in the previous example that the frequency of light emitted by

stationary particle (/v,,1t 1s the v in the last example) i1s the term in
bracket.
27/um0c2Ep (1- B, cos8) = 2m,c’hv,

o — ho,
7,(1=p,cos0)

Another very similar example would be the Compton’s effect, scattering

This is same as before.

between photon and electrons:

rJ.JJE
//
E, ,’39
VAVAVE SN | e

: 8y

In which the electron can be approximated as stationary at beginning, and

a photon with certain frequency (energy) comes in, interact with electron
and both particles are scattered afterwards, there will be a frequency (or
equivalently wavelength) shift of the scattered photon depending on the
scattering angle. This is called Compton’s effect after Arthur Compton
who carried out the experiment in 1920’s to test the particle nature of
photon. The dependence of frequency shift on angle will be left as an
exercise for you to work out (this is exactly similar to the worked

example here, and the answer can be found in standard textbooks).

Example 4 Pair production
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A high energy gamma ray (photon) is the incoming particle, could it
produce a pair of particle and antiparticle, such as the electro-positron
pair?

The answer is NO. The charge is conserved, both the electron and
positron have same mass, so it may appear if the gamma photon is
energetic enough (say > 2mc®, which is about 1MeV), this process is
possible. But following the detailed analysis from conservation, we shall
see that it is impossible to satisfy both momentum and energy

conservation for this simple process!

— — —

B=P+P
E’ =P +(myc’) E: = P’c* +(myc?)

2 2 2 2
E’=(E,—-E) =E. +E -2EE,

D DN\2 2 2 2.2
(P -PYyc =E.+PX’ -2E E,
P*¢* + P*¢* —2P -Pc* = P*c* + P*¢* —-2|P |cE
p + p + p + p +

This will give us the energy of positron is:

— —

-P
E =—L2—c<P|c

A

But this is not correct, because it violates the energy-momentum relation.

This contradictory exists because the conservation of energy and
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momentum cannot be satisfied both. So a single photon cannot produce a
pair of particle+antiparticle. It requires a 4" party (such as another photon
or nuclei) to make the process possible.

Another quicker method is choosing the total zero momentum frame for
the product (assume the process is possible and the frame chosen is the
total momentum of positron and electron is zero), so in such frame the
final momentum is zero, but the initial momentum is not in the single
photon case, which means our assumption that the process is possible is

wrong.

Example 5: General Inelastic collision

Like in the example 1, we here consider the general case where the two
particles may have different mass and speed, say initially, the two
particles are: m_,v ,P, and m,,v,,P,, what is the final object’s mass and
velocity?

P +P =P, and E,+E,=E,

E;=E, +E, +2EE, =(M ") + P/c’ =(P} + B’ +2P,- )" + (M ,c*)’
(E} - P}c*)+(E; - P}¢®)+2E,E, —2P,- B¢ =(M ,¢*)’

MIc* +Mjc* +2E,E, 2P, - B¢’ =(M ,c*)’

Given the initial conditions, such as m, v , m,,v,, the energy and

momentum of a, b will be known, and the final mass M can be computed.

The velocity will be just: u, / = P IE,.
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Example 6: Particle creation from collision

0 0 —&3

Considering the process of the figure above, a particle a collides with a
stationary particle (in lab frame) b, and 4 particles are created, this
process happens such as p+p—>p+p+p+p, 2 protons collide to
from 3 protons and 1 anti-proton. What is the minimum energy
requirement for the moving particle a? (the particles here all have same
rest mass my)

First I need to answer what is the possible minimum energy of the
products. Then from energy conservation, that will give us the minimum
required initial energy. The 4 product particles (for simplicity, I just use
proton) can moves with respect to each other or stick together like a
snowball. The smallest energy is when they stick together and moves like
a snowball (this is the case of inelastic collision considered above). In old
days, we learned Konig theorem (still remember) that the energy of
multi-particles are sum of energy of CM and energy relative to CM. If the
protons move like snowball, then there will be no kinetic energy in C.M.
frame and the energy will be smallest. In SR, the analogous of Konig
theorem will be derived when we learned 4-vector theorem, and it tells us

for multi-particles: E. _, — P. c¢* will be invariant to LT. The CM frame

total tota
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1s defined as a frame that P, =0. So in our case the lab frame:

total

2 2 2 g 2 ) ..
Ep— B¢ =E total(in CM) - P total (incM )€ =E total(in CM) * The minimum

energy in CM is just the rest energy (the snowball case), and P, ,1s some
conserved value, this will lead to the possible minimum energy in lab
frame too.

The initial condition: P, =0,E, =m,*;P,,E, unknown

Final condition: M ,=4m, P E, unknown but would be irrelevant.
Since this is just like the inelastic collision of previous example, I just

skip the derivation and use the result above directly:

E.+E, +2E,E, = (P + B +2P,-B)c’ +(M ,c*)’

EX +mct +2m’E, = P’c* +16mc*

2m,c’E, =15m}c* —(E? — P}c*) =14mc*

E, =7mc’

From this you can calculate the y factor and the velocity of a. The energy
required is considerably larger than the 4myc” as the naive thinking would
give. This is because in this setup, the final snowball is moving and
having kinetic energy so that part of the input is wasted for this (useless
from particle creation point of view). The more efficient way to create
new particles would be head-head collision with particles traveling
against each other with opposite momentum.

Alternatively you can work out the above example in the CM frame, and

find out the energy for particle a in CM (E;(CM) =2m,c’, this part is easy),

then transform back to the lab frame to get the answer, this would require
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knowledge of how energy and momentum transform with change of

frames. That is the topic of next section.

13.4 Transform of Energy and Momentum in Different Frames

The basic question is a particle with certain momentum and energy,
viewed by different observers in different frames, say Adam in S, and
Bob in S’, there is relative v between S and S’. The energy-momentum
measured by Adam is E and P, and E’,P’ by Bob. Then what is the
relation between (E,P) and (E’,P’)? Just like Lorentz transform exists
between space-time coordinate of event, there is also a relation between
energy-momentum, and we shall find out (very strikingly) that this
relation 1s same as that space-time coordinates, or the same Lorentz
transform exists between energy-momentum too.

For single particle with mass my, it moves in S with velocity u, then the
energy and momentum is just:

E=ymc’,P=ymyu

In S’ that moves with velocity v to the S, the velocity of the particle
would be u’, and energy, momentum in S’ are:

E' =y, m;c’, P =y, mu

For the simplicity of calculation, I shall choose a special case where v and

u are parallel, only has x component. i.e. u=(u,0,0); v=(v,0,0). In the more
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general case, where v=(v,0,0), u=(uy,uy,u,), where u =, /ui + ui +uz2 the

calculation would be more involving but will give same conclusion and
. . 142

you are encouraged to derive it as exercise .

We already learned the relation between u,u’ (only x component here):

,  U—V
u =

1-5.B
Py:Py’:O’PZ :PZ’:()

The troublemaker is y,, and fortunately I already work it out in (13-1):

Y =77.(= B,F)
Now it is straightforward to find relation between (E’, P’x) and (E,Px)
E’ = Wu(l_ﬂuﬂ)mocz = y(yumocz _ﬂc7um0”) :7(E_ﬂc})x)

u-—-v

1-5,

You already see the striking similarity in the transform, where E is

! %
Pe=yr, = B.B)m, =7 (z,mqu =y,mv) = (P, == E)

transforms analogous to t and Px is analogous to x. I shall rewrite the
above in a more symmetrical way:

E'/c=y(E/c—pP)

Pl=y(F.—pE/c) (13-19)

This is important, we see that the (E/c, Py, Py, P,) just transform same as
(ct, x, y, z) between frames, obey Lorentz Transform. Just as space-time

2 _ 2_ 2 . . 2 p2
interval $ =" =" is invariant upon LT, we see that (E/c)y =P

would be also invariant upon LT. In one special frame this combination is

12 Or read it in other textbooks, e.g. French’s “Special Relativity”.
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easiest to compute and that is the rest frame of the particle, in which P=0,
and E=m,c’. Since this combination has same value in all frames, you see
we derived the famous energy-momentum relation from this invariance
point of view.

The analogous between energy-momentum and space-time is no
coincidence, we will see starting from next section an elegant formalism
of SR, and the energy-momentum defined there have same formula as we
are using here. Both space-time and energy-momentum are physical
quantity that is called 4-vector, whose transformation between inertial

frames obeys LT.

13.5 4-Vectors and Lorentz Transform as Hyper-rotation,;

We have seen the similarity between the transformations (LT) from one
frame to anther of variables (ct, X, y, z) and (E/c, P, Py, P,). We shall call
such combination 4-vectors in analogous to the 3-D vector we defined
before.

Define:

X =(ct,x,,2)=(x",x",x*,x*) = (x"), u=0,1,2,3 = (ct,7) (13-20)

I used the symbol as in KK’s book: an arrow below the character for

143 A review on Chapter 3 on vectors and its transformation under rotation would be helpful, please read it again if
you need it. I hope by the time we reach here, your liner algebra course already taught you the basics on

transformation.
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4-vector, and the arrow above character is reserved for the ordinary 3-D

X

U
vectors. The * are the components of the 4-vectors, and the convention I

adopt is to write the time component as 0™ component. There is another
convention (like that in KK) to express time as 4™ component. Such
choices of convention is not important as long as we stick to one
convention consistently (it is more like a habit rather than necessity), and
the results would be same in all cases. The reason I used the superscript
for label is the convention in tensor analysis'**. An immediate question is
that are any 4 components listed as above can be called 4-vectors? The
answer is NO. Same as definition of vector under rotational
transformation, the 4-vectors has to satisfy the Lorentz Transformation
from one inertial frame to another. For example: (©Y)is not a 4-vector
because we know that velocities do not transform as LT. Since I had
proved that the (ct, X, y, z) satisfy this and that is why I say here it is a
4-vector. Similarly for the displacement 4-vectors:

AX = (cAt,Ax,Ay,Az) = (cALAF) 14 the energy-momentum 4-vector.

Now we could understand the meaning of the golden combination that is
invariant under LT (I shall use the displacement 4-vector as model for
4-vector, same as the 3-D displacement vector is the prefect of vector in
3-D):

2 2 2
(As)" =(cAt)" = (A)" s same in all frames. It is analogous to a 3-D

144 These components are called contravariant components (another jargon).
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vector’s module (it is also called norm or length) which is invariant upon
unitary transformation. But here the “length” of the 4-vector is not in
Pythagoras form. The square of time component has to have different
sign with respect to the spatial components. Mathematically, this is
because the LT is not a generalized rotational transform in 4-D (but a
hyper one as we shall see later); the physical meaning of this is that
though the space-time are related in relativity, time and space are not
equivalent with reason unclear at present. Below I shall only use 2-D (y,z

are not changed so only consider transform of ct and x)

cos@ sind
R(XY—=>X’Y’)= 0 0
—SIGcos (transformation matrix in 2-D rotation)

While the LT matrix is (from 12-4):
x| \=mB oy )Ix

y -1
LT:(_M yj (13-21)

It is similar but different from rotational matrix, notably it is (the
determinant of matrix):
=B =y (1-p=1 . : -
instead of summation equals 1. There is no
way you can express the matrix element in LT to some cosine/sine terms,
so to express the LT matrix as some rotation matrix. It is just this
v =By =y (A=) =1 -
demands that the subtraction of square
instead of summation in the space-time interval.

Above I used the worked out formula of LT to show the difference and

530



similarity between LT and rotation. Actually it is illustrative to derive the
LT from linear transformation with requirement of (As)” = (cAt)” = (Ar)’
is invariant. I shall work this out in detailed steps below (again only
consider the simplified version in 2-D, only involves t,x).

To avoid introducing metric tensor in defining the inner product of
4-vectors, | shall adopt the trick to represent either x or t as a pure
complex number (of course the time and space we measured are real
numbers, here is the mathematical trick to express one as complex so that
we can apply some powerful tools in math). The convention is to choose t
as complex, though this will give us x°-(ct)* as module but it does not
matter. This mathematical complex time, real position space is called

Minkowski Space. To state the problem in matrix language, I shall use

column matrix representing vector (in Minkowski Sapce):

X x'

ict ict'
{ } for input and { } as output. The ‘length’ (norm, module) of the

vector is defined as inner product (dot product) between themselves as

usual which is reason we use complex(in matrix language is ATA):
5 _ ict 5 )
s7 =X, - X" =[ict x] =x"—(ct) 145
X

This trick will make the length is still defined as the sum of square of

components like in regular vector, i.e. the Pythagoras theorem works in

145 Noticed here there is a digression from usual linear algebra language, where the conjugate for regular column
vectors (like that of 3-D case) with complex number will be a row vector which is transposed and complex
conjugate (C.C)of the original column. Here only transposed but no C.C. This will apply to the matrix operation

too, see below.
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Minkowski space. We are looking for a transformation:

ict' a b ict
Y | le dllx which will keep the length defined above

unchanged (a,b,c,d are generally complex numbers) Let’s write out the

matrix expression explicitly:

ict' =a(ict) + b(x)
x'=c(ict)+d(x)

So we see that if a, d are pure real number and b,c are pure imaginary
number the above can be satisfied (t,x are all real numbers of course), so I

shall write the transform as:

a ib
L= Lc dj (here a,b,c,d are real numbers)
To keep the length invariant tells us this L transformation is a Unitary

-1 _ 4T
Transformation (refer to section 3.5 for details ) where L =L

T a ic
\ib 4
I 1 d —ib 1 d —ib
— = 146
det(L)\ —ic a da+bc\—ic a

The Unitary Transformation requirement will put restrictions to the

matrix elements:
det(L)=ad +bc =1
a=d,b=—c

So the matrix for LT is:

146 For those unfamiliar with inverse matrix formula, just try matrix production of L' with L to see whether you

will get identity matrix.

532



a ib s
L:(—ib aj with ¢ ~b" =1 (while a*+b’=1 for regular rotation)
Actually there is a function form satisfies this which is called

hyper-sinusoidal functions which is defined as:

0 -0
e +te

cosh(@) =

0 -6
e —e

sinh(f) =
These hyper-sinusoidal functions are usually called just hyperbolic
functions. They have many similar properties as their cousins of
sinusoidal functions (I would not list them, please check math handbooks
or Wiki them if this is your first time seeing them, actually these
functions can be worked out from Euler formula by allowing imaginary
angles). The property we need these function here is:
cosh’@ —sinh’ @ =1
With the hyperbolic function, the matrix can be expressed with only one
undetermined parameter:
L:( a ibj:( cosh@ isinh@j

—ib a —isinh@ coshé
Summarizing above, | have derived from point of view of unitary
transformation that the linear transform above will guarantee the
invariance of space-time interval.
Now I do not want those imaginary symbol i dangling around anymore (I
want to switch back from imaginary Minkowski space to real

time-space):
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ict' = cosh8(ict) + isinh (x) — ct’' = cosh O(ct) + sinh H(x)
x"=—isinh @(ict) + cosh8(x) — x' =sinh &(ct) + coshO(x) . just:

ct'| |cosh@ sinh@ || ct
x' | |sinh@ cosh@ || x
The one parameter 9 can be determined by the motion between frames: S’

is moving with velocity v relative to S:

(x’=0 is moving with v viewed by S)

0 =sinh &(ct) + cosh 8(x)

sinh(&) __i__Z=_ﬂ
cosh(d) ¢t ¢

tanh(@) =

(Throw in another jargon that this angle is also called rapidity in SR)
Knowing the tanh and finding out cosh and sinh is exactly similar to the

sinusoidal case:

sinh @ =—f cosh@

cosh’@—sinh* @ =1

(13-22)'Y

1
cosh’ @ = =y’
-5 7
coshé =y,sinh @ =—yf3
The final LT between (ct’, x’) and (ct,x) will be exactly same as (13-21),
but this has been derived from quite different (more mathematical,

requiring “length invariant” and Unitary transformation) point of view. To

put all in matrix form, the LT between 4-vectors is:

'47 The reason that the cosh only takes the positive gamma is we want the transformation reduces to Galileo under

low speed limit where gamma=1. (Correspondence principle)
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et ] [y =B, et ]
' _ /I SO X |
I Lo ||y | (13-23) @inplace of ..
20 I IR, 1|z |

We have thus finished proof of LT using unitary transformation and now
back to the business of 4-vectors. The 4-vectors are defined to satisfy the
transformation in (13-23) between different frames'*, and their ‘length’
defined as:

(") = (x) = (x*)" = (x")’ (13-24)"*

This is invariant upon LT.

Important properties of 4-vector (in analogous to 3-D vector)

1) Linear Combination: Any linear combination of 4-vectors will give us

another 4-vector, i.e. if A, B are 4-vectors:

ad+bB will be also a 4-vector (a,b are constant, they are invariant

upon transform, so they are scalars).

This is the most important property and can be easily proved because
the LT is a linear transformation. We shall see that we can generate
more 4-vectors from our prefect displacement 4 vectors! (this is

exactly analogous to common 3-vector)

148 Actually I could throw in the 3-D rotational matrix (by extension to 4-D with time unaltered upon regular
rotation) to make the transformation also include the rotation with messier final matrix. But here I shall only
concentrate on the so called boost transformation (another jargon for the transformation between translational
moving frames).

149 Sorry for the awkward symbol, I trust you can distinguish what is the indices label for components and what is

the power (squared).

535



2) If a physical equation between 4-vectors in one frame, it will be true

in all frames. e.g.:

4=B in S, then in the S’ frame we still have: 4=B .
This is also related to the LT is a linear transform:

. A-B=0, A;: . . ) _
Proof: ¢ = 0 is a null matrix which is same in all frames:

L(4-B)=0—>L4-LB=0—>4 =B

We have seen that the (E/c, P) (E,P in SR formula)satisfy the LT
transform and is a 4-vector, so if the energy conservation and
momentum conservation is true in one inertial frame (which is
nothing but equivalence between 4-vectors), it will be true for all
inertial frames, | just proved this. (Of course what | mean the two
4-vectors are same means their components are same)

One extension of this will be if the physical laws relating the 4-vectors
are true in one frame, they will be true in all frames, provided the
coefficients on the 4-vectors are tensors (scalar is the 0™ rank tensor).
Actually since vector is just another special case in tensor (1% order), |
should say that in order for physical laws to be same in all frames
(relativity principle), the laws need to be expressed in tensors. | won’t
push this too far since tensor analysis is required for higher order
tensors. (we do not need much here in this course is because most

laws here only involves scalars and vectors (0, or 1* order tensors)
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3)

except a few occasions such as inertia tensor in rotation**°)

Inner product between 4-vetcors is defined as:

A-B=A'B' - A'B' - A’'B* - A4’B’ (13-25)

Notes: the 0,1,2,3 are just indices of components. This inner product
is a scalar meaning invariant upon transformation.

Proof: We have seen the length is invariant (a scalar) which is nothing

- |A=A4-4 :
but just: < %<, and A+B will be also a 4-vector from property 1:

(4+B)-(4+ B)=scalar
A-A+B-B+24-B=scalar

Because the lengths are scalars (a requirement in defining the
transformation), then the inner product between any 4-vectors is a

scalar too (meaning same in all frames).

13.6 Velocity 4-Vector and Momentum 4-Vector

We have defined what 4-vector is and used displacement 4-vector as

example working out the LT transform, and all that in chapter 12 can

follow from this. So the special relativity can be developed out of this

4-vector formalism. In this section, I will use the displacement vector as

prefect to find out the formula for some more 4-vectors, especially

130 For the interested students who wants to learn more on tensors and its analysis, I recommend a classical

textbook: Borisenko and Tarapov (translated by Silverman) “Vector and Tensor Analysis with Applications”

(Dover, 1955). We can elude tensors in SR (and many other courses, even QM) but have to resort to it in GR or

field theory.
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4-velocity and 4-momentum and what we had discussed in the first half

of this chapter can be developed out of this.

. dr
In 3-D, the velocity is ¥ :Z, a naive way to get velocity vector from

dX

—

displacement 4-vector would be V= 4t - But this won’t work, the

quantity defined like this is not a 4-vector, it is (€Y) and it does not

transform obeying LT. The problem is that dt is not a scalar anymore in
SR, it changes from frame to frame. From property 1) above, a 4-vector
multiplied (or divided by) a scalar will be another 4-vector, this is not
satisfied by dividing dt. For a particle flying with velocity u across
space-time, the time elapse dt is frame dependent, however we have seen
that there is a time that is not changing, i.e. upon which all observers

agree, it is a scalar. That time is proper time, measured in the rest frame

(As) = (cAt)’ = (Ar)?

of the particle. This is because since the is a scalar,

Ar=0 (As)’ =c*(A7)

in the rest frame of particle where , thus the

AT

proper time is a scalar too. With this proper time interval, we can

proceed constructing 4-vectors out of displacement 4-vector.

(1) 4-Velocity

dx
V'="" (13-26)

Above is the definition of 4-velocity, to work out the detailed formula,
especially we want to see the relation between it with regular

velocities (dx/dt defined in each frame). We need relation between
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proper time and time, but this is just time dilation:
dr=dt/y,
In a frame that the particle is moving with velocity u, its time interval

dt is related to the proper time by above relation.

dX cdt dr —
V=—==r O =eri)  (13.97)

From this and transform property of 4-vector (LT), | hope you can
work out the velocity transform relations that | had derived before in
chapter 12. (It is straightforward and a bit tedious, so | left it as an
exercise for you to finish)

Comment: In the real lab measurement what we measured is of
course the regular 3-D velocity, and we can construct 4-velocity out of
this by (13-27) which has the advantage that transforms obeying LT.
In computation, using the 4-velocity or the velocity transform formula
will be equivalent and about same amount of work.

The length of the 4-velocity:

’V’2:(7uc)2—75|ﬁ|2202 (13-28)

It can be proved by throwing the definition of gamma but most easily
by the invariance of its value, and find it in the rest frame where u=0
and gamma-=1.

The 4-velocity is not very useful in real practice, its purpose is an

intermediate to find more 4-vectors out of it.
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(2) 4-Momentum

Let’s temporarily forget about the relativistic formula for energy and
momentum and see how those arise from the construction of
4-momentum.

We have constructed 4-velocity above, and we know that rest mass is
a scalar (it depends on internal energy but independent of motion),
so we can construct a 4-momentum from 4-velocity:

P=m = (y,myc,y,mu) (13-29)

The spatial component is 7umoﬁ, and we can expand this as power

series of u/c:
- 1, -
y,m = (1 +5,B +...)myu

We see that the 0" order term is just mgu, which is the momentum in
Newtonian mechanics at low speed limit, higher orders would be
relativity correction. Most important, since it is part of 4-vector, if this
qguantity is conserved in one frame, it will be conserved in other

yum()u

frames too. The satisfies the correspondence and relativity

principle and it is justified to define this term as relativistic
momentum, which is exactly the same formula | derived before.

If | expand the time component (0™ component ):
1u’ 11 )

ymc=A+——+..)mec=mec+——mu" +....
2¢c c?2

The second term is obviously related to Newtonian kinetic energy, so
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this term is related to energy, a dimensional analysis tells us it is E/c.
Since this term is also part of 4-vector and c is an universal constant,
this means if this quantity is conserved in one frame, it is conserved
in all frames too. Similar argument suggests it is justified to define

E = J/un/l()c2

this term as E/c, or which is our familiar relativistic

energy formula. We have derived the formula for relativistic energy
and momentum from 4-vector point of view.

So the energy and momentum are closely related in special relativity
as time and space. The old argument in Newtonian mechanics
centuries ago about whether the energy or the momentum is more
fundamental now has a clear and more profound answer. They are
equally important and are related to time and space, as | have
mentioned at the very beginning of this course, that the energy
conservation will be a result of time translational symmetry and
momentum conservation is the result of space translational symmetry.
The 4-momentum vector for a particle is also called
energy-momentum vector for obvious reason, but sometimes when |
am sloppy, | just call it momentum

Because 4-Momentum is a 4-vector, it transforms obeying LT, and we

have seen this explicitly in 13.4. The length of this vector is:

E -
2_ By B2
b _(C) | P and is a scalar. Its value is easily evaluated by

choosing a frame in which the particle is at rest, so that u=0 (and
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A _ _ 2
P=0,E=mc" i sych frame)and this will gives the value:

PP=Eyo | BP=mic
c (13-30)

This is the energy momentum relation derived before.

I shall rework some of the examples in section 13.3 explicitly using
4-vectors, so that you may have a feel for this method. (I will not draw
the figures and please refer to section 13.3 if necessary)

Example 1: Photon emission by a stationary atom/molecule in lab frame.

The initial momentum (4-vector): Ec,

Final momentum: % for recoiled atom, L for photon (only consider

1-D, along x direction)

Energy and momentum conservation can be expressed with one equation:
P=P+P

In order to apply for the invariant value, I direct product both side with P,
(equivalent to square both sides):

|[B[= B +|B[ +2B B,

All these values are scalars and I can choose the most convenient frames
for their values, and clearly:

|B.['=m;c*| B, [=muc*| B['=0

To evaluate the cross terms, I shall just use lab frame, in which:

P =(E /cP)
B =(E,/ckE,/c,0,0)
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Using momentum (3-D) conservation:
P=—-E,/c—>P =(E,/c,~E, /c,0,0)

EE A N_”_EE+E

PP =

Put all these back into squares of 4-momentum conservation:

EE, +E,
22 b b 22
m,c +2"T—mcc

There are still two unknowns E, E, (m, is related with m, by
Qo=m.c*-m,c”), but we still have energy component conservation:
E =E —-E =mc’ -E,

(mﬁz—ﬂ)%+ff

2
c

2 2 22 2p 24 24 2 4
m,c”+2 =m.c” =>2mc’E, =m.c" —m,c’ =m.c" —(mc

Q
2M ¢

E,=0,

This is same as the result of example 2 in 13.3. (Above procedure may
not be the quickest way to get answer, can you find a better alternative?)

When [ apply the scalar property of inner product of vectors, I chose P,
(4-vector), you may try other inner product, say direct product to both
sides of 4-vector conservation equation with P, and you will get same

answers (try it yourself) using this slight different method.

Example 2 Total inelastic collision
Particle A and B collide to form one particle C, if we know the initial

velocity of A, B and their rest masses my,mg, find C’s mass and velocity.
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With the initial conditions, we can compute the initial momentum and
energy from m, u, but I try to avoid as much as possible by using

4-vector’s property(I cannot avoid it completely of course):
Pi+F =k
|EA |2 +|EB |2 +2P,- b, :|_Rc |2

| P, = mic?;| Py [P = myc?s| B. = mc?
In the lab frame:

P, =(E, /C’pA);EB =(E, /Caﬁg)

BA'EB:%_PA

P,
Put all these into equation:

EA EB

2
C

2 2 2 2 5 D .22
m,c”+mgc” +2 —2P,-P,=mg,c

This is exactly same as the result in example 5 in section 13.3. With the
mass of C computed, we can further find its velocity using conservation

laws.

Example 3: This is example 6 in 13.3

ptp>ptptp+p

The minimum energy of the moving proton hitting a target of rest proton
and create 4 particles is what we need to compute.

The minimum energy is when the output’s total energy is minimum. For

the multi-particle system, 1 stated without proof that the
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2 )
Etotal })totalc =E

total(in €M) 'Now I can prove this easily from 4-vectors:

The total energy-momentum vector is also a 4-vector:

Botal = ZB = (Etotal / c, Ptotal)
Its length is also a scalar invariant upon transformation between frame:

(£ oml)

| tal| - 2 | tal|

Its value relates to the total energy in the C.M. frame of which is defined

as total momentum (3-D) is zero:

(£ omz)
C

E [
(CM) \2
| ~total |_ | total | :( mmc )

The minimum energy in CM frame is when all particles are at rest with
total energy 4mc”. In other frames, [ By P is some conserved value and

this will give the minimum energy of E, in that frame. The rest would

be similar as before:
EA + EB = Ec
|EA |2 +|EB |2 +2EA 'BB :|_Rc |2

| P, P=| P, P=m*c*,| B P=16m’c?

P, =(E,/c,P,),P, =(mc,0) in lab frame

m’c> +m’c’ +2mE , =16m’c®> — E , =Tmc’

Solving problems with conservation laws, you can either use the
conservation laws separately as I did before or apply the 4-vector with the
property of invariant inner products like what I just showed you here. The
two methods are equivalent (as demonstrated by the examples I worked

out) and which one you choose is somewhat personal taste. The 4-vector
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is generally more compact while the separate conservation laws are

probably more familiar.

Chapter14 Acceleration and Force in Special Relativity

We have learned most of the basics of special relativity. This chapter is
included mostly for the completion of story. Though in SR the force and
acceleration lost their central positions in description of motion as in the
Newtonian mechanics, we need to see why it is such.

The reason we hold dear on the old F=ma is because it is simple (and is
correct under low speed limit). As I discussed at the very beginning of
this course in chapter 1, the force and acceleration allow us to compute a
complete trajectory of the particle, instead of counting the position and
velocity of the particle at many different times. Knowing the form of the
force and its distribution, we can solve the trajectory by solving 2™ order
differential equations, or 1* order equations for velocity. All this made the
designation of a physical quantity of interaction as force very useful.
However, we will see that the simple relation F=ma is not correct at high
speed (SR), force and acceleration when transformed between moving
frames do not satisfy LT and are not 4-vectors, so as we discussed in the
last chapter, F=ma cannot satisfy relativity principle. There is still a

relation (called equation of motion as usual) between acceleration and
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force in SR, but the form is more complicated than its Newtonian
counterpart. The calculation of trajectory is far more difficult in SR.
Knowing the complete trajectory (or history) of the particle would be nice,
but fortunately never necessary for a understanding of physical systems.
We have seen in this course that we can get the properties of system,
velocity, momentum, energy, angular momentum without knowing the
detailed trajectory. In microscopic world (quantum theory), knowing the
trajectory is impossible because of the uncertainty relations. Modern
physics is largely based upon measurement of momentum, energy and
angular momentum and their conservation laws rather than trajectory.
So it is a pity but not the end of the world if we cannot have a complete
trajectory or history of the motion, we are just less god-like and his
almighty maybe the only one knowing exactly where a particle came and
where it will go©.

Though the cherished simple equation of motion is no longer correct in
SR, and force —acceleration becomes less important and knowing the
complete trajectory is not essential in understanding the physical
properties of a system, they do hold the central role in the first half of the
course and they deserve a place of discussion here in SR.

The strategy in the following discussions will be similar as before: I shall
discuss the acceleration and force without the help of 4-vector; then I

shall invoke the 4-vector and show you how to construct 4-acceleraton
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and 4-force; their relation to the 3-D force and acceleration, and that the

two formalisms are equivalent.

14.1 Acceleration

The acceleration is still defined as derivative of velocity over time, of

course the time and velocity are measured in an inertial frame, i.e.

_ dug,
)=
dt( 8

7]
The subscript (S) is there just to show the dependence on frame explicitly,
it is redundant as long as you do not forget such dependence.
(1) Transform formula of acceleration
Here we study the relation between the acceleration of same particle
viewed in different frames, say S and S°, S’ is moving velocity v w.r.t.
S as usual.
We have learned the relations between the velocity u, u’ of the motion
and time t, t’, and starting from there we can find out relation between
aanda’.

Let’s first consider the x component of the acceleration vector (3-D),

and x is the direction of motion between frames v:

, _du dul /dt
a.=—>==

At dfdt

, \%
di' = y(dt ——d)
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u —v
U, =—
l—vu_/c

v
du! (1=vu, /c*)du, /dt+c—2(ux —v)du_/dt ¢ v /ed)a, B a

dt (—vu, /c*)? C(=vu /P P —vu, | )

v dx v,

dt'/dt=y(1-——)=y(-
y=-=—")=rl-=73%

, _du dul/dt a,
a =—== =

gt af/dt pd-wa, /Y (14D

Same straightforward strategy and messy calculation will give:

a’ = % + ! eid a
Yoy (-vu, /) A= /c?)
a 1 uyv (14-2)

a. = £ + a
B (VTR Neas R 7l ( BV TR e el

The transformation is quite messy and not LT. The reverse
transformation (expressing a in terms of a’) is just change the sign of v.
The relation is even more complicated by looking carefully to the
coefficients, the coupling coefficient are not constant of motion. The
uy, u, will change especially under acceleration, that means the
coefficients are also changing.
(2)4-Accelerator

Just like how we construct the 4-Velocity vector with space-time
4-vector divided by proper time, we can construct a 4-Accelerator

similarly with 4-Velocity divided by proper time interval:

av._ d(y.c,yu)

~odr dt (14-3)
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This is the 4-accelerator in one frame that the particle is moving with

velocity u. Further expand the differentials:

dy, _dy du dy, .dy .
A=y (c—u—"L+y —)=y (c—2,u—+y a
4,=7.( Rl dt) 7.( Rl )
dy, _a’(l—uz/cz)_“2 1 u’ —% —1du-u) _7/3 S
dt dt =( 2)(1 cz) ¢ dt _czu ¢ 144

Put these into the 4-Accelerator and we finally see the connection

between this 4-accelerator with regular 3-D accelerator:

7.
¢ (14-5)

Or write out each component explicitly:

A=liig

c

4 4 4
1 _ Vi = 2 o2 _Yign = 2 o3 _Yugn = 2
A ==%w-au,+y,a,.;A —C—Z(u-a)uy+7/uay,A —C—Z(u-a)uz+7/uaz

And it is this 4-acceleration that will transform obeying LT, and we
will see that the equation of motion can be expressed with this
4-acceleration. However its relation with regular acceleration is
complicated, say suppose you know the Ai (i=0-3), solving for x(t) are
a bunch of coupled differential equations.

The transform of regular acceleration (14-1,2) can also be derived
from 4-acceleration and its transform (LT) between frames, and it is a
straightforward and tedious computation and won’t be presented here
(you are encouraged to prove it yourself). So the two formalism on

acceleration are equivalent, and we will see that the equation of
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motion when expressed with 4-acceleartion is much simpler.
Like all 4-vectors, its length is a scalar, the length for 4-accelerator
expressed in terms of u, a is: (I skipped details and only copy the

result)

3 6
4, P= (L) =S (L) =—yla* - Le(i-a)’
= ¢ (14-6)

This value is easiest to evaluate at what is called instantaneous rest
frame of particle, i.e. a co-moving frame that travels with same
velocity as particle at one moment, and since the velocity of particle
under acceleration is changing, the frames will change accordingly
from time to time (The lab observer is one frame S, and particle frame
is S’, while S’ is changing from time to time). In such S’
(instantaneous rest frame), the particle is stationary (u’=0, gamma
(u’)=1) and we see that:

| 4, '=—a’ (14-7)

@ is the acceleration in the instantaneous frame, which is called proper
acceleration.

We see that the transform relations between regular acceleration in
different frames will be the simplest if one of the frame is the
instantaneous frame S’ (in which u’=0), also the relation between 4-
and 3-acceleration is also simplest in such instantaneous frame (the
relations involving instantaneous frame will be left for you to write

out as a practice). This suggests the usefulness of using such frames in
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calculation involving acceleration in SR. However, keep in mind that
the S’ is instantaneous, meaning its velocity w.r.t. S (the lab frame) is
changing continuously, i.e. terms involving u and gamma(u) are not
constant. We shall see a simple example of solving the accelerated

motion after we discuss the force in SR.

14.2 Force and 4-Force

(1) Definition of force and equation of motion in SR
First let’s see the relation between force and energy and momentum. I
had used force once before in the derivation of relativistic energy from
work-energy theorem. There the force is defined as:
f=dP/dt (14-8)
This is the definition of force in SR (in a sense as discussed in
footnote 137). We had seen that the energy coming out this satisfies
the relativity (conserved in all frames) and correspondence principles,
which justifies the (14-8) for force.
The work-energy theorem is:

dK = f-dr , K is kinetic energy (K=E-m002)

dK -
- - 49

Put in the total energy, and in the situation when the rest mass is a
constant (no internal energy change of the particle):
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dK d(E —m,c?) _dE —f'ﬁ
dr dt T dr (14-10)

The (14-9) and (14-10) are clearly the analogy of power theorem in
mechanics. These are relation between force and momentum-energy
which is not completely new here, and what we learned in mechanics
on impulse theorem and work-energy theorem can be applied in SR as
well.

Now the question is what is the relation between force defined in
(14-8) with acceleration? Do we still have F=ma?

Put the definition of momentum into (14-8):

dm) _dmy) . di _dy

WMo ”m0ﬁ+}/umoc_i
dt dt dt

f=

Above I used assumption that the m,, the rest mass of particle is a

constant. We have seen in (14-4):

dyu 73—’ e
e

_ 3

f:yum0c7+m0%(ﬁ-c‘i)ﬁ (14-11)

This 1s the relation between force and acceleration in SR,
corresponding to the equation of motion F=ma in mechanics, and
indeed we can see that at low speed limit, u<<c, the equation reduce to
f=mpa. However, generally the relation is more complicated in SR.
Noticed that the acceleration a is not necessarily parallel with velocity

u, in most cases, they are not along same direction. This means the
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force and acceleration are not necessarily along same direction as
shown in (14-11).

For example in 2-D for simplicity, if the particle with initial velocity
(ux0,uy9), and the force is along x direction only f=(f;,0). The particle
will have acceleration a, along x direction and its u, will increase.

Consider the momentum along y direction which should be conserved

for there is no force along this direction (14-8). By =7.mgll, A the Uy

2 _ .2 2 . . .
increases, the % U<t Will increase and so will the

V. =IN1=u"/ cz. In order to keep the momentum along y to be
conserved, the velocity along y, u, has to decrease. So we see that
though there is only force along x direction, the particle will have
acceleration (deceleration in this case) along y too! This is quite

different from that in Newtonian mechanics but in accordance with

(14-11). Just rewrite the (14-11) to express explicitly from force to

acceleration:
= d(y,m,) - di 1 dE . B I B
= u -+ m,—=——1u-++ m.a = m.a—+— ‘U)u
/ dt Tlo™ g = @ g T Ve = Vil cz(f )
1 = feu
a= — u

nmo(f =9 (14-12)

In our simple example above, there will be non-zero y acceleration:

f=(f.,0)i = (u,,u,)

L fu,

a,=———

y 2 y
7um0 ¢

Only in some special cases, we have simple equation of motion in SR,
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for example if the acceleration is always perpendicular to the velocity
(circular motion), the second term in (14-11) will disappear. Another
case is when we choose instantaneous rest frame of moving particle,
the equation of motion in such frame would be just:

—

f'=mya (14-13) in instantaneous rest frame

This makes perfect sense since in this inertial frame, the particle is at
rest and the equation of motion would just be that in Newtonian
mechanics. Unfortunately, transform the result back to lab frame
won’t be easy'".

To find how the forces transform between frames, we could adopt the
old strategy that:
fr=drPldr 4, S’ and the transform of P and t are known (they obey
LT), and we can find how the force is transformed, it won’t surprise us
that the force does not transform as LT (take a look at definition (14-8)
and think why it is not LT yourself). I shall leave out the details of

calculation here and give the transform relation after we construct

4-force.

(2) 4-Force

The force defined above i1s what we measured in lab but it does not

transform obeying LT because it is momentum divided by dt, which is

151 The situation is a bit similar to the free rotation of rigid body we discussed before. Choosing the principle axes

as coordinate axes will simplify the equation of motion but the coordinate system is changing with time there.

There is just no free lunch .

555



not a scalar upon transformation (same reason that the regular
acceleration and velocity are not 4-vectors). Following the same
procedure as constructing the 4-velcocity and 4-acceleration that have
certain relations to the measurable quantities (the regular velocity and
acceleration, such measurable physical quantity is also called
observable) but transform as LT, we can construct 4-force that is
relating to the observable force f and satisfies LT.

FEd—E
T odr

(14-14)

This is the 4-Force which is a 4-vector. Its relation to the observables
can be directly worked out from formulas for 4-momentum and proper
time:

P=(E/c,P)dr=dt!y,

dp 1 dE dP
F=—= -
- T ?/“(c dt dl)

We can see from the above that the relation between the component of
4-vectors with physical observables: Its time component is related to
the energy change over time; and its spatial components are related to
regular force (so the 4-force is also called power-force vector) and

writing out the component explicitly(for the case of constant my):

F(’:ﬁd_E:ﬁf.g
et e (14-15)
Fz:x,y,z — 7/uf,

From this construction of 4-force and its relation with observables, we

can find the transform formula among regular force (which I left out in
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previous section):
The two frames S, S’ (relative v between them is along x direction)
and forces measured by are f, f”:

The relation between the 4-Force are already known (just LT):

F = /(F" ~ BF)
F' =y (F ~ pF)
FIZ :FZ; F!3 :F3

Throw in the relation of each component:
Pefri =y F i prt)

! 714 7 =
}/u'fx = }/(}/ufx _ﬂ?fu)
Yuly =0t Vel =7.).

The relation between gammas is what we derived before:
uy
= | i 152
Y = 17.( = ) (14-16)
The first equation gives us transformation between powers and the last

3 give us the transformation between regular force (for the constant

my):
Vo oL
plle
Yo l-uy/c
-
7 }/(l—uxv/cz) (14-17)
="t

- y(l—uv/c®)

You see that the regular force do not transform as LT.

152 Which is proved in (13-1) for 1-D case; for general case here where u has components along x,y, z. The proof
would be similar to that of (13-1) or using the transform property of 4-velocity, its temporal (0™) component

equation will lead directly to this relation, please try it yourself.
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The equation of motion (relation between force and acceleration) can
be written using 4-vectors in a very simple and familiar form:

E=md  (14-18)

The force and acceleration in the formula are 4-vectors, their relation
to the observables are given by (14-15) and (14-5), throw these into
(14-18), it is a practice for you to show that (14-18) indeed will give
us relation between regular force and acceleration exactly as (14-11)
Generally the equation of motion as (14-18) or (14-11) are a bunch of
coupled differential equations, knowing the force and initial
conditions, solving the acceleration ,velocity and trajectory of the
particle is not an easy task (most cases, you may not get an analytical
answer), far more difficult than the Newtonian case. We shall take a
look of a couple simple cases to have a taste of this where we may
apply the instantaneous rest frame of the particle and simpler relations

between force and acceleration in such frame.

Examplel Particle subject to a constant force

A particle is at rest initially, then a force field is turned on at t=0. The

force will be constant and its direction is chosen as x-axis, 1i.e.

J =00 and the rest mass is m, for particle. After time t, what is the

velocity and the distance travelled by the particle?

If it does not ask for acceleration, usually it is easier to work from

558



momentum-force relation (14-8, impulse theorem):

Method 1:

f=dpP/dt

P,,P, would be constant and since initially the particle is at rest these will
be zero at all time, and so will be the uy, u,. The particle will only move

along x direction.

dP./dt=f,— P.(t)= fit

2.2
mOux

= ot (g = (P (= 1) = (i + Lo, = f27°
l-u/c ¢

_ ot ]

U, = 2,2
mo Ot
1+

mgc

Once we know the velocity, we can find distance by integration over time,

which is straightforward but may need integration table for the job.

Take a look at velocity over time, clearly at low velocity when time is
small, the velocity reduces to Newtonian result, u=at, a=f/m. At longer
time, the second term is not negligible, and at long enough time, the u
will approach that of c. This makes perfect sense.

Method 2: 1 will also work this out using relation between
force-acceleration.

Even when the force is constant, in lab frame the acceleration is not a
constant (14-11 or 14-12):

Fii
i)

- I -
i=— (-
VM ¢

Initially u=0 and this will just give us a=t/m, the classical result. As
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velocity increases, the acceleration will decrease due to the increase of
gamma and second term. Actually it is easy to see that as u approaches c,
acceleration will be zero.

In our simple example, we can integrate above to find the u,(t):
du 2 o S
a =—==\l-u’/c* (L -2
Toodt * (mo mocz)

This is a nonlinear 1* order ODE and certainly you can tackle it directly

but here I can easily solve it by separation of variable:

a, ziwll—uf /e (1-u’ /cz)zﬁ(l—uf /ey

m my

du, /e ¢ du, /e
(—u? /)" = J (—u? /)" T

X 0 0 X 0

The integration on the LHS can be found from integration table:

cu, fo

( —u?)"? _Et and uy can be solved which will be same as I worked

with momentum.
It is also interesting to work the second method from another point of
view, using the instantaneous rest frame of particle. In this frame (I shall
denote it S°, it is moving with uy relative to lab frame), u’=0 in such
frame. The relation of transformation between force and acceleration in S
and S’ is simple:

1=/ (easy to prove from 14-17)">

133 You may try directly from (14-17) but it is more easy to work from the reverse transformation, i.e. express f, in
terms of {”, the relation would be similar to (14-17) only change the sign involving v and switch label u to u’.

Similar procedure applies to the transformation of acceleration too.
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a=a=pa,y=1/N1-v/c* =1/ \1-ul/c’

In the rest frame S’, the relation between force and acceleration is just the

(easy to prove from 14-1)

classical mechanics one:

a=ti_ N : : L
m, m, and in such instantaneous frame the constant force will give

us constant acceleration. But we cannot do the integral in this
instantaneous frame, because it is changing over time, we have to

transform back to lab frame:

du 1
3, — — " @ _Jo . . . . .
ra,.=a— A=/ m, dt this will give us exactly same integration

as before so same answer. I hope I have shown you enough methods to

treat this simple dynamical problem.

Example2: Particle with u, subject to constant force (consider only in 2-D
X-y).

Similar situation as above, but the particle has initial velocity along y. i.e.
initial velocity is (0,u), the force is along x direction (fy,0). What is the
velocity of the particle at later time?

We have seen that it is easier to work with impulse theorem:

myl, 1

Vu =
Jl-u /e \/1—(uf+ui)/cz

P =ymu, =P, =const=

myu,,

\/1—(uf +u}2,)/c2

=1IL

For the x component:
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dP = f,dt > P. = ft
moux

\/1—(u>f+u§)/c2 B

Jot

There are two unknowns with two equations, and luckily here the two
equations can be squared, thus the two unknowns to be u,” and uyz, and
this becomes a couple of linear equation which can be solved with
standard method. In the following calculation I shall choose the unit so
that c=1; X=u%; Y= uy2 :

myY =P.(1-X =Y) = P\ X +(mg + P}))Y = P},

meX = fit (1= X =Y) > (m + fi)X + [ 0°Y = fi7F

2

P’ P’
0 ,0
Y =— 2}t2 P _)u)z): 2 2 }2t2 I ¢
my+ fot” + 7o myc” + fot + 0

The last step is from dimensional analysis to put the ¢ back into relation
(of course if you never set c=1, you do not need worry about this step,
however in complicated calculation, it is usually time saving to set c=1 at
beginning and put it back through dimension analysis afterwards, like
what I did here)

Similarly:

2,2
2 ! 2
u- =

0
x 2 2 2.2 2
myc” + fot +Pyo

From the results, it is easy to see that as time goes on, the x component of
velocity will increase (but never exceed c) and the y component will
decrease as we discussed earlier, there is deceleration along y though

force only has x component, as you can see also from relation:
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i
7 U)
RS

5:L(j7_
m

7/140

You may also try to solve the problem by using the force-acceleration
relation above, and this will be left for you to explore. After finding the
velocities, the trajectory can be worked out in a straightforward (but

maybe nasty) integration, and I will not do that here.

Example 3 1-D harmonic oscillator

For a particle subject to a force f=-kx and the force can be written also in
convention of / = -mo'x , the amplitude of the oscillation is A, what is
the period of this oscillator?

Suppose m is initially at A, so u=0, x=A initially. The time for m travel

¢ dx
from A to 0is: "0~ .[ u » the period will be 4t,. The problem then will be

find the relation between velocity and position u(x).
Starting from impulse or acceleration (which is derived from the impulse)

would be equivalent here, so I shall use:

—

- 1 - f-u._
a=——f-LF )
VM ¢
du 1 u? —w’x
a = L Loy
dt ym c v,

This result could also worked out from acceleration in instantaneous rest

3 _ 42
frame as in last example 7 4 ~%=7“*  We need to find u(x) so I

rewrite the relation above as:
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du_duds_ du_-o's
dt dedt dx y

y2udu = —w*xdx

Doing integration on both side will give us u(x) and thus the period. The
integral on the LHS is a bit nasty if doing it directly. Fortunately, we

3 3
D Vg dy,="rudy
C

know (in the derivation of 14-11): =~ 4 = .2 in this

casc.

2 2 )

dy =—w—xdx—>7 =9 24 const
u 02 u 2 02

The constant can be found from initial condition, x=A, u=0, gamma=1

2
const :1+lw—2/12
2c

1 &
Ay
Y 2 ?

From this we can find out u directly from definition of gamma u:

eyt =1

v

== (taking minus sign because of our initial condition)

The period can be found out from integral:

Tty 4]
=y = { u Itis generally quite a nasty integration and I shall leave the

formula as it is, and also from u(x), we can find x(t) through another
nasty integration, so simple harmonic oscillation in classical mechanics is

not so simple in SR.
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Supplementary Materials on Math Needed in Mechanics

by Shuo Jiang

Preface

One difficulty (obstacle) for freshman physics is the math needed by the
students. It requires Calculus (both single and multivariable versions) and
some basics on solving ordinary differential equations, as well as Linear
Algebra. The materials in the math are generally not required in high
schools in this country, and will be taught simultaneous with physics in
the first semester in college. While we are not going to encounter serious
Linear Algebra in the first half of physics course, and I hope by the time I
need LA at the second half of the semester, you will have learnt enough
from the math course. However, the calculus and ordinary differential
equations will be needed from the beginning of the physics course,
especially calculus. I shall arrange the physical course that needed single
variable calculus first, then multivariable (those partial derivatives etc.)
calculus and then ordinary differential equation. I write this math
supplementary accordingly in these three parts, hoping as a guidance or
crutch that helps you understanding some basics and be able to use them

in physics. This is not intending to replace the math textbook of course.
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Supplementary |

Highlights of Differentiation and Integration

This is a short and crash course on part of calculus, dealing with
differentiation (derivative of function) and integration (integral of
function). Within this supplementary, I shall list some of the highlights of
calculus (single-variable) and their applications in physics. There will be
a few examples and not many rigorous proofs (you have to refer to math
textbooks on calculus for the proof and more examples)'>*.

Calculus is about the relation between functions. You have two
functions which are related, each is a function of some variables
explicitly or implicitly. Say function 1 is the distance traveled over time
and function 2 is the velocity over time. So function 2 is the change rate
of function 1 over the variable. i.e. function 2 express the change of
function 1 as the variable changes. From function 1 you can calculate
function 2, the function of rate of change, this is called differentiation.
From function 2 (the rate of change), you can calculate the function 1,
this is integration.

1. Differentiation of a function

This is also called derivative of a function. This will give you another

13 A widely-used textbook (in US) on basic calculus for freshman is Thomas “Calculus”. It has hundreds of

examples and thousands of exercises, but it is almost 1600 pgs. That is why I decide to write this supplementary.
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function which represents the rate of change of the initial function. To
give a rigorous derivation on derivatives, you will need definitions
regarding to functions, limits and continuity. All these would be too
mathematical to present here for this supplementary, so I will dive into
derivative directly.

The functions here we considered are what are called single variable
functions, i.e. with only one input variable that changes. For the general
case of multi-variable functions, I will leave that part to another
supplementary on partial derivatives later.

1-1. Geometric and physical interpretation of derivatives

Given a function of some single variable, say y= f(x), where x is the
variable (the input), and y is the output, f is a function represents their
relations, i.e. knowing x you can calculate y. As the input x changes, the
output y will also change. If the x is changed to some other value, say
x+ Ax, the y will change from f(x) to f(x+ Ax). The rate of change

1s defined as:

Ay _ Gt A f(x)
Ax Ax

(1)155

This is also called average rate of change, and is represented by the
secant line in the graph below, the average rate of change is the slope of

the secant line connection the two points P,Q.

'35 In the following discussion, sometimes I may mix f with y, they are the same anyway. y and f are just the

symbols representing the same function. So in later notations, y=f,y'=f", dy/dx=df /dx
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However, in many situations, the average rate of change may not be
enough. We need the instantaneous rate of change. i.e. the average speed
of a car between 2 second and 5 second may not provide enough
information, we need the speed of the car right at the 2 second. This
corresponds to making the Q approaching P in the above figure, and the
Ax becomes smaller, approaching 0. Under this limit, we calculate the
rate of change. That is the instantaneous rate of change of function f(x) at
certain point, say x;. This instantaneous rate of change is the physical
interpretation of derivatives. The notation of derivatives of y = f(x) has

a few commonly used forms:

,dy d
y==="-f(n=Dy ()
x dx
y'is the Newton notation; % is the Leibniz notation; Dy is the operator
X

: : : oy d :
notation which D represents the differentiation operator e The basic
x

math definition of derivative is:

A f()
Ax

li
Ax—0

d
/= 3)
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The derivative is also a function of the same variables. For example, if f(t)

: : d : : : :

is the distance, the P f(¢) is the instantaneous velocity at time t, v(t).
t

For the derivative over time, physicists also often use notation /. If T(x)

: e d : :
1s a temperature distribution, then d_T (x) 1s the temperature gradient
x

g(x). If the Q(t) is the number of charge at one location, then O = %Q(z)

1s the current at that location, I(t).
The geometric interpretation is also clear from the figure above. As the Q

approaches P, the secant line will become the tangent line at position P.
So the derivative at x, is the slope of the tangent line of the original

function passing x,. (also refer to the figure below)

800

700

600

500 . :

o Secant slope is
- average ve eIty

400 wverage velocity

Distance (ft)

for interval from Q
300 f=2tof = 5. /Tungcnt slope
T \ is speedometer
200 //reading alt =2
s (1nstantaneous
velocity).
100 p

l 2 3 4 5 6 7 8
Elapsed time (sec)

1-2. Derivatives of basic functions

Here I only listed derivatives of some basic functions without proof.
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(1) Derivatives of Polynomial functions

n

—x" =nx"", nis any integer 4)
dx

7

A= rx’, x>0, r is any real number  (5)
x

(2) Derivatives of trigonometric functions

isinx =COSX (6)
dx

icosx:—sinx (7)
dx

(3) Derivatives of exponential functions

d

—e =¢" 8
T (8)
d 1
—Inx=— 9
dx X ©)

iax =(Ina)a*,a>0 (10)
dx

The e* is the natural exponential, (8) can be a definition of the natural

exponential. From that, it can be represented in the polynomial forms as:

2 3 n © n
X X X
e =l+x+—+ +o+t—+..=) — 11) or
3x2 n! ;n! (b
" = lim(1+-2)" (12)'3
N—o N

When you put x=1 in the (11) or (12), you will get the numerical

expression for e.

136 These relations (including the proof of the relations (4), (6), (7)) are fundamental in derivatives. Please do
check math book for their derivations! (for example, Thomas “Calculus”, or the calculus textbook in use by you

at present)
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Of course you may check the math books for more formulas on
derivatives of other functions. But generally given a function, you can
calculate its derivative knowing only the derivatives of some basic
functions (the relations (4), (6), (7) and (8) listed above). This is because
we have some general rules of derivatives.

1-3. General rules for derivative

The f(x) and g(x) are some functions of variable x. f’(x) and g’(x) are
their derivatives over x. Then:

Rules of linearity:

df ag

dx (13)

—(f+ 8=

i(cf(x)) = ci, cis constant  (14)
dx dx

Production Rule:

Life)=g L+ (15)
Quotient Rule:

: (f )= fe-fg fg (16)

x g

For composite functions (implicit dependence), i.e. f(u) a function of
variable u, but the variable is also a function of x, u(x), then what is the
derivative of f with respect to x? We have the powerful (probably the

most useful rule in derivatives) chain rule:

df du

du dx (17)

[f( N=—"-
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I did not give the proof of these rules from the definition of derivatives
(relation (3)), please do it yourself or look for them in calculus textbooks.
With the derivatives of basic functions and these general rules, the

derivative of some general functions can be calculated.

sinx .. o
Example 1: f(x)=tanx = , What is its derivative over x?

COS X
d COSXxCOsx —sin x(—sin x 1

Ans.:—(tanx) = > ( ): 5
dx Ccos” x CoS” X

(using quotient rule)

Example 2: f(x)=a", a>0, its derivative (relation 10)

I 1
a=e"“,a =e""";let u=xlna
d

Ans.. g ,_de"du )
—a =—2¢€" = —=¢€"lna=a"Ina
dx dx du dx

(using chain rule)
Example3: f(x)= tan(l) , what is its derivative?
X

1 d dtanu du -1 -1
Ans.: let u=—, —tanu = — ==
x dx du dx x"cosu x“cos (1/x)

Useful techniques in calculating derivatives
Implicit derivative.
Sometimes the functional relation between the y and x are not explicitly

given. For example, in the expression of an ellipse, the relation of y and x

2 2

: . X : L

are given by the equat10n—2+y—2:1, then what is the derivative of
a

dy/dx?
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This kind of problems can be solved by two methods.
Method 1: parametric functions.
The y and x are some functions of a parametric variable t. In the elliptical

function above, we can introduce the parametric variable t, so that:
y=bsint

X=acost

Then Q = bcost,@ = —asint
dt dt

To calculate the dy/dx, it is possible to prove from the definition of

derivatives, that:

dy _dyld

= (18) provided all derivatives exist.
dx dx/dt

Form 18, dy/dx for ellipse is:

2
Q:_bC(.)Sl‘ :—écot(t):—bz—x
dx asint a ay

Method 2: Implicit derivative.

Take derivative of the equation over x. (the equations just express the
equality of two functions, so you can take derivatives on both sides, since
the functions on two sides always equal, the derivatives should be equal

too) i.e.
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2

d x° y d
—(—+—=)=—(1
a’x(a2 dx()

b2
2—)2C+2L2y:0
a b
d , b*x
Loy =
dx ay

This is same as the parametric method. Of course, if you want to get
explicit expression of dy/dx as function of x, you will need explicit

function form of y(x).

(1) Derivatives of inverse functions
This can be treated as a special case as implicit derivative. Sometimes the
function form is the unfamiliar inverse function type, the example would
be y=sin"' x=arcsinx. For these kinds of functions, we can get its
derivative using the implicit method.
Example: y =arctanx, what is the derivative dy/dx?

tany =x

d
—(tan y) =1
o (tan y)

Ans.: i(tany):dtanyﬁz 12 dy
dx dy dx cos”ydx
dy ) 1
—=cos" y=
dx d 1+ x°

The last relation is best easily seen from geometric graph below:
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The above calculation can also be treated directly from the point of view

of inverse function. i.e. y=f(x); x=f"(y).

dx d . B
d_y_d_y(f (y))_dy

1 1
/dx  df(x)/dx

(19)

In relation 18, 19, the derivatives are treated like conventional quotients,
this is true in most cases, since the derivative from definition just the

: A : .
quotient of two small numbers, Ey as denominator goes to 0. This is

very useful and easy to remember, and that is why Leibniz notation is

preferred over Newton’s

(2) Logarithmic method

This is just another special case for implicit derivative. Sometimes
(especially involve exponentials) it is more easy to take logarithm on both
side and use implicit method to find out the derivative.

Example 1: Prove that y=x",x>0 and r is any real number (rational or

irrational), the derivative is that in forms given by relation (5).
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Iny=rinx

—lnyzrilnx

dx dx
Ans.: 1dy r

ydr x

@_ r r r r—1
dx x X

Example 2: y=x", x>0, what is dy/dx?

Iny=xlnx
Ans.: — ! dy d —(xInx)=Inx+x Y e x+l
vy dx dx dx

Y =(Inx+1)y=(nx+1)x"
dx

1-4. Higher order derivatives

From the original function, you can calculate its derivative now, which is
also a function, representing the rate of change of the original one. Now
we can also calculate the derivative of this function (the derivative of the
derivative), which is the change rate of the rate of change. The process
will go on forever, leads to higher orders derivatives of the original
function. The most useful in physics is the second order derivative of the
original function.

Given a function y = f(x), its second order derivative is:

d d d
Y= (y> LD’ (20
dx d

The above definition listed some mostly used notations, noted that the x’

there has nothing to do with the usual square of x, just a bookkeeping. To
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calculate the second derivative from the original function is proceeding as

the definition suggest: First calculate the first order derivative f'(x) (a

function of x), then calculate the derivative of the first derivative to get
second order derivative f"(x).
Examples in physics are relations between distance x(t), velocity v(t) and

acceleration a(t):

v(r):d’;(;)
_dv()) _d dx(t), _d’x
a(t)= dt _dt( dt) dr’

Geometrically, the second order derivative is obviously the slope of the
first derivative. But what is its relation to the original function? The

second order derivative shows the curvature (or the ‘bent’) of the original

function.
‘ | Ny = flx) |
| \ I
/ | \ I
y = jix) /
| a y=fx)/ |
M / | M
| |
| e :
J | |
m
im | ! 1 ' {
1 > X - » X
a X3 b a x| b
Maximum at interior point, Minimum at interior point,
minimum at endpoint maximum at endpoint

In the figure above, the left one with negative second order derivative,
d’y/dx* <0, the curve is bending downward, is also usually called
‘convex’ curve. The curve representing the function at right with

d’y/dx* >0, it is bending upward, also called ‘concave’ curve.
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(a)
For the curve here, when x>0, d’y/dx*>0, its ‘concave’; for x<O0,
d’y/dx* <0, it is ‘convex’. At x=0, d’y/dx* =0, this point is called
the Inflection Point.
It is also illustrating showing the curve with positive and negative first
order derivative. The positive and negative derivative is related to the

increasing or decreasing function over variables.

0 0
§ increasing: s decreasing:
positive slope so negative slope so
moving forward moving backward

What happens if the dy/dx=07? That is the local extreme points we

shall discuss next.

1-5. Some applications of derivatrives
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The most important application of derivatives is to evaluate the
differentials of function, i.e. the samll change of the function as the
variable has a samll change. That will be discussed in next section under
differentials. Here only list out two other applications you will encounter
quite often in physics.

(1) Finding the local extreme points (often related to finding the

maximum and minimum values of the function)

As stated in the last section, when dy/dx=0, the points satisfy this
relation are some special points on the curve of origianl function y=f(x).
These points are called critical points and they can be a local minimum
and local maximum or inflection points. These will be quite clear from

the figure below.

Absolute max
f" undefined
Local max i

j"=l) y = f(x) /

I\
“
|
|
| ff=<0
=0 \ / =)
J £ < O\ /1 |
b y |
|
|
|
|
|
|
|

Local min Local min

\

| |

(Y |

| f'=0 I

/ | |

Absolute min ¢ | |
I L -

a ) () C3 Cy C5 b

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

In the figure, C2 and C3 are local maximum and minimum repectively.
Cl and C5 are inflection points. The dy/dx=0 at these points. To
further distinguish which is local-max, or local-min, etc. You need to
evaluate second order derivative at those critical points.

At the critical points (dy/dx=0), if d’y/dx*>0 (a bending up
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concave curve), you will have a local-minimum. If d’y/dx’<0(a
bending down convex curve), you will have a local-maximum. If
d’y/dx* =0 too, that is an inflection point.

To find out the absolute extremes, such as absolute maximum or
minimum, you have to also check the points at discontinuity and points
where derivatives are undefined (refer to the figure) and compare them
with the value at local-extremes founded from derivatives. For

local-extremes, maybe more easy to remember from the figure below:

Differentiable = y' = 0 = rises from vy < 0 = falls from
smooth, connected: graph left to right; left to right:
may rise and fall may be wavy may be wavy
/ \\ / . \
v" changes sign
)" = 0 = concave up ¥ < 0 = concave down Inflection point
lhmughout no waves: graph | throughout: no waves:
may rise or fall graph may rise or fall
_ - +
or
+ —
y'changes sign = graph y'=0and y"<0 y'=0and y"=0
has local maximum or local at a point: graph has at a point; graph has
minimum local maximum local minimum

So derivatives would be useful in problems of optimization process (such

as which would be the path taking the least time...).
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(2) L’Hopital’s Rule"’
This rule will allow us using derivatives to evaluate values of functions
when direct calculation is impossible. Such as the sinc function at x=0, i.e.

sin x

=7 at x=0.
X

Instead of writing down the rule myself, I just copy the rules from
Thomas’s Calculus.
THEOREM 6  L'Hépital’s Rule (First Form)

Suppose that f(a) = gla) = 0, that f'(a) and g'(a) exist, and that g’'(a) # 0.
Then

lim fx) = fa)
x—a g(x) g'(a)

THEOREM 7 L'Hépital’s Rule (Stronger Form)

Suppose that f(a) = g(a) = 0, that f and g are differentiable on an open inter-
val I containing a, and that g'(x) # O on 7/ ifx # a. Then

- fx) . fllx)
lim lim

X—a g(\f) - X—a g'(x) ’

assuming that the limit on the right side exists.

Using L'Hopital’s Rule
To find

lim —

x—a g(x)
by I’'Hopital’s Rule, continue to differentiate f and g, so long as we still get the
form 0/0 at x = a. But as soon as one or the other of these derivatives is differ-
ent from zero at x = a we stop differentiating. UHopital’s Rule does not apply
when either the numerator or denominator has a finite nonzero limit.

157 Pronounced as (lou pi ta)
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1-6. Differentials and first order approximation (linear approximation)
of a function change.

From the definition of derivatives, dy/dx, is just the ratio between two
infinitesimal changes, dx is an infinitesimal change of the variable, and
dy is the corresponding change of the function output. So sometimes the
derivative is also called infinitesimal quotient (that is exactly how Leibniz
treat it)

Difterential is just the difference, the difference of what? The difference
of functions Ay = f(x+ Ax)— f(x) as variable changes an amount of
Ax . Of course if Ax approaches zero (infinitesimal small), the

differential will be just nothing but rewriting derivative as:
dy = de =y'dx
dx

In real applications the step took by the variable x may not be
infinitesimal small as in derivative, but with limited-size steps of the
general form Ax, then is it true the Ay= f(x+Ax)— f(x)= f'(x)Ax?
Where £°(x) is the derivative over x at x.

It can be proved that the general form the change of functions due to Ax
would be in forms of:

Ay=y'Ax+o(Ax) (21)

y’ 1s just the first order derivative, o(Ax) 1is a higher order term of Ax,

such as a(Ax)” + b(Ax)’ +..., the more strict definition would be:
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The first order approximation of the differential:
Ay = f(x,+Ax)— f(x,)=f"'(x,)Ax small Ax (22)

Or put it in another form which is just rearranging the order of (22):
J)=F(x)+ 1) (x=x) XX (23)
This expresses that we can evaluate the function in the proximity of
certain initial point (xo, f(X¢)), this is what I used to get motion of a little
time later knowing the initial state (position and velocity). The relation 22
and 23 is equivalent to use a simple tangent line passing through the
initial point to approximate the actual curve, which may be more
complicated (see the figure below)
Such approximation would be valid if the step of Ax=x-x, 1is
sufficiently small, (if infinitesimal small, it would be strictly equal) so
that higher order terms of Ax can safely neglected. This is called linear
approximation, since the dependence on Ax is linear. This
approximation is used widely in various branches of sciences. We always
start from linear approximation, and make corrections if necessary
regarding to the higher order terms.

The above ideas are clearly illustrated in the figure below.
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l

Ay = f(a + dx) — f(a)

AL = f(a)dx

~

(a.fla)) B

dx = Ax \
When dx is a small change in x,

the corresponding change in
Tangent . pondins £ '
line the linearization is precisely dy.

0 a a+ dx

Example: y=(1+x)". If the x changes from 0 to a small value x, i.e.

Ax = x —0=x, what is the value of y then?
y(0)=1

d
Ay=y(X)—1=d—y|x=ox
X

% |._, means the derivative evaluated at point x=0.
x
dy _d N N-1
—=—{+x)"=N1+x
Rl ) (1+x)
d
d_y |x=O: N
x

Ay =y(x)—1=Nx
or y(x)=y(0)+ Nx=1+ Nx

This gives a good formula to calculate y(x) when x is a small number.

So in the relations in special relativity, we come across the expression:

y :% quite frequently, and if v<<c, then the expression may
1-vi/c
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1 2
be simplified as: y=(1-v*/c) * =1 +%V_

CZ
Other useful linear approximations we often use are (prove it yourself):

sinx=x (x~0)

cosx=l (x~0)

e=l+x (x~0) @4)

Inl+x)=x (x~0)

These simplification would be very useful in the evaluation of functions,
it replace the original complicated (sort of) function with simpler ones
(the polynomial). You will get pretty good answers for values In1.01;¢""
without using any electronic help.

I should also mention that in a lot of cases, we shall set x,=0 (can always
achieve this by shifting the origin of coordinate), then the formula 23 will
become:

f(x)=f(0)+ f'(0)x whenx~0. (25)

In cases that linear approximation is not good enough, most likely due to

larger Ax, we can use quadratic approximation which involves 2™ order

derivative:

S )= (x) + 1) (x = x0) + %f "()(x=x)" x~X%o  (26)
Or:

f(x)=f(0)+ f(0)x + % f"(0)x* forx~0  (27)

You are encouraged to calculate the forms of relations in 24 above, when

take quadratic term into consideration.
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While the linear approximation is using a line to simulate the original
curve, you see the quadratic approximation improved the simulation by
using parabola. The reason of there is 1/2 in front of the quadratic term
can be understood by: Suppose we approximate the original function by
some quadratic forms, the most general one would be:

f(x)=a+bx+cx> (set xo=0) We can find the expressions of the

coefficients by:

a=f(0)
b=110)
=2 1"(0)

So 1/2 simply comes from the derivative of the power series of x. (can
you guess what will be the term if we include cubic terms, i.e. x°, what is
its coefficient in terms of derivatives? You will see I am approaching

Taylor expansion)

1-7. Power series and Taylor Expansion

Power series is just an extension of polynomials, which are relatively
speaking, simple functions, especially in differentiation and integration.
Polynomials are:

P(x)=c,+cx+c,x’ +..+cx"  (28)

If n goes to infinity, we have a power series.

P(x)= icnx” (29)
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As the series go to infinity, there is a danger of divergence for certain x,
1.e. the series may explode to infinity or underdetermined value if x gets
too big. In such cases, the series will be useless, because we cannot
handle it. However, it can be proved, the series will converge (loosely
speaking, approaches to a fixed value as n approaches infinity) if |x|<R. R
is a real positive number, which is called radius of convergence for the
power series. Clearly the R will depend on the ¢’s (the coefficients of the
power series). We generally do not worry too much about the relation of
R with c’s in physics, because either the R may be quite obvious or the
range of x that can change will be small enough to satisfy [x|<R. So we
can only work with power series within the radius of convergence.

In physics, the power series is very useful in terms of Taylor expansion.
That is to say we express the original function (may be complicated, with
strange or unfamiliar form) into power series. i.e. the original function

can be written as a power series:
fx)=2cx"  (30)
n=1

This seems very much the same as (29). While (29) is a definition of
power series, here the (30) states that an arbitrary function'® can be
expressed as power series. Of course, it requires that x should be within

the convergence radius, i.e. [x|<R. This is an amazing fact that will

158 Well, not too arbitrary, mathematician can think of functions that violate this, but all functions encountered in

real world (physical problems) can be expressed in power series.
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simplify the way we handle complicated functions because power series
are relatively easy.

Then the question is: what are the expansion coefficients ¢? Knowing the
original function (also called generating function of the Taylor series), the
c’s can be calculated straightforward. From (30), it is easy to see the

following:

f(0)=c¢,

f'(X)=c +2c,x+ 3c3x2... — f'(0)=¢,
f"(x)=2c, +3x2cx+...> f"(0) =2c,
F"(x)=3x2¢c, +4x3x2¢,x+...— f"(0)=3x2c,

f'(x)=nlc, +(n+D!x+...—> f"(0)=nlc,

So the coefficients can be calculated by taking derivatives of original

function and evaluated at x=0, and the (30) becomes:

f@=Y e @

n=0

This is called Taylor expansion of function f(x), it is an expansion
centered around x=0. There is another useful and more general way to

make the expansion around a fixed x=x,, then the formula will be:

f(x)=i%<x—xo)" (32)

n=0

The x would be centered at x,, and the coefficients are also the
derivatives evaluated at x,.

Some comments on Taylor expansion:

(1) The range of x needs to be within the convergence radius of the power

series.
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(2) In order to make expansion, the f(x) has to be differentiable around x,
you cannot expect the expansion will work if the function is
discontinuous at X, or the derivatives do not exist. Even if the original
function has discontinuity, but if our center of expansion is away from
those ‘bad points’, locally (around X,, in an interval that does not
contains the bad points and within the convergence radius) Taylor
expansion works fine.

(3) There is an issue of how accurate the expansion can replicate the
original function, i.e. whether the power series on the right hand side
of (31) or (32) will converge (by taking enough n) to the original
function or not. If condition 1 and 2 are satisfied, it turned out for all
functions in physics, the convergence can be achieved.

The most famous examples are (you should check below using (31)):

(a) Geometrics series:

%:1+x+x2+...+x"+... (x|<)  (33)
—X

R =l-x+x" =X +..(=D)"x"... (x|<1) (34)
1+ x

(b) Exponentials and sinx, cosx:

x2 3 xn
e =l+x+—+—+..+—... (x| 35
T " (| x[<o0)  (35)
2 4 2n
cosle—x—+x—+...+(—1)” .
21 4! (2n)!

. (Jx[<0)  (36)
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3 5 2n+l1
X

i X X
sinx=x——+—+..+(-1)'—.. (|xko 37
31 5! ( )(2n+1)! (lxl<e) 37

Noticed that the even function cosx only has the even function in power
series, and odd function sinx only has odd components.

A very interesting and important fact is that we can now use power series
to define something may appear strange at first look, such as €™, where x
is real, i is the imaginary unit, "=-1. It seems meaningless from the
definition of exponentials, which is multiplication of numbers, A’=AA.
What does this pure imaginary number do at the power of the e? From the

power series (Taylor expansion), this expression makes sense:

) ' ' @ @

e~ =1+ix+
3! 4! 5! n!
2 4 6 3 5
X X X X X
=(l-—+— == )+i(x—Z=+=—...
( 2 4! 6! )+l 31 5 )

This may be impressive, but more striking fact lies by comparing it with
(36) and (37), it won’t require a genius to notice the relation between the
above expansion of e” and those of sine and cosine. But it does take a
genius to put ix into the exponential and find the connection. That is one
of the great findings of Euler. So we proved the famous Euler formula:

e’ =cos@+isin@  (38)

Here just replace x which is a dummy variable anyway with the symbol
usually used for angle. It is easy to see that e” =—1. It is the most
beautiful relation in mathematics, relating the 4(probably the most)

important numbers (e in calculus, 1 for real and i for imaginary number,
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7 in geometry) in one simple form. We shall see the extensive usage of
Euler formula in oscillation and waves in physics.

Another important application of Taylor expansion in physics lies in the
fact that we always try to neglect higher orders (large n’s) terms of the
power series in physics. This is justified in the region where x (or x-X,) 1s
small! In this case, the first order term (x) will give a pretty good
approximation of the original function, we are talking about linear
approximation of the last section. In case the first order is not good
enough, we can include the second order (the x°) term, and we have
quadratic approximation. Seldom we go to higher orders (if necessary, we

could), and this greatly simplify the calculation of complicated functions.

: : 1
In relativity, we will often deal with terms like+/1— /3, and —
1=
where ﬁzz. If v<<c, f<<1. Then the two expressions can be
c

simplified. Do them yourself up to the second order. ">’

2. Integration of a Function
As stated as the beginning of this supplementary, the differentiation is
starting from an original function, finding its instantaneous changing rate.

1.e. Knowing a function F(x), we can calculate its derivative f(x), where

139 Answer: It is more easy to set ,82=x, and obviously x<<1 .

2 2 4 2
x X B p x 32 B 3 4
\/1_x:1_7_?+'“:1_7_T“' 1/\/1—x:1+5+§x :1+T+§'B

594



F’(x)=dF(x)/dx=f(x). Now we will ask the question reversely, if we know
a function f(x) is the derivative of some original function, then can we
find the original function F(x)? The physical example is that derivative is
from the distance function to get velocity function; integration is from
velocity function to get distance function.

This process (from derivative to original function) is called integration.
You probably have heard of indefinite integrals and definite integrals. We

shall discuss these below. They are different but closely related.

2-1. Antiderivative and Indefinite Integral

Antiderivative of a function f(x) is defined as:

it Y- p=F)= £ (39)

dx  dx
then y=F(x) is the antiderivative of the function f(x), i.e. F(x) is the
original function in the derivative section. The definition of this
antiderivative can also be looked as a differential equation (1% order,
because only involves 1% order derivative), the problem is from f(x),
finding the F(x). The above equation can also be rewritten in differential
forms:
dy =dF (x)= f(x)dx
Introducing the integral symbol, the equation can be written as:
F(x)=[f(x)dx  (40)

(40) 1s just a bookkeeping, express the F(x) in terms of f(x) explicitly. It is
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read as: the antiderivative of a function f(x) is the indefinite integral of
the function f(x). The equation (40) is a bookkeeping of the definition
because itself does not tell you how to calculate from f(x) to F(x).
Actually the antiderivative is not a single but a group of functions,
because if F(x) is an antiderivative, then F(x)+c, where c is a arbitrary
constant independent of variables would also be an antiderivative of f(x),
because dc/dx=0, so that d(F(x)+c)/dx=d(F(x))/dx=f(x). So if we use
indefinite integral to represent the whole group of antiderivative function,
the (40) will become:

F(x)+c= j f)dx  (41)

This is the usual definition of indefinite integral.

Finding the antiderivative (or doing the indefinite integral) is much harder
than finding the derivatives, though it is the reversed process of derivative.
The basic rule from the definition is “guessing”. This is to say if we have
a function f(x), we will guess what function form of F(x) would be so that
its derivative will be f(x). This is much harder because we are short of the
product rules and especially the chain rule in the integration, though the
linearity still works. i.e. if F(x), G(x) are the antiderivatives of f(x), g(x),
then the antiderivative for pf(x)+qg(x) would be pF(x)+qG(x). The
product rules won’t work directly for integration'®. The reason we can

find the derivatives of many different functions lies in the chain rule and

160 We will discuss a technique of integration by part which is the result of product rules from derivative.
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product rule.
For simple function forms of f(x), its antiderivative may relatively easy to

guess.

f(x)=0,F(x)=c
f(x)=c,F(x) :chx =cx

f(x)=x",F(x)= Jx”dx = lx”+l
n
Examplesl. F(x) =€, F(x) = Jeaxdx :leax
a
f(x)=sin(kx),F(x)= —%cos(kx)
f(x):l,F(x)=jldx:1n|x| x#0
X X

All the F(x)’s above are subject to a shift of constant C, i.e. F(x)+C

The absolute symbol in the last relation may need a little comment.

Comparing with equation (9) d(Inx)/dx=1/x, there is no absolute sign,

because Inx already indicates x>0. For a function in forms of 1/x, x can
be > 0 or < 0. So its antiderivative can be found by considering x>0 and
<0 separately. For x>0, clearly F(x)=In(x). For x<0, if you just write
F(x)=In(-x), and calculate d(In(-x))/dx, you will get 1/x too. This is better
illustrated using substitution: when x<0, introduce another variable u

(u>0), and X=-, and dx=-du. Then

Ildx = j—l(—du) = J‘ldu =lnu=In(—x)=1In|x|
X u u

For some other simple function forms which are variations of the basic
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functions, substitution method may give you quick results.

Example 2:

. . . 1 2 1 . 2
jsmxcosxdx = Ismxd(smx) = Iudu =—uy " =—sin"x

2 2
: l¢. l¢. 1

0rjsmxcos xdx = EJ sin 2xdx = Z-[ sin2xd(2x) = —Zcos(2x)
The two methods may seem giving two different antiderivative functions,
but they are only different by a constant (check it yourself), so both are

acceptable.

Example 3:

x> OJ.xlnx:j

There are more ‘tricks’ besides the simple substitution'®', and those won’t

AX) (i)
nx

be discussed here. Just remember the golden rule to get indefinite integral
(equivalently antiderivative) is ‘guessing’, with the help of substitution.
For complicated f(x), check the integral tables in handbook of
mathematics for answer (at least you are allowed to do this in this
course).

2-2. Definite Integral and Its Geometric Interpretation

The definite integral is to treat the problems like areas under a curve or
volume enclosed by a surface, etc. For example, what is the area enclosed
by a circle? The area enclosed by x axis and curves like y=2x" -8 etc.

If we know the density distribution, then what is the mass of the object

=7?

'8! Even the substitution may get uglier, try this indefinite integral: j 9
sin
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with certain shape? In mechanics, we will need to calculate center of
mass for an object, and moment of inertia around certain axis, these
calculations all involves definite integral.

The geometric interpretation is the area ‘under’ the curve, or more
precisely for single variable integration, the area enclosed by the curve
and the x-axis, the sign is positive for area above the axis, negative for

area below the axis (refer to figure below).

For example, we travel with certain velocity, within a time interval At,
around the time ¢, the velocity is v(¢,), the distance traveled within that
time interval would be s(At,)~v(¢,)At,, we can divide the whole time

interval between [a, b] into many such small intervals, within each

interval v(#,) 1s almost a constant. Then the total distance from form t=a

to t=b would be a summation of all this distances:

N
TotalAS =) v(1,)At,  (42)

n=l1

If we make each At¢, very small then the summation would approach the

area under the curve of function v(t).
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Relation (42) is also called Riemann Sum, illustrated in the figure below.
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For a general function, we can divide the total closed interval [a,b] into
smaller subintervals || P ||= Ax,, pick a x, =c¢, within each interval, and
use f(c,)Ax, to approximate the area under the curve within that interval,
then the total area between [a,b] would be approximated by Riemann

sum:
FEa,b] = Zf(ck )Ax, (43)
k=1

Of course how good this approximation would depend on how you

choose the subintervals and x, =¢,. But as || P ||=Ax, approaches 0, the

choice would not matter, and the sum would approach to a fixed value

which is the area under the curve. At this limit (|| P|—>0), the sum

becomes what we called definite integral:
n )
FEa,b] = Al)irilokz;f(ck)mk = _[f(X)dx (44)

The meaning of the definite integral is summarized in the figure below:
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The function is the integrand.

Upper limit of integration
\[) / x is the variable of integration.

Integral sign /
\/ J(X) dx
e a

o . When you find the value
Lower limit of integration v

g of the integral. you have
Integral of f froma to b evaluated the integral.

There are some general properties of definite integral which are obvious

from its definition and geometric interpretation:

TABLE 5.3 Rules satisfied by definite integrals

b
—/ f(\) dx A Defimition
a

0 Also a Definition

1. Order of Integration: / f(x) dx
b

2. Zero Width Interval: / f(x) dx
b b
3. Constant Multiple: / kf(x)dx = A/ flx)dx Any Number &

b b
/ —flx)dx = —/ f(x)dx k=—1

b b 3
4. Sum and Difference: / (f(x) + glx)) dx = / f(x) dx + / 2(x) dx

b c c
Additivity: / f(x)dx + / flx)dx = / flx) dx
a b a

6. Max-Min Inequality: If f has maximum value max f and minimum value
min f on [a, b], then

:.II

b
min f«(b — a) = / flx)dx = max f+(b — a).

b

b
7. Domination: f(x) = g(x)on [a, b] = / f(x)dx = / gl(x)dx

b
f(x) = O0onla,b] = / f(x) dx = 0 (Special Case)

However, these properties and definition won’t help us too much in the
calculation of definite integrals, it is usually hard to get definite integral

from the limiting case of the Riemann sum. And also you should start to
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wonder what the relation of this definite integral with the antiderivative?
That relation is revealed by what is called fundamental theorem of
calculus, it allows you to calculate the definite integral very easily from

the antiderivative of the integrand function.

2-3 Fundamental Theorem of Calculus and Calculation of Definite
Integral

The fundamental theorem states that:

If f(x) is a continuous function for every point in interval [a,b], and F(x)

is the antiderivative of f(x) in [a,b], then:
[fyax=F®B)-F(a)  (45)

Before prove it, the relation (45) makes perfect sense. Take the example
of the total distance traveled between during a time period. We could
calculate the distance by integrating the velocity function over time as in
(42), or if we know the function of location with time (which is the
antiderivative of velocity, or velocity is the derivative of it, same thing),
then we can simply calculate the distance between the initial and final
time by direct subtraction. The (45) simply states the two calculations
would be same, certainly it better be.

I will give a prove of (45), please refer to the figure below.
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y area = F(x) A
_y=f(n

fi’) U‘
’ | ,

ol a x x+h b i

We can define a function G(x) as the left figure suggests (we do not know
the G(x) i1s the antiderivative yet, we shall prove this), G(x)=area under
f(t) between [a,x], with the function f(t) known and initial point fixed, it is

clearly vary as the end point x varies. So G(x) is defined as:

G = [ f (o)™

b
Clearly from this definition G(a)=0, and G(b) = J f(t)dt

x+h
Let the x changes to x+h, then G(x+ /)= J f(x)dx which is the area

a

from a to x+h. The change of area is approximated by the rectangle in

the figure on the right. In the limit of h approaches 0, we have:
Gx+h)-G(x)=f(x)h h—>0
lim G(x+h)—-G(x) ~ ()

h—0 h

The above relation just states that f(x) is the derivative of the G(x) and

G(x) 1s one of the antiderivatives of f(x), the general form of

antiderivative would be F(x)=G(x)+ C, then:

162 Here I changed the dummy variable from x to t in the integrand, since I used x at the upper bound of integral

sign.

603



F(b)-F(a)=G(b)+ C~-[G(a)+ C]=G(b)= [ f(x)dx Q.E.D.

Actually from the above argument, we see that G’(x)=f(x), just write out

explicitly, it becomes:

d d |
G = j f(0ydt=f(x)  (46)

(46) and (45) are called part 1 and 2 of the fundamental theorem of
calculus.

So the problem of finding any definite integral becomes a problem of
‘guessing’ the antiderivative'®. However to evaluate the definite integral
involves many tricks, such as how to choose the proper variable and
interval ( make clever ‘cut’ or ‘slice’). These should be properly
addressed in course of Calculus. I will only mention one trick which is
called integration by part here.

From the product rule we know thatd(fg)=(f'g+g'f)dx, f,g are

functions of x. Take integration on both sides:
b b b
[d() = frgax+[g fax  (47)

[ £reae=5Rp [ o'

fg |’ is a short hand for f(b)g(b)— f(a)g(a), it is not unusual that in

a

many problems in physics, such value are 0 at the boundary, so this

provides you a ‘trick’ to workout some integrals rather easily (especially

1% This is how human calculate the integral. The computer of course takes the algorism similar to the Riemann

sum.
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附注
A typo, no minus sign (-) in front of fg on the right hand side


those involves polynomials, since g’ will reduce the order of polynomials.
such as integrand xe™), and such trick will also be used often in
derivation of physical relations (such as Euler-Lagrange equation in
theoretical mechanics).

Finally I should mention that in this discussion of integration, I seem
stressing the (45), that is to say whenever we need to find the definite

integral, looking for the antiderivative of the integrand. However (46) is
equally important, the G(x)= j f(t)dt gives you one method to

construct functions, especially the ‘unusual’ ones which are called
transcendental functions. Starting from f{(t), you can construct functions
that may not have any analytical forms (take the examples with
f()= e’ or f(¢t) =sin(¢*), the error functions in statistics and Fresnel
function in diffraction are defined this way). This is an important branch
in math, since this supplementary is mainly for the preparation in physics,

I will not elaborate this point further.

605



Supplementary II

Functions of Multi-Variables and Partial Derivative

In the supplementary 1, we discussed single variable calculus, i.e. given a
function how we calculate its derivative (differentiation) or vice versa
(integration). That is the foundation for what we are going to discuss here,
the functions of multi-variables.

1. Functions of Multi-Variables

In real applications, the function may depend on many variables, this

1% The geometric meaning of this is a surface in

is specified as f(x,y)
3-D. Let z= f(x,y), the plot of z w.r.t (with respect to) x and y is a

surface in the x-y-z coordinate.

The contour curve f(x, y) = 100 — x2 - y: =75
is the circle x* + y< = 25 in the plane z =75
.I
| . 100 — x2 — y?
4 . = 1I)—x"—y"
The surface \ | ’
100 _ e \ [
. _ / z =/ '\f y 5 ) Planez = 75 | 100 '
flx,y) =175 =100 — x? — y?2 | /

\ is the graph of f. \ 75 , /

flx.y) =51
(a typical y
level curve in 0
the function’s
domain) \ — .
TRy /
. x \
flx.y)=10 - i ' 2 .
4 - The level curve f(x, y) = 100 —x2 — y2 =75

is the circle x> + y? = 25 in the xy-plane.
The figure shows the example where z= f(x,y)=100—-x" —y*.Itis

a 3-D parabolic surface (the cut with x or y fixed is a parabola). The

164 Here I shall only focus on two variables, the extension to more variables is straightforward.
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circles in the figure are called level curves with z= f(x,y)=c,itisa
curve on which the z=f(x,y) has the fixed value c, it is the cross
section of plane z=c cuts through the surface, as shown in the figure to
the right. Many times, instead of drawing a 3-D surface, a 2-D contour
plot is used to show the f(x,y). The contour plot is just a group of level
curves at different f(x,y)=c. The figure below shows more examples

of 3-D surface and contour plot of some functions'®:

v

—(x2 2V, - ) 2
=+ "'slsm X° 4+ cosy©)

(b) z=sinx+ 2siny

165 Taken from Thomas ‘Calculus’ Chap.14, figure 14.10.
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- 9. _y2_yd
(c) z=(4x"+y“)e™ ¥

. Partial Derivatives

(1) 1* order Partial Derivatives

Now we asked the question, as the variable changes, how the function
changes? This is a question related to the differentials of the function.

For the single variable case, we see that:

For y=f(x): dy=[ f (0= '()dx (48)

Where f'(x) is the derivative over x defined by relation (3), it is the
rate of change of f over x; its geometric meaning is the slope of the
tangent line of the curve y=f(x), passing through (x,f(x)).

Here for multi-variable function f(x,y), the change of f would be

related to changes of both x and y. The rates of changes are defined

through the partial derivatives:

a|xo,y0:lh{-)’,(’;l f(x() +hay02_f(xoay()) (49)

This is called partial derivative of f over x. Noticed that from its
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definition, it is a derivative at point (Xo,Yo), holding the y constant (y

does not change) and varies the x. The geometric meaning of this is

o

shown in the figure below. The —

3 is the slope of a tangent line.
X

|xo,)’o

This tangent line is tangent to a curve which is the cut of y=y, (a
planes parallel to x-z) plane with the f(x,y) surface, and the tangent
line passes through (xy,yo). (in the plane of y=y,, the f(X,y) is reduced
to f(x,yo) and it is a single variable curve, and the partial derivative

over x is just like an ordinary derivative)

Vertical axis in
~ the plane y =y,

P': X )”'_[l'rl ) }'n:"

o z=flxy)
The curve z = f(x, yg) - v
in the plane y = yg S

-
\ e
S
Tangent line 4

0

‘ ,/' //‘

_—N\Jo
xe

— (Xg: ¥Yo! y
a1 =
(xg+ h, yo)

Horizontal axis in the plane y = yj

Similarly the partial derivative over y can be defined as:

@ = Lim f(xoayo +h)_f(xoayo) (50)

ay |x°’y° h—0 h

The geometric meaning is given in the figure below:
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Vertical axis

in the plane
X=X

Tangent line K

\‘ )
/ \/ P(xg. yo. f(xq. ¥o))

\

z=flx.y)

(Xp. Yo)

(xXgs Yo+ k)
-”v
The curve z = f(xg. ¥)

Horizontal axis
in the plane

in the plane x = x
X = Xgp

So from the definition, the calculation of partial derivative is

straightforward, just like the single variable derivative. When you

calculate the Z—f, hold y as a constant; and when calculating Zl,
X Y

hold the x as constant, and all the techniques we talked about in
derivatives can be applied here to get partial derivatives. There are

some other often used notations (bookkeeping) for partial derivative:

o _o _ I _
AL AL |constanty= _)y =f;c
ox Ox ox (51)
g_I, &y
ay - ay constant X~ ay x — Jy
o o

|constant y

The notation ™ or (a—)y are the best ones, it reminds you
X X

when taking partial derivative what is the constraint, i.e. here
y=constant. We shall see later that if the constraint changes, the partial

derivative can be quite different. But if you keep in mind of this
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constraint, all the notations are fine, it does take more time to type
those better notations®.

(2) 2™ order Partial Derivatives

The 1* order partial derivative of f(x,y) is generally a function of (x,y)
too, so we can take the further partial derivative over the 1% order
partial derivative and this will give us 2" order partial derivatives.

The original function z=f(X,y), its partial derivative over x would be:

g: f.(x,y), when you take further partial derivative of f (x,y),

ox

you would have:

o'f

o, _0 o _

Ox 8x(8x)_ ox’ =/ (52)
¥o_0 0,

oy 8y ox~ oxoy Y

And similarly for f (x,y):

9 0N _OF _

o 8x(8y)_ Oyox = (53)
a 2
Yo Of

o oy oy o
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EXAMPLE 9
If f(x,v) = xcosy + ye' find
;,':f [':f
ax?’ dyadx *
Solution
;'f ;l
= 2L (vycosv e
X ax (xcosy + ye’)
= cosy + ye*
So

o) ’

S o J (hf) = —siny + e*

avax ay \ dx

Finding Second-Order Partial Derivatives

iazf r":f
~ and —
ay* dxdy
af a
= —(ycos v - -
S ’.n_(,\ cosy + ye")
= —xsiny + e*
So

o f d .’T"f . + e~
dxdy — dx \ay ) sin ) €

" -

—X COS ).

Af 4 (of ) Pf s (of

In the example, you will notice that

of _of
ox0y  0yoOx

orf,=f, (54

This is no coincidence. The relation (54) holds for regular functions

166

we shall encounter in physics.”” The rigorous proof can be found in

the math books, here I give you a reasoning why (54) is true:

A
i (;{0 A‘ayo Ay)
(X0, Vs

v

Consider a function f(x,y), as X, y changes the function will take

value f(x+ Ax,y+Ay). The change of function f can be calculated

1% Tt requires existence and continuity of the partial derivatives f..f. .f.. .f

FRVARV SV the open region where the

partial derivatives are evaluated.
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through two paths as shown in the figure, and two calculation results
must be same, since the function is single valued at each point. If we
take the blue path firstt in the horizontal part, as
(X9, 0) = (X, + Ax, y,)

o o

Af, = A b Ax, ™ ,,.,, 18 the partial derivative evaluated at (x,,,)

In the vertical part of blue path, from(x, + Ax, y,) = (x, + Ax,y, + Ay)

0 0 o 0 0’
Af‘Z zi Xo+Ax, ¥, Ay ~ (l X0-Y0 + f |x0,y0 AX)Ay :l X0>Yo Ay+ f |x0,y0
oy oy Oyox oy O0yOx
The total change is of course

Af = f(x, +Ax, ¥, + Ay) = f(x),39) = A, + Af,

The calculation along the red path would give us:

Afl'zg _— Ay and
ay

2
=Ly a2l
ax 0>Y0 axay 0-Y0
Af '+ AL = Af, + A,
o’ f

. o’ f
This will show that ——| =——]|
oyox " oxoy

A,

AxAy and

since (x,,),)1s arbitrary,

we ‘proved’ the relation (54).

. Total Differentials and Linear Approximation
The question concerned here is the change of function due to the
change of variables. As in the single variable case, we have relations

like (21) and (22); for multi-variable case, the similar relations are:
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Af = f(x) +Ax, y, + Ay) = [ (X9, )
Afzfx(xo,yo)Ax+fy(x0,y0)Ay+81Ax+82Ay

The (55) requires 1% order partial derivatives exist in the region

(55)

include (x,,y,) and they are continuous at (x,,y,). &§Ax+é&,Ay
are higher order terms of Ax,Ay, because asAx — 0,Ay — 0, &, and
g, > 0. The functions f satisfies the (55) i1s called differentiable

functions.

For the differentiable functions, as Ax — 0,Ay — 0, we have:

df = f.(x:)dx + [, (x0,¥,)dy  (56)

This is to say if we have an infinitesimal change of variables from
(x4,,) to (x,+dx,y,+dy), the change of function is given by (56).
(56) 1s called total differential of the function. It is the most important
relation in partial derivatives. If we hold y constant, i.e. dy=0, (56)
will give us the rate of change of f due to x(with y fixed), which is the
partial derivative fy; and similarly for f;.

Even if the change of variables are not infinitesimal as required for
(56), as long as they are small enough so that the higher order terms in
(55) can be discarded, we will have linear approximation for the

change of function due to changes of variables:

Af = [ (x5, 7)Ax + £, (X5, 7)) Ay small Ax,Ay  (57)
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This tangent line .
i P(xg. ¥o. f(x0. ¥0) _
has slope fy(xo. yo). _ This tangent line

_~ has slope fi(xq. ¥o)

The curve z = f(xqg. ¥ .‘- ,/
in the plane x = xq = Thecurve z = f(x.y,)
in the plane y = v,
“ 4 L 2= flx.y)
v P
/
.

In (57), we are using the tangent plane at (x,,),)to approximate the
original function surface. The tangent plane is formed by the two
tangent lines at (x,,y,)that defined the partial derivatives. The exact
change of function is of course along the surface, but forsmall Ax,Ay,

the tangent plane is very close to the surface. All the discussions here

are analogous to the single variable case.

4. Chain Rule

From the total differentials (56), we can have the powerful chain rule.
Here we shall focus on the implicit dependence on variables.
(1) f(x,y),x=x(¢) and y = y(7)
The function only explicitly depends on x and y. However the x,y each is
a function of some other variable t. Now the question is what is the

derivative of the function over t. i.e. how the function changes as t varies.
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The function changes because of x and y change, x and y change as t
changes, so it is like a chain reaction. The change of function can be seen
from the (56):

df = f.dx+ f.dy
But now dx = (%)dt =x'dt,dy = (%)dt =y'dt, so:

df =(fox'+ £,y
This is the differential of f with change of dt, then:

df o dx  of dy
Y pyy = TD s
i Y = ey O

This is the chain rule for this situation. Actually the product rule for

derivative (15) can be derived from this:

Let F'= f(x)g(x)
i _oF df  oF dg _

daf
dx Of dx Og dx dx

d,

b

This is the product rule for ordinary derivatives.

Chain rule 1s the most important and useful rules in derivatives, like said
in Tolkien’s “Lord of Rings”: One rule finds them all; One rule unites
them all; One rule rules them all©! I trust you can extend it to functions
involves more variables like x,y,z...

There are cases in physics, a function not only explicitly depends on x.y,

but also on t, and the x and y depend on t too. In such case, the derivative

of the function overt 1s:

_g@+gﬂ+gﬁ—g@+gﬂ+af (59)

d
f(xayat)_ -
dt oxdt Oydt otdt oxdt Oydt ot
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(2) f(x,y),x=x(s,1) and y = y(s,1)
In such case, the x and y are themselves function of multi-variables.

An example would be the original function depends on x and vy,

now we switch to polar coordinate with (»,6), then what is the
derivative of function f over new variables?

Well, still starts from the total differential:

df = f.dx+ f,dy

dx =a—xds +a—xdt; dy =a—yds +a—ydt
0s ot 0s ot

Then:

PO X AR A SRS
Ox O0s 0Oy Os Ox Ot Oy ot

This is the total differential expressed in the form that s,t are
variables, and from this we can find partial derivatives of f over s

(by let dt=0, holding t constant)or t:

¥ Y ¥ ¥y
Os

constantt aS - ax 85' 8_)/ aS
R A =
ot ™™ ot ox ot Oy ot

(61)

This can be extended to more variables, such as the change from
X-y-zto r—6—¢@ spherical coordinate.

A puzzle for you: Let’s say we have a function f(x,y), now I
make a substitution: x=s,y=s+1¢, replace the two variable with

other two variables. Let’s see what is Jf / Os , we have:
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g = @@ + ga_y = g + @ from the chain rule. Something

ds  ox Os 6y8s_6x oy

appears strange here, since x=s, but clearly from the above:

o o

o ;ta—, what is going on? '*’In this case, it would be clearer if
s Ox

we use the notation: (%)t and (%)y to avoid confusion. Such
notation would become necessary when we deal with
non-independent variable. A lot of these are in thermodynamics,
such as internal energy U(P,V,T), a function of pressure, volume
and temperature, but the variables not independent, they may be
related by some relations such as ideal gas equation. We will not
meet many cases here in this course, so I will skip discussion on
the partial derivatives for non-independent variables.

(3)Revisit of Implicit Derivative
In function of single variable, we discussed a technique of implicit
derivative (section 1.4). Basically the y=f(x) is not given explicitly,
the x,y relation are provided by an equation g(x,y)=0, and we can

find the derivative dy/dx using implicit derivative method. Here we

give a formula based on the partial derivatives.

17 Answer is that the constraint is different. One requires t constant, and since y=s+t and if s varies y has to
change. The other requires y constant. The two really have different constraint. Or you may look it from
geometrical point of view. The cutting plane under these two conditions are different, so the resulting curve and
slope would be different too. Even though each curve stays on the surface specified by f, and passes through the

same point (x,.¥,) (or in the s-t, corresponding (s.t,) ), but still you have many curves can satisfy this, given

different constraints.
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g(x,y)=0 means the as the x,y changes, they have to satisfy this
constraint. So as X,y changes, the requirement g(x,y)=0 means
g(x,y) does not change:

dg(x,y) :Z—idx—ka—gdy =0

(62)
dy ~ 0glox

dx og / 0y
Please noticing the minus sign, it is not intuitive. You have to go
through the derivation from total differentials to understand it.

Please redo the example of ellipse in section 1.4 using (62).

5. Gradient Vector and Directional Derivative

The partial derivatives over x and y are rates of changes of a function
along the two special direction, along the x-axis (or use vector symbol 7,
a unit vector along +x direction) and y-axis ;. We can ask the question
what are the changing rate along other directions? There are many ways
to cut the surface of f(x,y) at (x,,y,), such as the figure below shows.
The plane is not x=x, or y=y, as before, but a plane contain the
point (x,,y,) and a direction vector u = ulf +u2}' =cosdi +sinfj. 0
is the angle between the direction of u and x-axis, i.e. cos@ =1 -ii. Now
if we move along the # a small distance s, what is the change of

function?
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Surface §: I ; .
. f(xg + suy.yg + suy) — f(xq.¥g)
I=fx.y) '

YA

c : Y f
/ /‘/\ \ »
X / (Xg + Suy.yg + su,) e X

Py(xq, ¥g) u=ui+ u,j

ISy

This is the meaning of directional derivative, the rate of change of

function along any direction specified by . It is defined as:

A f) mf(x +suy, yy +suy) = f (X, 0) (63)

" PO s—)O Ky

The subscript of the derivative specifies the direction and point of interest,
the u,u, are specified above, you certainly can use cosé,sin@ to
replace them. The question now is how we calculate this directional
derivative? Form the study of vectors, you learned that any vectors in x-y
plane is a linear combination of base vectors 7, , can the directional
derivative be expressed as linear combination of partial derivatives over x
and y? The answer is positive. Below is the reasoning from a point of
view of base transformation we discussed in chapter 3 of the notes, since
we learned that there, I shall apply it here as a practice of transformation.
There are other equivalent (even simpler) proofs in math books too.

Imagine we establish a transformed coordinate system. In the new

coordinate system, the x’-axis would be along the direction of . This is
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just a rotation of the basis we discussed in chapter 3, 7 isthe 7' there.

df of

The directional derivative (d—)ﬁ » 1s now the partial derivative; n
s X

the transformed basis. The relations between the new and old coordinates
are given in relation (3-20) and (3-21):

x'=xcos@+ ysinf
y'=x(—sinf)+ ycosd

x=x'cos@—y'sinf
y=x'sinf+ y'cosf

With these relations the directional derivative can be expressed with the

original coordinates by chain rule:

LA A I A

ip = ——cosf +—
* ox' oOxox' oyox' oOx

F .
o sinfd  (64)

This relation can also be expressed as:

(f) —af—@hgl})-ﬁ (65)

ook Cox
It 1s very useful to introduce a new vector, the gradient vector whose
definition is clear from (65):
0 A
Tivdy 60
8y

in 2-D case

Vf =
Vf s called gradient vector (or simply gradient) of function f. It is a

vector constructed from partial derivatives. V is called differential

operator. Its general definition in 3-D is:

This 1s a completely new math quantity. It 1s not a function or number. It
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i1s an operator because it is waiting you to act it on some functions or
numbers.'*®

(1) Fundamental theorem of gradient

The gradient gives a way to evaluate the change of functions along any
direction. Let’s say along direction# , we move an infinitesimal distance
ds, this displacement will cause the value of function changes. The
displacement along direction can be expressed as a vector:

ds =dsu

With the gradient, the function change can be expressed as:

df =Vf-ds  (68)

(68) 1s called the fundamental theorem of gradient, it tells us that
knowing the gradient (knowing the partial derivatives in certain basis, say
x-y-z), the function change over a small distance along any directions can
be evaluated. The (68) will give back the total differential relation (56) if
we express the infinitesimal displacement vector in terms of dx and dy”

ds = dsii = (ds)cos 0i + (ds)sin @ = dxi + dyj
df:Vf-ﬁ:gdx+@dy
ox oy

So this fundamental theorem is a generalization of the total differential

18 There are actually different ways how this operator acts on functions. If it acts on a scalar function, you will get
gradient we discussed here. It can also acts as dot product with a vector function, which is called divergence of the
vector function; it can also act as cross product with a vector function which is called curl of the vector function.
Both divergence and curl have important roles in the field theory, you will definitely need them in the study of
electro-magnetic field. But in this course, we do not need them yet. The detailed discussion on gradient, divergence
and curl are covered in the subject of ‘vector analysis’. There are many math text books on this. A short but very

clear presentation is actually given in a physics book: D.Griffith, “Introduction to Electrodynamics”, Chap.1.
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we discussed before. In real applications we often need to evaluate
changes of function over a small but not infinitesimal step, the (68) will
be expressed in such case as:

Af =Vf-As |As|small  (69)

(2) Geometric properties of the gradient

The fundamental theorem of gradient (68) and (69) also tells us the
geometric property of the gradient. It is really easy to prove the following
property: (a) The gradient is point toward the direction of fastest change
(the steepest slope) of the function over same small change of variables.
(b) The gradient always perpendicular to the level curve, i.e. the curve
with f(x,y)=c.

For the property (a), if the displace step is same for all directions, i.e. ds
or |As | is same, then:

df =Vf -ds =|Vf||ds|cosx

Clearly at =0, df has the largest positive value. This is when the
direction of change overlaps with the direction of gradient. So the
gradient points toward the direction of fastest increase of the function.

For property (b), if the displacement is along a level curve where f(x,y)=c.
then clearly df=0. This means « :g and Vf is perpendicular to the

level curve. Here more comments may be needed for the perpendicular to
the level curve f(x,y)=c. In this 2-D case, dsis the tangent to the level

curve at certain point(x,,y,), perpendicular to the curve actually means
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perpendicular to the tangent line. For the 3-D case, f(x,y,z)=c would
be a surface instead of a curve, the gradient Vf here would be
perpendicular to the tangent plane of the level surface. So gradient is very

useful to find the tangent line or plane of a curve (f(x,y)=c) or a surface

(f(x.y,2)=c).

6. Taylor Expansion for Function of Two Variables

We have discussed linear approximation of functions from the total
differential of the function, which is true for infinitesimal changes of
variables. For limited steps of change, as long as the steps are small, we
can use linear approximation. If we want to have higher accuracy, we
have to include higher order of changes in variables, and Taylor
expansion formula is just for this higher order approximation. Here I only
give out the formula without proof, its form is quite similar to the single

variable case in section 1-8 in supplementary 1.

o

o
oy + 853+ A9) = f o) + Ax% L Ayt
10%f o f o f (70)
_ Ax)? +—L Ay)? + 222 AxAy]+...
[2 axz ’xo,yo ( ) ay2 |x0,y0 ( y) axay |xO’yO y]

7. Line Integral, Path Independence, Conservative Field and Green
Theorem
This part of calculus is closely related to the conservative force and

potential energy in physics. That is why I included this in this supplement.
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I shall begin by introducing the general integral along a line (or curve),
how to compute such integral. Then I will focus on a special type of line
integral, the work by a force, and investigate under what condition the
work done by a force is path independent, i.e. only depends on the initial
and final position but not on the path connecting the two end points. Such
force will be called conservative. Green theorem offers another way to
evaluate the line integral and also gives the criteria that given a force,
how do we know it is conservative or not.

7.1 Line Integral

Ft=a

The line integral is an integration, but in this integration, the x,y,z’s are
not free to vary, they have to stay on a curve in 2-D or 3-D space. For
example, the curve is a wire, and its density may change along the wire,

so to get the total mass of the wire, we may need to compute the integral:

M = px.y.2)ds

C
J i1s the symbol for line integral along a specific curve C, ds is the
C

infinitesimal arc length of the curve. The question is how we compute it?

The general method is using parametric definition of the curve. The curve
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is defined by parametric equations:

x=x(t),y=y(t),z =z(t), where t is the parameter (it may corresponds to
physical time; but more generally just a symbol for parameter) and x,y,z
are functions of t.

We can visualize this by setting a position vector:

F(t) = x(t)i + y(t) ] + 2(O)k =< x(t), (t),z(t) > (71)

As t varies, the 7(z) will scan the whole curve. If we know this
parametric equation of the curve, the line integral can be calculated as
following:

Take the example of only computing the arc length, we want to know

how long the curve is:

L=J.ds

C
But the length ds can be viewed as travelling distance within time interval
dt:
ds =|v|dt (ds is defined as >0, so take magnitude of velocity, the speed

in the computation)

99169

The “velocity 1s simply:

Gl e drdz o
dt dt dt dt

So the arc length expressed in term of the parameter t is:

1% Here the velocity with quotation mark is because this is analogous to physical velocity. If the parameter is time

t, then it is velocity in common sense. If t is some general parameter, v is just the generalized velocity.
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L=[as= J 4@y (Eypar (73)

For other line integral of a function, such as mass or moment of inertia,

center of mass etc, the integral will be:

dx

—)" +(
t

]f[x(t)ay(t),z(t)][(d dy,  dz,

dt) +(dt) ]Zdt

Yo

Example: arc length of ellipse, for ell1pse —+ ? =
a’

The parametric equation for such ellipse is:

X =acost

: (0<t<L27)
y =bsint
The arc length will be:

2
L= I Ja?sin?t + b2 cos? tdt

It is not an easy integral and please forgives my laziness and ask you

checking the integral table for the result. It is easy to see the special case

a=b (a circle) the line integral will give 27a as expected.

7.2 Work as Line Integral

The work done by a force in physics is defined as:

Wz_[F-dF (74)
C

F is the force vector, it may depend on position. This dependence of

position and subsequent force distribution over space gives us a vector
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field:
F(x,y,2)= M (x,y,2)i + N(x,3,2)] + P(x,y,2)k =< N,M,P>  (75)
N,M,K are scalar functions of (x,y,z).

dr 1is the infinitesimal displacement vector along the curve:

It 1s a vector along the direction of tangent line at certain point on the
curve, with magnitude of the arc length ds, i.e:

dr =Tds  (76)

Then the work will be:

jF dF = jF Tds  (77)

(77) shows that the work indeed is the line integral we defined in section
7.1, the line is the curve of the particle trajectory, and the integrand is a
scalar function F-T .

In some simple cases, where the form of tangent line is simple (such as
for the straight line, circle etc), we can use (77) directly and apply what
we learned in 7.1 to compute the line integral. However, the following
equivalent formula which shows clearly the dependence on components
and parameter may be more useful.

di =idx+ jdy+kdz ~ (78)
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Combined with (75) will give us:

W:jﬁ.df=jde+Ndy+sz (79)
C

Or

W=|F-di=[Mdx+Ndy (80) In2-D
C C

In 2-D, the curve C may be expressed as explicit functional form y=g(x),
then the (80) can be reduced to regular integral over starting and ending

point of x:
X, dy

W= j(M +NDydx (81
b dx

More generally, the curve is expressed as a parametric form as in (71),

and (79) or (80) will become:
t=b
dy dz
W= M +N—+ P—)dt 82
J N Pod (82)

M,N,P are functions implicitly depend on the parameter t, and x,y,z are
functions of t as in (71). The line integral would reduce to regular integral
over parameter t.

It is also interesting to see that the above can be viewed or derived from

the velocity point of view:

dy

dar dx » A~ dz ~
g =vdt = (“Oyar = (K52 Y5 L b (83
rEvdt=(Codi=Cri o kde - (83)

This will give (82) from definition of work in (74).

5 Ads
dt
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di = Vdt = Tds
This will lead to (77)
Now we know how to compute the work by a force along certain
trajectory: (81) for 2-D case with explicit y=g(x); (82) for the more
general case.
Noticed here, though in the above discussion, I assume the force is only
depending on position as the fundamental force form does(formula (75)).
In the calculation of line integral, this is not necessary. The force could
also depend explicitly on time or velocity too. Parameterized integral (82)
would work for this kind of force, such as choose the physical time t as
parameter and line integral can be computed. However, for explicit time
or velocity dependent force, the path integral will depend on the specific
curve (it is not path-independent) and so cannot be conservative (I shall
come back to this point after treatment for conservative force). That is
why I stressed here that in the following sections where we are discussing
170

conservative forces, the forces are only depending explicitly ™ on

position.

7.3 Path Independence and Conservative Force
Even for forces that only depend on position (no explicit dependence on

time or velocity), the work computed from the above formula would

170 Because of the motion, the positions will change over time, so the force can depend implicitly on time.
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generally depend on the path (the curve or trajectory).

Let’s first see a simple example:

22

C, c,

v

C (1,0

\/_

From the origin (0,0) to the point (—,——), we take two paths. The first

N\g

one is C;+C, (blue path), where C, is part of the circle with angle=% and

radius=1. The path 2 will be along C; (red path).
Let’s first evaluate Force: F| = xi +yj (can you draw the vector field of
this force?)'"":

Along C,, whose parametric line form is(x =¢,y =0),z €[0,1]:

W, = jF dr_Jtdt—%

1

Along C,, whose parametric form would be x =cost,y =sint,f e [0,%]

dcost dsint

)+ sin#(

)t =

7! It is a force field always point radially and its magnitude increase as radius increases.
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NG

For path 2, it is along Cs, the parametric equation is x=y=t, ¢ e [0,7]

Ne)

2
B, 1
W,=F -di=|(t+t)dt==

So the work done by the force taking the two paths are same. I used the
parametric method strictly (use formula (82)). For this simple
computation, you may use (81) or even (77). The (77) is very useful to
find out W,, the work along the circular arc. Because the force given here
is along radial direction, always perpendicular to the tangent of the arc, so
W, is zero.

Now consider another force:

Fy=—yi+xj

Can you see what this force field look like'"*? Let’s see the work done:

Along Pathl, the C;:
1

W, =j(0+x0)dt=0
0

This can also easily seen from the fact that the force is perpendicular with

the path C, always.
Along Path C;:
— 4 . dcost dsint T
W,=|F, -dr =|[(-—sint + cost dt =—
J ![( ) =)+ eosi(— )ldr =7

This could also be worked out in polar coordinate, where on the arc,

172 1t is always perpendicular with F;, because the dot product between them is zero. So this force would point

towards angular direction always.
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}72 =0,and T=0. So the line integral of work (77) would be just the arc
length.

Along Path2, the C;, the work by F,: W;=0.

You can work out the parametric formula, or directly see from the fact the
force along the 6 would be perpendicular to the path. So the work done
by F, is different for path 1 and path 2, it is depending on the path
connecting the starting and ending points.

This simple example shows two kinds of force. The works done by one
force are same for both paths; the work done by another force is
dependent on the path. Of course in the above example, I only showed
that F, is path independent for the two special paths of choice. The
important fact is that the work done by this force is path independent for
all paths. It only depends on the starting and ending points. This is the
meaning of path independence of line integral by a vector field. I can use
the results of the above example, and prove that for F, (the radial force)
that the work will be path independent for any arbitrary path (can you do
this?)' ", but I prefer to look at the broader picture first to see what kind
of forces will have this property, and you will see that F; indeed falls into
this category.

Definition of Conservative Force: If the work done by a force is path

independent for anmy arbitrary paths, only depends on the position of

173 You may refer to Example 4.8 in K&K or Feynman’s book (Vol.1) section 13.2
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initial and final points. Such force is conservative.
Corollary of this definition: If the work done by a force along an
arbitrary closed curve (a loop, of which the initial and final points
overlap) is always zero, the force is conservative.

It is easy to derive the corollary from the path independence and the

b a
theorem in integration: J. fdt = —J. fdt and refer to the figure below.
b

a

\
=¥
¥

B
N

7.4 Conservative Force=Gradient of Potential Function

Instead of giving a force and telling you whether it is conservative or not,
I want to show you first that if the force equals to a gradient of a scalar
function, 1.e.

F=Vf (84)

In Cartesian, it is:

F(x,y,z):af(x’y’z)f+af(x’y’z)j+af()gzy’z)lgz<ﬁc,fy,fz> 85)

ox oy

Then the force is conservative. Please refer to section 5 if you forget
about the gradient. From the fundamental theorem of gradient (68), i.e.:
df =Vf-dr =Vf .Tds , we have the change of function f along direction

T with step size dsis the dot product of its gradient with displacement
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vector. Along an arbitrary path, then:

[F-di=[vf-di=[df = f(b)-f(a) (86)

a, b specify the starting and ending point of the path. (86) is called
fundamental theorem of path integral of gradient. It is just the integral
form of the fundamental theorem of gradient (68). It shows that the path
integral of a gradient vector only depends on the difference of values of
function f at the starting and ending point. The integral is thus path
independent. So the force in forms of (84) is conservative, and the
function f 1is called potential function. Notice here the potential
function defined is a little different from the definition in physics, there is

a minus sign difference, i.e.:

U physics = _f
F=-VU

(87)

The choice of minus sign is to make the summation of kinetic energy and
potential energy K+U a constant, instead of K-f.

I have shown that the gradient of a potential function is a conservative
force, i.e. gradient field is a sufficient condition for conservative force,
but is it necessary? The answer is yes (I choose to skip the proof, it
involves advanced calculus), a conservative force can always be
expressed as gradient of potential function. There is a subtlety here, the
force and the function have to be defined and differentiable everywhere in

a domain, the domain has to be simply connected (I also choose not to
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discuss simply connected domain, because domains we deal with in this
class will be simply connected).
Thus we conclude with the claim as the title: Conservative force=gradient

of potential.

7.5 Characteristic of Conservative Force and from Force to Potential

Last section we see that if we know the potential, the conservative force
can be computed by taking the gradient of the potential (math potential,
for physics potential, use (87)). In this section, we study the reverse
problem, i.e. provided a force, how do we know it is conservative? And if
it is conservative, how can we find its potential.

Let’s first take a look at 2-D case. Suppose the force is conservative, then:
FeM@pi+Ney)j=Ziv L) (s8)
ox Oy

We know form partial derivatives, there is a relation between the 2™ order

of _of
oxoy  Oyox

partial derivatives, i.e. . This provides the test of a force is

conservative or not. For a conservative force, we must have:

OM(x,y) ON(x,y)
ox

o (89)

Or in shorthand: My=N,.
So for the example given before, F=<x,y> is conservative, since
M,=N,=0; F,=<-y,x> is not conservative. A sharp student may sense a

loophole in the above argument: if the force is conservative, we have (89),
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and so if (89) is not satisfied, the force is not conservative. This is
logically tight. But the reverse may not be true, i.e. if the force satisfies
(89), is it necessarily conservative? This loophole will be closed when we
talk about the Green theorem in the next section. For now we just accept
that (89) is the sufficient and necessary condition for a conservative force.
In 3-D, a natural extension of (89) is obvious:

For a conservative force in 3-D: F =< N,M,P >= Vf, we have:
M,=N,M, =P, N =P, (90)

(89) or (90) will be the test for a force is conservative or not.

Now let’s tackle the problem of knowing the conservative force, how to
compute the potential. This is best illustrated by an example:

The force is: F =< M, N >=<4x* +8xy,3y* +4x* >.

First, test whether it is conservative, it is. (you do the math)

Then find out the potential function for this force. There are generally
two methods.

Method 1, from definition of potential (86), i.e.:

[F-di=[vf-di=[df = f(b)- f(a)

Because the path in the equation is arbitrary, we shall choose the easiest
path to do the integral. Here, let suppose we start from (0,0) and end with
(x,y), the easiest path would be (0,0) — (x,0) > (x,y)(please draw the
path yourself)

From (0,0) — (x,0), y=0 and dy=0, so the line integral is just:
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jde = j(4x2 + 8xy)dx = I4x2dx = ix3

0 0 0 3

From (x,0) — (x,y), x is fixed, dx=0, line integral along this segment:
y y

[Ny =[(3y” +4x")dy = y* +4x°y

0 0

So the total line integral from (0,0) to (x,y) is:

f(x,y)— £(0,0) :J.de+Ndy = J.de+ INdy =§x3 +4x7y+y°
¢ G

G

The potential energy is defined within a constant £(0,0), usually we will
set the f(0,0)=0 (or the potential energy at other reference point), because
only the potential difference has physical significance.

Method 2: from the force is gradient of a potential:

Mxy) =D

NG =T

of

From 4x* +8xy = S we have (guess work):
s

4
f(x,p) =§x3 +4x’y+g(»)+C

g(y) is a function of y only, C is a constant. g(y) can be determined by the

second relation:
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N(x,y) = U (x,y)

y
3% +4x° :g(ﬂf +4x°y+g(»)+C)=4x> + ()
a3 oy
08y _5.2
qy
gy =y’

Then f(x,y) :gx3 +4x’y+y’+C, same as method 1, with (0,0)

replaced by C.

7.6 Green Theorem of line integral

I have shown that if the force is gradient of a potential function, the work
will be path independent, and is determined by the value of potential at
the starting and ending points. Could we prove the conservative force
from point of view of its corollary? i.e. showing first that the work done
by a force along any close curve (loop) is zero, then it is path independent.

i.e. we want to prove that, for any loop c:

gSF-df:o

c

CJS is the symbol for line integral along a loop ¢, and positive direction of

c

the path is chosen counterclockwise (right hand rule), as shown in the

figure below.
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I, %

1’*@\

Green Theorem states that if the vector field F (any vector filed,
conservative or not)is defined and differentiable (its partial derivatives are
also defined) everywhere in the domain enclosed by the loop (note this
constraint is wider than the line integral which only requires vector field
is defined and differentiable along the curve, thus this put the limit on the
applicability of Green Theorem, or you play the trick by cutting holes to
exclude the singularity points in the domain, then the loop will be a little
complicated), then the loop line integral equals to an area integral (double
integral over the enclosed area by the loop):

In2-D: F=M(x,y)i +N(x,y)]
. ON oM
qSF - dF jj(———)d dy=|[(N,~M )dxdy ~ (91)
R
R is the area enclose by the loop c.
The proof of this Green Theorem is given in K&K’s section 5.6. Actually

(91) is only one type of Green Theorem in 2-D, it is called tangential

form of Green theorem, because it deals with the line integral of the dot
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product with the tangent vector of the curve'”

. It offers another way to
evaluate the line integral of closed loop, sometimes the computation on
the right hand side of eqn.(91) may be easier.

The N, —M, on the R.H.S of 91 also defines a physical quantity of the
vector field in 2-D, it is called curl of the field:

curl(F)=N,-M,  (92)

And (91) is often written in terms of curl as:

$F-dr = [[(N, M )dxdy=[[curl(F)d4 ~ (93)

Now let’s look for the special case of conservative force. From (93), we

see that if N, =M , then CJSF -dr =0 for any loops in the domain. This

is the condition we are looking for as stated at the beginning of this
section. So that for a vector field in 2-D, if N =M or equivalently
curl(F)=0, then the force is conservative, this closed the loophole in the
argument of last section.

Gradient theorem allows us to show that the work will be path
independent if the force is gradient of potential function. Now Green
theorem shows that if the curl of the force is zero, work done along a loop

will be zero. The condition for the curl(F)=0 is exactly N, =M , which

is relation (89) or (90) in the previous section!

'7* There is another Green theorem (Normal form) which deals with the line integral of the dot product of a vector

field with the normal direction of the curve. Such line integral is related to the flux in physical problem. We do not

discuss this here, you will certainly learn it in the study of electro-magnetic field
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In 3-D case, the Green theorem in 2-D is extended to:
F = M(x,y,z)f + N(x,y,z)}' + P(x,y,z)l€ =<M,N.P>

G F-di = [[curl(F)-idA= ([ (Vx F)-hdd  (94)

This is called Stokes theorem. S is any surface enclosed by the loop ¢ in
3-D, nis the unit normal vector of an area element, its positive direction
is defined using right hand rule. (the definition positive direction of 7 is

related to how you travel along the c)

Stokes: P .
Green: _—" T (iﬁ _ \
I k N N ‘rn/ {
C o
Curl R / ‘\ lry - S y
N e O
Circulation
The curl of the vector field in 3-D is defined as:
curl(F)=VxF  (95)
: : : : : »0 ~0 0 .
V is the differential operator given in (67) V=i—+j—+k— in
ox oy Oz

Cartesian. Using the rule of cross product, we have:

ik

vxF=ll L O p N (M. —P)J+(N.—=M )k (96)
ox oy Oz o -7 ' ’
M N P

So the 2-D curl is just a special case of this definition (P is always zero in

2-D, and M,N independent of z). From the Stokes theorem, if V x F =0,

then the loop integral will be zero and the force is conservative. The
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condition for Vx F =0 is exactly the condition (90) from the gradient
point of view.

Now we can make a summary for conservative force, the following
statements are equivalent for the conservative force (Don’t forget that the
premise is that the force only explicitly depends on position):

1) The work done is path independent

2) The work done through a loop is zero

3) The force is a gradient of a potential function

4) The curl of the force is zero.

1 And 2 are definitions and corollary of conservative force, they are
equivalent. The previous sections show that 3 will lead to 1 and 4 will
lead to 2. So naturally you will conclude that 3 and 4 will be equivalent
too. Indeed, we can show that:

VxVf=0 (97)

It is a famous equation in vector analysis. Please prove this yourself; it is

just two lines using (90) and (96).

Comments on Time Dependent Force

(1) Time Dependent Force is not Conservative

If the force has explicit dependence on time:
F(x,y,z,t) =<M(x,y,z,t),N(x,y,z,t), P(x,y,z,t) >

Then the work done by this force can be computed using (82), doing the
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line integral with time as parameter. The problem here is this line integral
will depend on the path of choice.
The reasoning (not a rigorous math proof) is following: Consider a closed

loop line integral:

~ dx dy dz
F-dr =p[M(x,y,z,t)—+ N(x,y,z,t)—+ P(x,y,z,t)—]|dt (98
qCS rgf[(yz)dt (6,3, 2,0) -+ P, y,2,0)—Jdt (98)

The integral can be evaluated knowing the path and its dependence on
time (the trajectory). However in this case, the starting point and ending
point even for a spatially closed loop is not same, the time is different.
The particle comes back to the original position but at later time. So the

result of the above integral will generally be:
Cﬁﬁ -dr = fo(t,) = fe(t)
C

f. means that the function form may depend on the path C too. There is
no guarantee that this value will be zero for arbitrary closed loop as
required by the path independence. Because you may choose arbitrary
loop, so the time delay (t,-t;) could be any value, If f.(¢,)— f.(¢)1s
always 0 for any time delay, this is only possible that the f,. must be a
constant, that means it is not dependent on time at all! That is only
possible if the force does not explicitly depend on time. So for the time
dependent force, the work done for a closed loop will not be zero for
arbitrary loops, this is same as saying the work will be path dependent.

The force is not conservative.
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(2) Dose Time Dependent Associated to a Potential

Previously we proved that for conservative force (which is only
depending explicitly on position), it is a gradient of potential function
U.(x,y,z) ,the subscript ¢ here stands for conservative.

F =-VU,=Vf (relation 87)

Now for the force that explicitly depends on time, it is possible to define
a potential function like the above, as long as the spatial dependence of F
satisfies similar relations as in (89) or (90), or equivalently treating time
as an independent variable, if VxF =0, then the force could also be

written as:

F'(x,y,z,t)=—VU(x,y,z,t)=—[6U(X’y’z’t)f+ aaU} oy

+—k1 (99)

ox
This is valid math manipulation, so even for time-dependent force, we
can define a potential. However I have to stress that the potential defined
this way, their difference does not equals to the path integral in (98). The
path integral would be path dependent and no potential function can be
derived there. The difference in math is a bit subtle, the (x,y,z,t) in the
path integral are not really independent variables, the x,y,z depends on
time there. While the (99) treat the x,y,z,t as completely independent
variables.
The important fact that we can relate the potential of conservative force
with path integral is because we shall have mechanical energy

conservation. So for the conservative force, we have mechanical energy
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conservation from work-energy theorem. For time dependent force and
potential defined above, we do not have mechanical energy conservation!
The common derivation to show that the mechanical energy (T+U) is not
conserved, i.e. it changes with time is from Lagrangian formalism'“of
mechanics. That is why the time dependent potential defined in (99) is
best termed non-conservative potential to distinguish from the

conservative potential..

Basically:
T:lmf
dr . dv = . oUdx oUdy 0oUdz
—=my-—=FV=-(——+—"+——
dt dt Ox dt 0oy dt 0OZ dt
dU(x,y,z,t) _ 6U@+ 6U@+ GU%Jr oU
dt Ox dt oy dt 0z dt Ot
So: d(TdJ; v) = aalt] is not zero in general. The mechanical energy is not

conserved, and the mechanical energy is converted into other energy, lost
to the outside world. Here please remember our discussion in chapterl,
the reason that we have time dependent force is that our system is not

closed, so the energy will flow in and out of our mechanical system'”.

As a final example, I will show you the form of gradient vector in polar

coordinate. This example will use almost all the technique we learned so

175 See for example, Landau and Lifshitz “Mechanics”, chapter 2.

176 Please read Taylor’s “classical mechanics”, section 4.5 for more discussion and example.
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far. I will only work the two dimensional case from Cartesian to Polar.

The definition of a gradient vector in Cartesian is (66), i.e.:

@;+Qﬁ

V= Ty

Then what this vector’s expression in polar coordinate? i.e. everything
expressed in terms of 7.0,7.0.
We know the relations between the base vectors and coordinates:

r=4x +y2;tan67=Z
X

x=rcosd;y=rsind
[ =rcosd—@sind
Jj=rsin@+Hcosb

of of

Then i ,jcan be expressed in terms of f,é, what about the —,—?
ox Oy
o o, oo
Oox Orox 00 ox (chain rule)
o oo, oo
oy Ordy 06 oy
@ - * cosd
Ox [ fEN yz
@ =sinf
oy
068 06 ) C ) )
To calculate — ,—, I will use implicit method and total differential:

ox Oy
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d(tan §) = a_i (%)dx + %(i)dy

do y 1
=——dx+—d
cos’ @ x° X 4
%:—coszﬁ%:—sme
ox X r
%_ cos’ @ _cost
oy X r

Now we throw all above and relation of i,; with 7,0 into

szgf+gj:
ox

The procedure is too long to type, final result is:

o . 10 »
vi=2:: X9 5 100
S = 7 ag? (100

The differential operator in polar coordinate is in form:

ve;l gl (101)
or r o6

This is a pretty long calculation, but I do not use any trick and stick to
what we learned so far. It is the ‘stupidest’ method but the ‘bread-butter’
one, which I can derive without referring to books after many years.
There are simpler derivations based on the theory of coordinate
transformation, but won’t be covered here'’’. You may work out the
formula of the gradient and curl in Cylindrical or Spherical coordinate, in
3-D, similarly like what I did here (it is just more time consuming). The
results of these in non-Cartesian are generally listed in the standard

textbook, so no need to memorize them, except the forms in Cartesian,

77 You may refer to Greiner’s book Chap. 10, 11 for some details.
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you have to know them by heart.
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Supplementary 111

Ordinary Differential Equation (ODE)

In this supplementary, 1 shall give a brief introduction on subject of
solving ordinary differential equations'"®. Solving ODE is not an easy
task and not all types of ODE have analytical solutions (In fact majority
of them will not have). I shall focus on some special forms of ODE which
have analytical solutions and outline how we get them. The ODE will be
either 1% order (means only contains first order derivative) or 2™ order
(the highest order of derivative will be 2), these are the common cases
you will meet in physics.

The general strategy solving differential equations always involves
process of “guess” work, i.e. guess what the solution should look alike
with some undetermined parameters and solve for the parameters, thus
reducing the differential equations to algebraic equations.

1. First Order ODE

1.1 Easy Ones with Methods of Separation of Variables

(1) Indefinite Integral, General and Specific Solution Initial Value

The simplest 1* order ODE that I can think of is:

@ _
e AC RN

178 As usual, you may refer to a math textbook for details. Such as ‘Elementary Differential Equations’ 6™ edition

by C. Edwards and D. Penney.
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Its general solution will be just the indefinite integral (antiderivative):
y=[f@drC @)

This is the general solution for v, i.e. all solutions of (1) will satisfy
this form. C is the integration constant. To get a specific solution, we
need to fix the C. This is achieved by knowing the initial value, and
get the specific solution is also called initial value problems (IVP) or
boundary value problems. The conventional initial value will be in
form of: x=0,y(0)=y, and C can be determined from (2) by
inserting the initial value.

Example: velocity of a car changes with time v=2t, find its position
over time, with t=0, x=2.

dx ) t=0,x=2 )
E:2t—>x:t +C > C=2,x=t"+2

Another important model (both in physics and other science) is

exponential decay or growth:
dx /| dt = kx

@:kdtﬁlnx:kt+C—>x:Aekt

X

(k>0 for population growth, money interest etc. k<O for nuclear decay,
temperature loss etc.)
(2) Separation of Variables

The next simplest form would be:

% = f(x,y) with f(x,y) in some specific form:
X
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)= g(0)h! _ &)
S y)=g()h'(y) )

Then we can separate variables:

h(y)dy =g(x)dx  (3)

Integral on both side:

H(y)=G(x)+C (4

C need to be determined from initial conditions for specific solution.
Generally what you get is an equation between y and x from (4), and
explicit function y=F(x) may not be possible.

You have /would have seen quite a few examples in the physics notes
(orbit function of planetary motion etc.). Simple as this separation of
variables is, it is the ‘bread-butter’ in solving differential equations for
this course.

Sometimes, it may require tricks of substitution to get the ODE in
forms of (3) as the example below illustrate.

Example:

45°

45°
P >

Suppose there is a lighthouse shines a beam of light (the read beam)
on a little boat. The boat will always try to travel along a direction that

has 45°with respect to the light beam, and the light beam at the same
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time follow the boat, then what is the trajectory of the boat, i.e. its
y(x).
If the boat at (x,y), the light beam will along direction:

tan,B:Z

X
The direction of boat’s velocity is:

dyldi _dy

tana =tan(45+ f) = —
( p) dx/dt dx

dy tanf+tandS  y/x+1
dx l—tanftan45 1-y/x

This is the differential equation need to be solved to get y(x), and it
may appear that we cannot use separation of variables. The trick is use

substitution, by introduce new variable:

Z:Z,y:zx,y':z+xz’ (y'=dy/dx)
X
, l+z L1+ 72 .
xz'+z= —>xz'= now we can separate variables:
—z —z
-z dx
sdz =—
l+z X

The left hand is a nasty integral, but I can check the table:

tan”' z—%ln(l+zz) =lnx+C

tan"' z=InxV1+z' +C=Inx*+y* +C

In polar coordinate above equation is:

O=Inr+C —r=Aé’
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1.2 Linear 1% Order ODE and Integration Factor
The linear equation is in the form of:
a(x)y'+b(x)y+c(x)=0  (5)
This is linear because if y;,y, are solutions, their linear combination
uy;+vy, is a solution for the equation with ¢ (Xx)=uc;+vc, (c=0 is a
special case which is called homogeneous). In engineering, the c(x) is
called input, the y(x) solution is called response. Linear here means the
response has a linear relation with the input. Equation (5) is often
reorganized into standard form of linear ODE:
y+P(x)y=0(x) (6)
The integration factor is a function of x, say p(x), and it is multiplied to
both ends of the equation (6), and make the left hand side a total
differential (this is the guess work that such integration factor exists), i.e.:
pPx)y'+ p(x)P(x)y = p(x)O(x)
pPx)y'+ p(x)P(x)y =d(p(x)y)/dx  (7)
d(p(x)y)/dx = p(x)Q(x)
p()y = [ p()Q(x)dx +C
y=p)" (| p)QX)dx+C)  (8)
To find out the integration factor p(x), we can use the requirement of (7):
d(p(x)y)/dx=p'y+py'=py=+ pPy
p'=pP(x)
ap = P(x)dx

yo,
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Inp= Jde
)

[ pax

p=e
So the integration factor can be computed (at least in principle) from (9),
and then put it back to (8) will give the general solution for y:

y=e P | A0+ C) (10)

Example 1: RL circuit

*Hﬁ‘

£ — — =/ Switch

The voltage drop across resistor R is: iR (current X resistance)

The voltage drop across inductor: L%

Lﬂ +iR =V, out 1t in standard form:

dt
. R V :
i'+Pi=0, PZZ’Q:I (actually this problem can be solved by

separation of variables, but I shall use integration factor)

p:edet:ePt
_ Pt _Q Pt_K Pt
ijdt Qj di="Le" = e
V., —
e(=e" +C)=—+Ce *
( ) R

Let the initial condition is: #=0,i =0, thus C= —%
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i(t) = %(1 —e L

==
hl\
\
1
|
{

| |

L L

»L 1£ L
2% 3R 4

x|~

The current will reach to its steady value V/R over time, how fast it is
going to reach depends on L/R. This is the effect that the inductor ‘fights’
against current change.

Example 2: Falling object subject to air resistance:

air resistance: F =—kv, gravity: mg

dv
m—=mg — kv
ar

.k
V+—v=g
m

Similar to the above and at t=0, v=0:
mg Ly
v=—==>(1-e™
. ( )

You may try to find the position change over time from there.

What happened if the air resistance is in forms of F =-kv*? The
equation will not be linear, and the integration factor method will fail.
However, you may still apply the separation of variables here. The details
will be left for you to explore.

2. 2" Order Linear ODE

The linear 2™ order ODE is generally in forms of:
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A(x)y"+ B(x)y'+C(x)y+D(x)=0
If the D(x)=0, it is called homogeneous equation. This homogeneous
linear equation (2" order) has very important features (theorems)
(1) Superposition principle of solution for homogeneous equation
If y,,y,are solutions for the homogeneous equation, then their linear
combination is a solution too: i.e. ay, + by, 1s also a solution.
(2) Completeness of solution:
If y,,y,are solutions and they are independent (means ay, +by,=0
only when a=0,b=0; another way saying itis y,,y, are not a constant
multiplier of each other), then the general solution for the
homogeneous equation(2" order here) will be in form of:
y=oy+oy,  (12)
c,,c, are arbitrary constant for the general solution, and can be
determined to give specific solution provided with initial values, such
as ¥(0),»'(0).
The proofs of the theorems will not be our focus here (the 1* one is easy
to prove; the 2" one is a bit headache but not so hard'”). We shall focus
on how to find the independent solutions y,,y,, given the homogeneous
equation first; then see how to handle the inhomogeneous ones (i.e. D(x)
is not zero). Unfortunately, with coefficients varies with x, as the equation

above ( A, B,C are functions of x), there is no general methods to get

17" See for example: chap.2 of the book in footnote 25.
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solutions. The one we can get simple answers are the special class of
equations called constant coefficients where A,B,C are constants. That is
what we shall study below.

2.1 Constant Coefficients 2™ Order Homogeneous Linear ODE

The long title tells that we are dealing with a very special class of ODE.
The standard form is:

ay"+by'+cy=0  (13)

Let’s take a guess of what the form of function y(x) may look like. The
functions after taking derivative will generally changes to another
function except for the exponential ones e* (A a constant which can be
either real or complex). So let’s take the e™ for y,,y, (the two
independent solutions in (12)) as a trial. Put ¢™in (13), we get:

e (al* +bA+c)=0

al’> +bl+c=0 (14)

This (14) is called characteristic equation of the ODE (13). There could
be 3 cases for its roots:

(1) b*—4ac>0

There will be two real roots for (14):

:—b+\/b2—4ac —b—~b* —4ac

Ay, =
2a 2a

/11

y,=e"",y, =e™" are two independent solutions and the general solution
to equation (13) will be:
y=ce" +c,e™  (15)
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The constants ¢,,c,shall be determined provides with initial conditions
(such as y(0) and y’(0)).
(2) b*—4ac<0

There will still be two roots but are complex:

—b +iN4ac - b’ : —b—~4ac-b’

A= =a+if, A, = =
2a 2a

A =4, complex conjugate with each other

a—if

The two solutions y, =e**,y, =™ will still be independent, so the
general solution can be written as:

y=ce" +c,e™  (16)

¢,,C, are two complex constants. The form (16) 1s ok for the solutions
that include complex functions. But in some applications, such as the
oscillations in mechanics, the solutions should be real functions, this is
also able to be satisfied by (16), it just put a requirement on ¢,,¢,. Since
A =4, ,if ¢ =¢, are complex conjugate with each other, then the (16)
will be a real function.

¢, =u+iv,C, =u—iv

e’ = e™ e’ = ™ (cos fx +isin fx), " = e (cos Bx —isin Sx)

Euler formula (38) is used here.

Put these into (16):

y=e""(2ucos fx —2vsin fx) =e“ (c,cos fx+c,sin fx)  (17)

Note ¢,c, are real constants, they are not ¢,,¢,but are related to their

real and imaginary parts.

659



Of course (17) can also be proved by other methods, because any

combination of ay, + by, is also a solution to (13), so we can set:

=e" cos fx; y, = N =Vs _ porgin Px as two independent

2i

r_y1+y2
Vi >

real solutions to (13), and the general solution can be written as:

y=cy +c,y, whichis (17) we derived above.

There is also another very useful variation of (17), and we shall derive it
from (16), this also offers a good practice on Euler expression for
complex numbers and introduces the important “vector” representation of
complex number'™.

¢, =u+iv,c, =u—iv, let’s express it into Euler form:

¢ =4e”  (18)

A= \/m , tang = 5;

u=Acosg,v=Asing

(19)

(19) expressed the module A and phase angle@. The meaning of (18) and
(19) is extremely clear from the geometric representation of complex
numbers. They are quite analogous to Cartesian and Polar representation

of vectors:

180 The reason I put quotation mark around vector is because generally the physical vectors we encounter in
mechanics live in real space. Here for complex numbers, we have to go to complex space. You can think this as

extrapolation of vector to complex space.
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[mff

¢ R

u real

The above figure use a “vector” like arrow represents the complex
number ¢, =u +iv, with length and phase angle given by (19). This
“vector” representation is usually called phasor, and they do add up as
vectors do (as complex numbers do). This phasor will be very useful for
computations involving complex numbers, when we discuss general wave
theory in later courses.

With the & = 4e”, ¢, =¢" = Ae™™, equation (16) can be written as:
y=Ae™ [ 4P =2 4™ cos(fSx + ¢) = e““ccos(Sx + @) (20)
(20) and (17) are equivalent expressions for the general solutions, though
on the surface they look slightly different. This difference can be set aside

by the trigonometric relation:

acos@ +bsind =ccos(d — @)

218!
c=va>+b*, tangozé @D

a
Apply this to (17):
¢, €os f3x + ¢, sin Bx =[c] + c3 cos(Bx — @) = 2Nu’ +V cos(Bx — @) =2 Acos(Bx — ')

c L,V Y
¢ =tan”' 2 =tan"'(-—)=—tan"' —=—¢
¢ u u

181 Please prove this useful relation yourself. Hint: cosine expansion will work; or think about dot product of

vectors and its geometric meaning; or try to apply Euler formula.... Many ways to prove this
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So indeed (17) and (20) are equivalent. In (17) the constantsc,,c,, and in
(20) constants A,¢ can be determined with the initial conditions.

(3) b*—4ac=0

Here we have degenerate roots:

A =4 :;—2
There is only one independent y, =e™ which is an incomplete base for
the general solution of the 2" order ODE. We have to find another
independent solution. This is done by variation technique:

Suppose another solution in forms of: y, =u(x)e™,u(x)is a polynomial

of x, and we need to find this u(x) and it is better be not a number:

Vy = u'e™ + lue™
yy= u"e™ + u'e™ + Au'e™ + Aue™ =u"e™ + 2 u'e™ + Aue™

ayy + by, +cy, =0 - ue™ (al’ +bA+c)+e* (au" +2alu’ +bu') =0

Because aA’+bA+c=0,1= —2i, we have from above:
a

u"'=0—->u(x)=px+gq

The simplest form of u(x) (which is not a number) is just u(x)=x (here
we only want one solution that is independent of y,, so we choose the
simplest form satisfying this).

y, =xe’* will satisfy the ODE and is independent ofy,, the general
solution for the ODE with double degenerate roots:

y=ce™ +c,xe™ =(c, +c,x)e™  (22)

Noticed that to get the u"=0— u(x)= px+ ¢, we need to use the fact of
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double degeneracy, i.e. leizzg—b, so (22) only applies to this
a

condition (this is why in case 1 and 2 where b°—4ac#0, solutions
cannot be expressed with single exponential)
The examples will be the harmonic oscillators discussed in chapter 10 of

the physics notes:

I
% Unstretched
spring

S
Static 0

equilibrium

System
in motion

(1) Free Oscillators without damping

We have seen many such oscillators in physics, be it the mass-spring on
the left, or the simple pendulum or the right, or the physical pendulum we
discussed in chapter 7 on rotation. You will see more such models in
other physical applications, such as RCL circuit, molecular vibration etc.
The reason of such wide applicability of Harmonic Oscillator model
comes from the fact mentioned awhile ago: The potential energy curve
around the equilibrium point (i.e. U is minimum, the force are restoring
force pointing towards minimum) can be approximated by a harmonic

potential, i.e. U oc x*, where x is the displacement from the equilibrium.

The restoring force will be thus in forms of F oc—cz;—Uoc—x. The
X
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equation of motion can be written as:
mi=—kx  (23)'™
Equation (23) can be applied to all the harmonic oscillators, be it
mass-spring or pendulum. For mass-spring m is mass, x is displacement
from equilibrium, -kx is Hook’s law; For pendulum, m is related to
moment of inertia, x is angular displacement, -kx is related to torque. All
these different harmonic models can be expressed to the form in (23).
Here free means no other driving force besides the restoring force; no
damping is neglecting the effect of friction etc.
(23) 1s usually written in another form:
i+wix=0 (24)

—Jk/m (25
Solving (24) with the standard method of 2" ODE;:
x,,x, will be in forms of ¢*, and
A +o) =04 =io;l =—io,
From the discussion in case (2) above, the general solution of (24) is:
x(t)=¢e™ +c,e™
The displacement function is obviously a real function, so:
x(t) =c,cosmyt +c,sinwyt = Acos(wt +¢)  (26)

This is the general solutions for the free oscillator with no damping. The

'82 Here we study the change over time. The independent variable is time t (i.e. x=t), and dependent variable is x

(i.e. y=x). The temporal derivative is usually expressed as x,¥ .
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choice of cosine instead of sine and +¢ instead of —¢' is a convention
rather than necessity.

(2) Free oscillators with damping

Equilibrium
position

Suppose we introduce the damping as shown explicitly in the figure. The
damping force will be always against the direction of motion, i.e. against
the velocity, and magnitude is proportional to speed:

f,=-bv

The equation of motion will be:

.k b .
X=——x——X
m m

Usually write it as:
i+yx+aix=0  (27)
y=b/mw, = N
Characteristic equation is:
A+yAi+o; =0  (28)

2 2
_a)o

_r |7
2 4

2
Case A: % — ] >0, strong damping

A, A, are real numbers, general solution:
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x(t) = c,e™ +c,e™

Note A,,4, are negative numbers, so the x(t) will decay to almost O at

long run'®’.

(0, xg)
O \/—'
0
t

FIGURE 2.4.7. Overdamped
motion: x(t) = c;e"! + c,e™" with
ri < 0 and r, < 0. Solution curves
are graphed with the same initial
position x( and different initial
velocities.

=

2
Case B: % —; =0, critical damping

-7
ha=-1

The general solution would be:

_7,
x(t)=(c, +cyt)e ?
It approaches to zero at longer t. It actually approaches zero faster than

2

case A. This is called critical damping, %—a)g:O is the critical

damping condition. This has wide applications in situations where

oscillation is not wanted, such as stabilization system in automobile;

'83 Figure is taken from ‘Elementary Differential Equations’ 6™ edition by C. Edwards and D. Penney.
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oscillation isolators for optical tables etc.

(0’ x())

t

FIGURE 2.4.8. Critically
damped motion:

x(t) = (c) + cat)e™ P with p > 0.
Solution curves are graphed with
the same initial position x, and
different initial velocities.

2
Case C: % —w; <0 weak damping:

Introduce:

7/+ .« !
=——tiw
ﬂ1,2 2

General solution is:

Y _r
x(t)=e 2[(01 cosw't+c,sinw't)=e 2 4 cos(w't+¢) (30)

When the damp 1s very weak, @, >>y, the solution is like a oscillator

with a slow decaying amplitude, as figure below shows.

This concludes our strict solutions to free oscillators.
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FIGURE 2.4.9. Underdamped
oscillations:
x(t) = Ce " cos(wit — ).

2.2 Constant Coefficients 2" Order Inhomogeneous Linear ODE

Here D(x)#0 anymore, and the ODE is usually written as:
ay"+by'+cy=f(x) (31)

f(x) is called driving force or input of the system, the solution y is
called the response or the output of the system.

The fundamental theorem for this kind of inhomogeneous equation is the
following, the general solution of (31) can be expressed as:

y=y,+y. (2

y, 1s one (anyone) particular solution to (31) and need to be
independent toy_ ; y. is called complementary solution, which is the
general solution to the associated homogeneous equation, 1.e. y, is the
general solution of ay"+by'+cy =0, same a, b, cin (31).

This theorem is not hard to prove. First if y is a solution to (31),
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y,+, isalso a solution. It is just like adding a 0 to the RHS of (31) and
applies the linearity of the ODE. Next we need to prove all solutions to
(31) can be expressed as (32). Suppose besidesy,, we have another
solution to (31) which is y’ . Then using linearity, )’ —y, would be a
solution to the complementary homogeneous equation. But the general
solution of this is expressed as y,,i.e. ) -y, =y,. QE.D.

The focus of the inhomogeneous ODE will be on how we get the
particular solution. The solution of it will heavily depend on the detailed
function form of f(x). There are only a few simple forms of f(x) that
we can get simple answers for particular solutions.

(1) f(x)is apolynomial of x

The general method will be undetermined coefficients, illustrated as
example here:

V' +4y=4x

The ‘guess’ is that the particular solution would be also a polynomial with
same order, i.e.:

Y, = Ax’ + Bx* +Cx+ D

¥, =34x> +2Bx+C

y, =64x+2B

Throw them in the equation:

V' +4y=44x" +4Bx* + (6A+4C)x+ (2B + D) =4x’

Equate the coefficients of each order of x, clearly:
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A=1,B,D :o;cz_%

Y, =x’ —Ex
2

The complementary solution is: y, = Acos(2¢+¢), y,is independent to
; 3
y..S0 y=x —5x+Acos(2t+¢).

(2) f(x)=e" (this also includes cosat,sinat cases)

ay"+by'+cy=e"" (33)

In this case, you probably can guess the particular solution to (33) is in
form of: (this is also the method of undetermined coefficients)

y,=d4e” (34

Substitute this into (33) to determine the coefficient:

Ae® (aa’” +ba +c) = e™

A= 21
ao” +ba +c
eax
y,= (35)

Cad’ +ba+c

There is a subtlety here, in order to get (35) aa’ +ba+c#0,ie. ais
not a root for the characteristic equation. If thea is a root, that is if «
equals to Aor4,, the particular solution y will be same as one of the
complementary solution y_ . We need to investigate this.

(@) aa” +ba+c#0,ie. a# A5, (35) applies

(b)a=4,#4,, 1.e. a equals to one of the roots and the roots are not

degenerate.
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y, =ce™ +c,e™

The particular solution need to be independent with y_, so the guess of
y, = Ae”" won’t work now. Instead, let’s guess:

y, = Axe™, aa’ +ba+c=0

y, =Ae™ + adxe™

V= a’ Axe™ +2aAe™

ay"+by'+ cy = Axe™ (aa”> + ba + c) + Ae” (2aa + b) = e™*

1
" 2aa+b

1
y”_2aa+b

xe®  (36)

(¢) a=1,=4,,a equals to double degenerate roots
y. = (¢, +¢,x)e™,y, = Axe* will be same as one of the y,iny,, so it

is not a valid independent solution anymore. We need to take:

b
y = Ax’e™, ac’ +ba+c=0, qa=——
! 2a

Similar procedure will give us:

Y, :sze‘” (37)

Let’s look at an example: Driven Oscillator
The oscillator with natural frequency and damping coefficient is driven

by an external force F = Fcos(wt)

The 2" ODE is:
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mX = —kx — bx + F, cos(wt)

Express it in the standard form:

. . a2 Kk

X+yx+w;x=—cos(wt) (38)
m

The complementary solution of the associated homogeneous equation had

been worked out before: for weak damping, y << w,

7, 7, / 2
x,=e 2 (ccos@'t+c,sinw't)=e 2 Acos(@'t +¢), o' =,|&; _%

The question is the particular solution. The force is in forms of cosine

function not the exponential we treated above. One method is to use Euler

—iwt

1, ., . :
formula cosa)t=§(e’“’+e ), where a=iw and a=-iw. We can

use the results above and linearity of the equation to solve for the

particular solution, i.e. x,=x,,+x,,, x, corresponds to «=iw and

x,, corresponds to « =—iw. This method is left for you to carry out.

Here I shall use another method.

Let me introduce a supplementary function y, which satisfies:
. k.
V+yy+o,y=—rsin(wt), then
m
N ST
iy + yiy + wyiy = i—=sin(wt)
m

Introduce complex function:

z=x+iy (39

Zryivali= £ g (40)
m
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Solving Z , and its real part will be the particular solution of x, .

. E) ei(z)t E) eia)t
P

m (iw) +iyo+w, m o, -0 +iyw
The denominator is a complex and I will write it as phasor:

o} — & +iyw = Ae”

41
=@ -0 + Gy, ¢=tan (2 D
W, —®

F ei(wt—¢') F ei(a)t—glﬁ')
7 ==0 _ 0

moA - m (@ -’y + (o)
The real part is:
‘- F, cos(awt — ¢") 42)

p

m (@] =) +(yo)’
Sometimes it is also expressed as (depends on our convention):
. K cos(at + @)

Tom @] -0') + (o)

$=—¢ =tan” (=)
) a,

- %

(43)

The complete solution of (38) will be:

x(t)=x,+x,

_t, _7, o
x,=e ?(ccosm't+c,sinw't)=e ? Acos(w't +¢) will die out due to the

damping after awhile. So it is called transient solution. The particular

solution on the other hand is due to the driven force and it will last as

long as there is driven force. Sox, is called steady state solution.

All above the technique is called undetermined coefticients, because we
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guess the answer for the particular solution and throw it back in the
equation to find out the coefficient. There is another ‘trick’ called
variation of parameters which is a standard tool to solve for the particular
solution. I will introduce it below but this is not required for the course
since we are not going to use it for the problems of physics in this class.
(3) Variation of Parameters

ay"+by'+cy = f(x)

The complementary solution is: y, =c¢y, +c,y,, the guess for the
particular solution would be:

Y, =)y +v,(0)y,  (44)

v,(x),v,(x) are functions need to be determined. The only way to
determine them is throwing (44) back to the ODE:

Notices: ay/, +by, +cy,, =0 because they are solutions to the
homogeneous equation. Differentiate (44):

y;; =V v, 05+ (Vi +Viy,)

If we keep differentiate this to 2™ order, we will get 2" order terms in
vI,v! , these will not help us because we get another 2™ order ODE for the
parameters, unless the things in the parenthesis go to zero, i.e.:

Vv, =0 (45)

This is the extra condition that we want to have parameters to satisfy.

Then, the substitution into ODE will get another equation:

v vy, =f(x)/a  (46)
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The two equation (45), (46) are linear equations for v/,v,, and they may
be solved to get v|,v;, then through integration, v,,v,can be determined.
Example: y"+ y=tanx

This is not solvable for the undetermined coefficients method, we will try
the variation of parameters:

Yy, =c¢cosx+c,sinx, y =cosx;y,=sinx (fromy"+y=0)

Y, =w(x)cosx+v,(x)sinx

(45) will lead to:

vicosx + Vv, sinx =0

(46) will lead to:

vi(—sinx)+ Vv, cosx = tan x

Solve the pair linear equations (using matrix method, Gauss elimination

or use the formula with inverse matrix):

cosx sinx \(v| 0
—sinx cosx J{ v} tan x

,  —sin’x

V=—
Cos X
Vv, =sinx
) check
—sin” x , fable :
v, (x) = _[4dx = —In|secx +tanx|+sinx
COSX

V,(x)=—cosx

(We do not worry about integration factors above, because we only need

to find one particular solution) The y,  is determined and the general

solutions can be written out.
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All these methods could only handle a small class of function forms of
f(x). The most general treatment for arbitrary function f(x) would be
the task of Fourier Transform and Laplace Transform, which will not be
covered here. Also recall that we only treat constant coefficients a, b, c
here, for the more general case a, b, ¢ may be functions of x. In such case,
we shall either need power series technique or have no analytical
solutions. The power series technique will not be covered here, if
interested you can find it in the textbook on ODE. Finally if the a, b, ¢ are
functions of y, the ODE may not be linear anymore, there is generally no

analytical solution for y(x).

2.3 Coupled Differential Equations'®*

2.3-1 1% Order Coupled Equations

There are many applications where not one dependent variable but a few
dependent variables that their changes are coupled. In this kind of
problems, usually the independent variable is taken as time t, the
dependent variables are x,y (or other symbols), both are functions of time.
Let’s look at an armament race scenario: x is the military budget of
Russia and y is that of US. The change of budget (a government decision)
will not only depend on how much money already invested (a kind of

wasted in arm race case; but this model is also applied to education fund,

184 This is extra meat I throw in, not required for this course.
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company competition etc) by our side, but also depend on how much

invested by the enemy.

X=ax+by
. (47)
y=cx+dy

In the armament race scenario, a, d are negative number (we already
spend too much money), b, c are positive (in response to the enemy’s
increase of budget, here x=money already invested —normal budget). For
other models,0 they can be any numbers.

The more general form of linearly coupled systems (1* order) will be:

)'f:ax+by+r1(t) 48)
y=cx+dy+r(t)

I shall only treat the (47) case, which is called homogenous coupled
equations.
(1) Direct substitution

Example:

X, =—2x, + 2x,

X, =2x, —5x,

Then by elimination, first:

X t2x

X, L from the first equation, substitute this into second:

X, +2x, B

oy 50 t2N

X, +7% +6x,=0 this is a 2" order homo. ODE:

_ —t —6t
X, =ce +ce
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X +2x 1 P
x,="—L=—ce"' —2ce”

2 2

From initial values x,(0),x,(0), c,,c,can be determined.

(2) Matrix Method

This is more powerful and elegant than the simple substitution, and also it
has wider application, such as in solving the inhomogeneous coupled
equations, and it is another example of eigenvalue and eigenvector of
matrix, so [ will show you the details below.

For the homogeneous couple equations:

Introduce column vector representation of the dependent variables:

X= { 1 };i = { ! } , this is just the usual bookkeeping for vector in column
X, X,

matrix. The coupled ODE will be:
Xx=A%  (49)
A is the matrix of coefficients:
A=
c d

(49) is just a shorthand for the equations:

X, a bl x

= (50)

X, c d)|x,
The solution for the coupled equation will be reduced to solving the
eigenvalues and eigenvectors of matrix A:
Assume the appropriate solutions are in forms of:

t

x, =ae”,x,=a,e”, a,a, are coefficients need to be determined. In

678



matrix, it is:

_3:51_ :ﬂ{al}eh
X2 ] a,

Put above into (50):
{2+ L)
a, c d)|a,

a b)lq a,
=1 (51)
c d)|a, a,

This equation is exactly the eigenvalue-eigenvector equation for matrix A.

: . : . - a
Its eigenvalues A,,4,, and their associated eigenvectors ¢, :{ 1} and

!

a . iy .

a, :{ 1,} can also be determined (at least within a constant factor, if we
a,

require they are normalized, this ambiguity is removed).

Then the general solution of (50) would be in form of:

!

X . . a, a,
V=caet +c,a,e” = e +e,| e (52)

X a4, a,

Example 1: same problem above but worked with matrix method

X, =-2x, +2x,

X, =2x, —5x,

;%)

Aa = Aa 1is the eigenvalue-eigenvector equation
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(A-ADa=0  (53)'%

The eigenvalues are computed from

|A—-Al|=0

2-1 2 5
=0->A4"+744+6=0

2 -5-4

This is exactly the characteristic equation for the 2™ ODE in substitution
method before.
A=-1L4,=-6

For A, =-1, eigenvector can be solved from (53):

B oo sl

2) . . .
Let a,=2,a,=1,s0 ¢ :(lj is the eigenvector. (I do not normalize it

2
to %(1 j, because it is not necessary here, the constant here will be

absorbed in the general solution constant ¢,)

For A, =-6:

: ﬂ(zlo%élé o)

=c| . |e +¢, e
X, 1 -2

This is exactly same as the substitution method. (except that the constant

a,=l,a,=-2, azz(

85 Note A4-4is meaningless, since A is a matrix, and 4 is a number. 7 is the identity matrix, it comes from the fact

Ada=Ala .
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¢, here 1s half of the constant there)

Example 2: In case of ‘good’ degeneracy in eigenvalues:

X, =-2x,+x, +Xx,
X, =X —2x,+x,

X, =X +x,—2x,

2 11
A=|1 =21
1 1 -2
2-2 11
| A=A |=|l —2-1 1|=A4(A+3)’=0
1 1 -2-2

4,=0, A4,,=-3 double degeneracy

For A, =0, through Gauss elimination:

-2 1 1}(q -2 1 1 a, -2 1 1 \[aq
1 =21 |a|=0>|0-15 15|a |=0>|0-1.5 15| a, =0
1 1 -2)\a 0 1.5 -15)\aq, 0 0 0 N\ a,
The nontrivial one (the a’s are not all 0) is let free variable'™ a, =1, then
a,=a, =1

1
So a,=|1|.

1
For 4,,=-3:

18 This means this variable has a free choice of values.
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1 1 1) aq 111} q
1 1 1{a,|=0>/000¢{a,|=0
1 1 1)\a, 000/ a,

There are two free variablesa,,a,. Let’s first choosea, =1,a, =0, then

a, =—1; Next set a,=0,a,=1 (guarantee independence from the first
-1 -1

choice), then aq,=-1. So a,=|1 |; a,=|0 |. These two are
0 1

. . . 18
independent vectors associated with A,, =-3"%.

X =cae” +c,a,e” +cae’

This degenerate case is what’s called ‘good’ degeneracy, because we still

can find enough independent eigenvectors.

A hindsight: The 2" order ODE we discussed before can be treated as 2
coupled 1* order equations. It is like the reversed process of substitution
method in solving the two-coupled 1% order equation will result in one 2™
order ODE. For a 2™ order ODE (homogeneous for simplicity):

ax +bx+c=0 Previously we solve it with characteristic equations, now
play a ‘trick’, by introducing a second dependent variable y:

x=y

Now we see that the 2" ODE is equivalent to couple 1* order ODEs:

187 They will automatically independent of the eigenvector associated with 2, from the theory of linear algebra.

Actually it is easy for you to see that they are orthogonal to &, because the matrix here is symmetric (symmetric

means with respect to the diagonal, or A=A4" .
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: b c
y=——y-——x
a  a
xX=y
Solving this coupled equations will give answers to the 2" order ODE, so

Linear Algebra find its application in ODE.

2.3-2 2™ Order Couple Equations and Normal Modes
Besides coupled 1% order ODE, we also encounter many coupled 2"
order ODE, such as coupled oscillators in mechanics (though this part is

not required for the course)'™, as the figure below shows:

In this section, I shall only introduce the simplest case in coupled 2"
order ODE, i.e. homogeneous (no external driving force) and no damping
(no velocity dependent force). The inclusion of those factors will
complicate problems and may render them insolvable analytically.

The equations for the above figure are:

m X, = —kx, —k,(x; —x,) =—(k, + k) x, + k,x,
myx, = —k, (X, — x,) = ks (x, — x3) = k,x, — (k, + k)X, + ks,
myxX; = —ky (X — x,) — kyxy = kyx, — (ks + k)X,

Expressed above with matrix:

Mx=Ki (54)

'8 If you are interested, please read chapter 5 in "vibration and waves’ by A.P. French.
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X, m, 0 0 —(k,+ky,) k, O
x=|x, |\ M=|0 m, 0[,K=|k, —(k,+k;) Kk,
X, 0 0 m 0 k, —(ky+k,)

Usually (54) is rewritten in the standard form:

Xx=A%, A=M"'K  (55)

The method of solving this is undetermined coefficients we should be
familiar with by now:

Guess the solution in form of:

X=ae", a=|a,| the coefficients need to be determined along with the

A . Put this trial solution into (55):

Aa=21a  (56)

This is just eigenvalue problem all over again, we can compute the
eigenvalue and get the value of A= im and associated eigenvectors

of A, .The general solutions would be:

NI e St
Y tcae N

- — t — r = *\/Zt
X=cae +c,0,e’” +ca,e N+ (56)

For the oscillation case, the eigenvalues will be generally a negative

number:

A =—w’

1 1

require
real

-~ 2 - A - ] ~ —j . .
cae +cldge M =a (6 +Ee ™) — d (a,cosmt+b sinaf)
X =(a,cosmt +bsinot)a, +(a,cosw,t +b,sinw,t)a, +...  (57)

Let’s workout an example:

684



o T o

Mass m, =2kg,m, =1kg, k =100,k, =50 ISU. What is the motion of
the system?

The equation of motion is:
20)\x ) (-150 50)(x
01)l%) (50 -50)\x,
X (=75 25)(x

%) 150 -50 )| x,

Solve for eigenvalues for A:

—75-1 25

|A- Al |= =04 =-25,4,=-100
50 —50-2

Or -@°=1—o,=5wm=10

For A, =-25:
=50 25 \(q a, 1 .
=0—> = =a,
50 -25)\a, a, 2
For A,=-100:

25 25)\( q a, 1 .
=0—> = =a,
50 50 )\ a, a, —1
The general solution would be:

X 1 1
[ : j = (a,cos5t + b, sinSt)(zj +(a,cos10¢t + b, sinlOt)( lj
X _

2

The constants can be determined from initial conditions.

There seem having two harmonic motions with frequency 5 and 10
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(determined by the eigenvalues of A). This is no coincidence; these two
are the frequencies of the Normal Mode, which I shall prove. The goal is
to decouple the coupled equation, i.e. we need to find a combination of
x,, X, , for example:

y,=ax, +bx,;y, =cx,+dx, (58)

so that the differential equation of j, will only involve y,;; ¥,’s will
only involves y,. Then the coupled 2" order ODE will be reduced two
decoupled ODE and can be solved individually.
¥, =ax, +bx,;y, =cx, +dx, satisfy this is called normal mode of the
system.

You may try to start form (58) and see what condition a, b, ¢, d would
decouple the equations. But linear algebra already tells us the answer (i.e.
what a, b, ¢, d should be). The goal is to make matrix A diagonal, it is not

under x,,x, bases. But under the basis of eigenvectors of the matrix, it

A

will be a diagonal form: A4, = [ 0 A
2

j. The transform matrix is the

matrix formed by eigenvectors'™:

S=[a, a,] (59

This means the first column of matrix S is the eigenvector associated with
1* eigenvalue, etc.

$=S'% or x=8  (60)

'8 This will require the matrix A is a matrix with independent columns (A in this problem certainly satisfies this,

it actually comes from a symmetric matrix K) which almost all physical matrix satisfy..
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This will give the combination of x,,x, that decouple the equations

(make A diagonal). Proof:
y=8S"Xx=8"4¥ =84Sy

S7'AS = A a diagonal matrix "°

Then y =Aj — V=405 V=4,
Let’ use the above example to illustrate this:

We have solved the eigenvectors:

1 1 -1 -1 1 1
S:[&1 072]: S_lz_l Zl
2 -1 302 1 312 -1

In this special example S,S 'happens to have same form, but this is not

general at all.

¥, 312 -1y,

The common factor 1/3 does not play any roles and can be neglected:

V=X +x

Yy =2x —x,

Now you differentiate these y’s, it is straightforward to show that:
y=-25y,

¥, =-100y,

The above combination is also very clear from the general solution we

solved for x,,x,, such combination will only leave one frequency
component.

Though I only discussed a special class of systems (homogeneous, no

. . . -1
190 1 used results from linear algebra here, where the matrix A can be written as: 4 = SAS
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damping), these systems are important in many applications. The above
analysis is the basics for analyzing complicated coupled oscillations, such
as molecular vibration. For instance, the benzene molecule (C6H6) has 12
atoms, and will have 3N-6=36-6=30 degree of freedom in vibration (the 6
degree are 3 translational motions of C.M., 3 rotational motions of the
whole molecule, and what is left are vibrations). These corresponds to 30
decoupled normal modes of vibration, each is a combination of certain
motions of carbon and hydrogen atoms. The procedure will be same as I

illustrated above, just the dimension of matrix gets bigger.
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